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Foreword

The typical development of a successful theory in computer science traverses
three sometimes overlapping phases: an experimental phase, where phenom-
ena are studied almost in a trial and error fashion, a busy phase of realization,
where people use the results of the experimental phase in an “uncoordinated”
fashion, and a contemplative phase, where people look for the essence of what
has been previously achieved. In compiler optimization these three phases cur-
rently coexist. New heuristics are still being proposed and purely evaluated on
some benchmarks, and known techniques are still being implemented specif-
ically for a new operating system or variants of programming languages, but
increasingly many attempts now try to understand the full picture of compiler
optimization in order to develop general frameworks and generators.

This monograph is a typical contribution to third phase activities in that
it presents a uniform framework capturing a large class of imperative pro-
gramming languages and their corresponding transformations, together with
directions for cookbook style implementation. Thus besides clarifying appro-
priateness and limitations of the considered methods it also tries to open
these methods even to non-experts.

More technically, the monograph adresses the issue of extension: which
principles are stable, i.e., remain valid when extending intraprocedurally suc-
cessful methods to the interprocedural case, and what needs to be done in
order to overcome the problems and anomalies arising from this extension.
This investigation characterizes the power and flexibility of procedure mech-
anisms from the data flow analysis point of view.

Even though all the algorithms considered evolve quite naturally from
basic principles, which directly leads to accessible correctness and optimal-
ity considerations, they often outperform their “tricky” handwritten coun-
terpart. Thus they constitute a convincing example for the superiority of
concept-driven software development.

The monograph presents a full formal development for so-called syntac-
tic program analysis and transformation methods including complete proofs,
which may be quite hard to digest in full detail. This rigorous development,
on purpose structurally repetitive, is tailored to stress similarities and dif-
ferences between the intraprocedural and interprocedural setting, down to
the very last detail. However, the reader is not forced to follow the techni-
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cal level. Rather, details can be consulted on demand, providing students
with a deep yet intuitive and accessible introduction to central principles of
intraprocedural and interprocedural optimization, compiler experts with pre-
cise information about the obstacles when moving from the intraprocedural
to the interprocedural case, and developers with concise specifications of easy
to implement yet high-performance interprocedural analyses.

Summarizing, this thesis can be regarded as a comprehensive account
of what, from the practical point of view, are the most important program
analysis and transformation methods for imperative languages. I therefore
recommend it to everybody interested in a conceptual, yet far reaching entry
into the world of optimizing compilers.

Bernhard Steffen



Prologue

The present monograph is based on the doctoral dissertation of the author
[Knl]. It presents a new framework for optimal interprocedural program op-
timization, which covers the full range of language features of imperative
programming languages. It captures programs with (mutually) recursive pro-
cedures, global, local, and external variables, value, reference, and procedure
parameters. In spite of this unique generality, it is tailored for practical use.
It supports the design and implementation of provably optimal program opti-
mizations in a cookbook style. In essence, this is achieved by decomposing the
design process of a program optimization and the proof of its optimality with
respect to a specific optimality criterion into a small number of elementary
steps, which can independently be proved using only knowledge about the
specification of the optimization. This contrasts with heuristically based ap-
proaches to program optimization, which are still dominant in practice, and
often ad hoc. The application of the framework is demonstrated by means of
the computationally and lifetime optimal elimination of partially redundant
computations in a program, a practically relevant optimization, whose in-
traprocedural variant is part of many advanced compiler environments. The
purpose of considering its interprocedural counterpart is twofold. On the one
hand, it demonstrates the analogies between designing intraprocedural and
interprocedural optimizations. On the other hand, it reveals essential differ-
ences which must usually be faced when extending intraprocedural optimiza-
tions interprocedurally. Optimality criteria satisfiable in the intraprocedural
setting can impossible to be met in the interprocedural one. Optimization
strategies being successful in the intraprocedural setting can fail interproce-
durally. The elimination of partially redundant computations is well-suited
for demonstration. In contrast to the intraprocedural setting, computational
and lifetime optimal results are in general impossible in the interprocedu-
ral setting. The placement strategies leading to computationally and lifetime
optimal results in the intraprocedural setting, can even fail to guarantee
profitability in the interprocedural setting. We propose a natural constraint
applying to a large class of programs, which is sufficient for the successful
transfer of the intraprocedural elimination techniques to the interprocedural
setting. Under this constraint, the resulting algorithm generates interproce-
durally computationally and lifetime optimal results, making it unique. It is
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not only more powerful than its heuristic predecessors but also more efficient,
and reduces in the absence of procedures to its intraprocedural counterpart.

The remainder of this prologue summarizes the background of this mono-
graph, and provides a brief introduction to program optimization intended
to make its presentation more easily amenable to novice readers in the field.

Optimizing Compilers. In essence, a compiler is a program translating
programs of some source language £; into semantically equivalent programs
of some target language Lo. One of the most typical applications of a compiler
is the translation of a source program written in a high-level programming
language into a machine program (often simply called “machine code” or just
“code”), which can be executed on the computer the compiler is implemented
on. Of course, compilers are expected to produce highly efficient code, which
has led to the construction of optimizing compilers [ASU, WG, Mor].

Source Language

Compiler

Optimizer

Data Flow Analysis

Machine Language

Fig. 1.1. Structure of an optimizing compiler

Figure 1.1 illustrates the general structure of an optimizing compiler.
The central component is called an optimizer. Basically, this is a program
designed for detecting and removing inefficiencies in a program by means
of appropriate performance improving transformations. Traditionally, these
transformations are called program optimizations. This general term, how-
ever, is slightly misleading because program optimization cannot usually be
expected to transform a program of “bad” performance into a program of
“good” or even “optimal” performance. There are two quite obvious rea-
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sons for this limitation. First, “bad,” “good,” and “optimal”’ are qualitative
properties lacking a (precise) quantitative meaning. Second, interpreting the
term optimization naively, does not impose any restrictions on the kind of
transformations considered possible; restrictions, for example, which are usu-
ally imposed by automation requirements. Following the naive interpretation,
optimization would require replacing a sorting algorithm of quadratic time
complexity by a completely different sorting algorithm where the second fac-
tor is replaced by a logarithmic one. Optimizations of this kind would require
a profound understanding of the semantics of the program under considera-
tion, which is usually far beyond the capabilities of an automatic analysis.

The original domain of program optimization is different. Usually, it leaves
the inherent structure of the algorithms invariant, and improves their perfor-
mance by avoiding or reducing the computational effort at run-time, or by
shifting it from the run-time into the compile-time. Typical examples are loop
invariant code motion, strength reduction, and constant folding. Loop invari-
ant code motion moves computations yielding always the same value inside
a loop to a program point outside of it, which avoids unnecessary recompu-
tations of the value at run-time. Strength reduction replaces operations that
are “expensive” by “cheaper” operations, which reduces the computational
effort at run-time. Constant folding evaluates and replaces complex compu-
tations, whose operands are known at compile-time, by their values, which
shifts the computational effort from the run-time to the compile-time of the
program.

In practice, the power of an optimization is often validated by means of
benchmark tests, i.e., by measuring the performance gain on a sample of pro-
grams in order to provide empirical evidence of its effectivity. The limitations
of this approach are obvious. It cannot reveal how “good” an optimization
really is concerning the relevant optimization potential. In addition, it is
questionable to which extent a performance improvement observed can be
considered a reliable prediction in general. This would require that the sam-
ple programs are “statistically representative” because the performance gain
of a specific optimization depends highly on the program under consideration.

In this monograph, we contrast this empirical approach by a mathematical
approach, which focuses on proving the effectivity of an optimization. Central
is the introduction of formal optimality criteria, and proof of the effectivity
or even optimality of an optimization with respect to the criteria considered.
Usually, these criteria exclude the existence of a certain kind of inefficiencies.
Following this approach optimality gets a formal meaning. An optimization
satisfying a specific optimality criterion guarantees that a program subjected
to it cannot be improved any further with respect to this criterion, or hence
with respect to the source of inefficiencies it addresses. Thus, rather than
aiming at assuring of a specific percentage of performance improvement, our
approach guarantees that a specific kind of inefficiency is proved to be absent
after optimization.
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Data Flow Analysis. Optimization must preserve semantics. It is thus
usually preceded by a static analysis of the argument program, usually called
data flow analysis (DFA), which checks the side-conditions under which an
optimization is applicable. For imperative programming languages like Algol,
Pascal, or Modula, an important classification of DFA techniques is derived
from the treatment of programs with procedures. Intraprocedural DFA is
characterized by a separate and independent investigation of the procedures
of a program making explicit worst-case assumptions for procedure calls. In-
terprocedural DFA takes the semantics of procedure calls into account, and is
thus theoretically and practically much more ambitious than intraprocedural
DFA. In contrast, local DFA considering (maximal sequences of) straight-line
code only, so-called basic blocks, which are investigated separately and inde-
pendently, is considerably simpler, but also less powerful than intraprocedural
and interprocedural DFA. In distinction to local DFA, intraprocedural and
interprocedural DFA are also called global DFA. Figure 1.2 illustrates this
classification of DFA techniques, which carries over to program optimization,
i.e., local, intraprocedural, and interprocedural optimization are based on
local, intraprocedural, and interprocedural DFA, respectively.

[ Data Flow Analysis (DFA) ]

Local DFA Global DFA

[ I ntraprocedural DFA] ‘ Interprocedural DFA

Fig. 1.2. Taxonomy of data flow analysis

DFA is usually performed on an intermediate program representation. A
flexible and widely used representation is the control flow graph (CFG) of
a program. This is a directed graph, whose nodes and edges represent the
statements and the branching structure of the underlying program. Figure
1.3 shows an illustrative example. In order to avoid undecidability of DFA
the branching structure of a CFG is usually nondeterministically interpreted.
This means, whenever the control reaches a branch node, it is assumed that
the program execution can be continued with any successor of the branch
node within the CFG. Programs containing several procedures can naturally
be represented by systems of CFGs. The control flow caused by procedure
calls can be made explicit by combining them to a single graph, the inter-
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procedural flow graph; intuitively, by connecting the call sites with the flow
graphs representing the called procedures.
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Fig. 1.3. Control flow graph

Code Motion: A Practically Relevant Optimization. Code motion is
one of the most widely used program optimizations in practice, for which
there are two quite natural optimization goals concerning the number of
computations performed at run-time, and the lifetimes of temporaries, which
are unavoidably introduced as a side-effect of the transformation. Code mo-
tion is thus well suited for demonstrating the practicality of our optimization
framework because it is designed for supporting the construction of provably
optimal optimizations. The code motion transformation we develop (interpro-
cedurally with respect to a natural side-condition) satisfies both optimality
criteria informally sketched above: it generates programs which are compu-
tationally and lifetime optimal. The corresponding transformation to meet
these criteria is not only unique, it is even more efficient than its heuristic
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predecessors. In the following we illustrate the central idea underlying this
transformation in the intraprocedural context.

Fig. 1.4. A first code motion optimization

In essence, code motion improves the efficiency of a program by avoid-
ing unnecessary recomputations of values at run-time. For example, in the
program of Figure 1.3 the computation of a + b at node 10 always yields
the same value. Thus, it is unnecessarily recomputed if the loop is executed
more than once at run-time. Code motion eliminates unnecessary recompu-
tations by replacing the original computations of a program by temporaries
(or registers), which are correctly initialized at appropriate program points.
For example, in the program of Figure 1.3 the original computations of a + b
occurring at the nodes 10, 16, and 17 can be replaced by a temporary h,
which is initialized by a + b at the nodes 8 and 9 as illustrated in Figure 1.4.
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Admissible Code Motion

Code motion must preserve the semantics of the argument program. This
leads to the notion of admissible code motion. Intuitively, admissibility re-
quires that the temporaries introduced for replacing the original computa-
tions of a program are correctly initialized at certain program points as illus-
trated above. In addition, it requires that the initializations of the temporaries
do not introduce computations of new values on paths because this could in-
troduce new run-time errors. Illustrating this by means of the program of
Figure 1.3, the second requirement would be violated by initializing the tem-
porary h at node 5 as shown in Figure 1.5. This introduces a computation
of a + b on the path (1,4,5,7,18), which is free of a computation of a + b
in the original program. Under the admissibility requirement, we can obtain
computationally and lifetime optimal results as indicated below.

Fig. 1.5. No admissible code motion optimization
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Computationally Optimal Code Motion

Intuitively, an admissible code motion is computationally optimal, if the num-
ber of computations on every program path cannot be reduced any further by
means of admissible code motion. Achieving computationally optimal results
is the primary goal of code motion. The central idea to meet this goal is to
place computations

—as early as possible, while maintaining admissibility.

This is illustrated in Figure 1.6 showing the program, which results from the
program of Figure 1.3 by means of the “as-early-as-possible” placing strategy.
All unnecessary recomputations of a 4+ b are avoided by storing the value of
a+b in the temporary h and replacing all original computations of a+b by h.
Note that this program cannot be improved any further. It is computationally
optimal.

Lifetime Optimal Code Motion

The “as-early-as-possible” placing strategy moves computations even if there
is no run-time gain. In the running example this is particularly obvious when
considering the computation of a + b at node 3, which is moved without
any run-time gain. Though unnecessary code motion does not increase the
number of computations on a path, it can be the source of superfluous register
pressure, which is a major problem in practice. The secondary goal of code
motion therefore is to avoid any unnecessary motions of computations while
maintaining computational optimality. This is illustrated in Figure 1.7 for
the running example of Figure 1.3.

Like the program of Figure 1.6, it is computationally optimal. However,
computations are only moved, if it is profitable: the computations of a + b at
nodes 3 and 17, which cannot be moved with run-time gain, are not touched
at all. The problem of unnecessary code motions is addressed by the crite-
rion of lifetime optimality. Intuitively, a computationally optimal code mo-
tion transformation is lifetime optimal, if the lifetimes of temporaries cannot
be reduced any further by means of computationally optimal code motion.
Intuitively, this means that in any other program resulting from a compu-
tationally optimal code motion transformation, the lifetimes of temporaries
are at least as long as in the lifetime optimal one. The central idea to achieve
lifetime optimality is to place computations

—as late as possible, while maintaining computational optimality.

The “as-late-as-possible” placing strategy transforms computationally opti-
mal programs into a unique lifetime optimal program. This is an important
difference to computational optimality. Whereas computationally optimal re-
sults can usually be achieved by several transformations, lifetime optimality
is achieved by a single transformation only.

Figures 1.8 and 1.9 illustrate the lifetime ranges of the temporary h for
the programs of Figures 1.6 and 1.7, respectively.
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Fig. 1.6. A computationally optimal program

Summarizing, the “as-early-as-possible” code motion transformation of
Figure 1.6 moves computations as far as possible in order to achieve compu-
tationally optimal results; the “as-late-as-possible” code motion transforma-
tion of Figure 1.7 moves computations only as far as necessary. Therefore,
we call the first transformation the busy code motion transformation and the
second one the lazy code motion transformation, or for short the BCM- and
LCM -transformation.

In this monograph, we will show how to construct intraprocedural and in-
terprocedural program optimizations like the BCM - and L CM -transformation
systematically. However, we also demonstrate that usually essential differ-
ences have to be taken into account when extending intraprocedural optimiza-
tions interprocedurally. We illustrate this by developing the interprocedural
counterparts of the BCM- and LCM-transformation for programs with re-
cursive procedures, global, local, and external variables, value, reference and
procedure parameters. We show that interprocedurally computationally and
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Fig. 1.7. The computationally and lifetime optimal program

lifetime optimal results are in general impossible. Therefore, we propose a
natural constraint which is sufficient to meet both criteria for a large class
of programs. The resulting algorithms are unique in achieving interproce-
durally computationally and lifetime optimal results for this program class.
Their power is illustrated by a complex example in Section 10.6. Additionally,
a detailed account of the example considered in the prologue for illustrating
the intraprocedural versions of busy and lazy code motion can be found in
Section 3.5.
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1. Preface

1.1 Summary

A new framework for interprocedural program optimization is presented,
which is tailored for supporting the construction of interprocedural program
optimizations satisfying formal optimality criteria in a cookbook style. The
framework is unique in capturing programs with statically nested (mutu-
ally) recursive procedures, global and local variables, value, reference, and
procedure parameters. In addition, it supports separate compilation and the
construction of software libraries by dealing with external procedures and
external variables. An important feature of the framework is that it strictly
separates the specification of an optimizing transformation and the proof of
its optimality from the specification of the data flow analysis algorithms com-
puting the program properties involved in the definition of the transformation
and the proofs of their precision. This structures and simplifies the develop-
ment of optimal program transformations, and allows us to hide all details of
the framework which are irrelevant for application. In particular, this holds
for the higher order data flow analysis concerning formal procedure calls,
which is organized as an independent preprocess. The power and flexibility
of the framework is demonstrated by a practically relevant optimization: the
computationally and lifetime optimal elimination of interprocedurally par-
tially redundant computations in a program. As a side-effect this application
reveals essential differences, which usually must be taken into account when
extending intraprocedural optimizations interprocedurally. Concerning the
application considered here, this means that computationally and lifetime
optimal results are interprocedurally in general impossible. However, we pro-
pose a natural constraint which is sufficient to meet these optimality criteria
for a large class of programs. Under this constraint the algorithm developed is
not only unique in satisfying both optimality criteria, it is also more efficient
than its heuristic predecessors.

1.2 Motivation

Program optimization is traditionally the general term of program transfor-
mations, which are intended to improve the run-time or the storage efficiency

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 1-12, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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of a program.’ In the imperative programming paradigm an important clas-
sification of program optimization is derived from the treatment of programs
with procedures. Intraprocedural program optimization is characterized by a
separate and independent investigation of the procedures of a program where
explicit worst-case assumptions are made for procedure calls. Interprocedu-
ral program optimization takes the semantics of procedure calls into account,
and is thus theoretically and practically more ambitious than intraprocedural
optimization.

Ideally, optimizing program transformations preserve the semantics of the
argument program, improve their run-time efficiency, and satisfy formal op-
timality criteria. This is worth to be noted because in practice heuristically
based transformations are still dominant. Even transformations which some-
times impair the run-time efficiency are considered program optimizations.
In [CLZ] they are called non-strict in contrast to strict optimizations, which
are required to be always run-time improving. In contrast to this pragmatic
approach, we are interested in optimal program optimization, i.e., in program
transformations which are strict in the sense of [CLZ], and provably optimal
with respect to formal optimality criteria.

The construction of provably optimal program transformations has been
studied in detail in the intraprocedural case. Conceptually, it is important
to separate the specification of a program transformation and the proof of
its optimality from the specification of the data flow analysis (DFA) algo-
rithms computing the program properties involved in the definition of the
transformation, and the proof that they compute these properties precisely.
This leads to the following two-step structure:

1. Specify a program transformation and prove its optimality with respect
to a specific formal optimality criterion of interest.

2. Specify the DFA-algorithms and prove that they precisely compute the
program properties involved in the definition of the transformation of the
first step.

The first step can be directed by general guide-lines fixing the elementary
steps which are necessary for proving the optimality of a transformation.
The details, of course, depend on the concrete transformation and the op-
timality criterion under consideration. The second step can be organized in
greater detail. In essence, its specification part reduces to specifying the DFA-
information of interest for a given program property, and the way in which
it is computed by the elementary statements of a procedure. The concrete
DFA-algorithm results then automatically from instantiating a generic DFA-
algorithm by the specification. Proving its precision for the program property
under consideration can be split into three elementary substeps, which only

! In general there is a trade-off between run-time and storage improving transfor-
mations (e.g., procedure inlining, loop unrolling). In this monograph we focus
on the run-time, which is the major concern in practice.
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concern the domain of the specification, and can independently be proved.
The theory of abstract interpretation (cf. [CC1, CC3, CC4, Ma, Niel, Nie2]),
and the well-known Coincidence Theorem 2.2.2 of Kildall [Kil] and Kam and
Ullman [KU2] giving a sufficient condition for the coincidence of the speci-
fying meet over all paths solution and the algorithmic maximal fixed point
solution of a DFA-problem are central for the simplicity and elegance of this
approach.

1.2.1 The Framework

We present a framework for interprocedural program optimization, which
evolves as an extension and generalization of the stack-based framework for
interprocedural data flow analysis (IDFA) of [KS1]. The new framework ap-
plies to Algol-like programming languages, and supports the optimization of
complete programs as well as of program modules, which is required for sep-
arate compilation and the construction of software libraries. It is unique in
capturing programs with

— statically nested mutually recursive procedures,
global and local variables,

— value, reference, and procedure parameters, and
external variables and procedures.

The new framework maintains the two-step structure of intraprocedural pro-
gram optimization: the specification and the optimality proof of an interpro-
cedural program transformation is separated from the specification and the
precision proofs of the IDFA-algorithms computing the program properties
involved in the definition of the transformation under consideration. More-
over, both steps are organized like their intraprocedural counterparts. This
means, the first step is directed by general guide-lines fixing the obligations for
specifying and proving the optimality of an interprocedural program transfor-
mation. The second step, considering the specification part first, reduces as
in the intraprocedural case essentially to specifying the DFA-information of
interest for a given program property, and the way in which it is computed by
the elementary statements of a program. The only difference to the intrapro-
cedural setting is the necessity of specifying the effect of return nodes in order
to deal with local variables and value parameters of recursive procedures. The
concrete IDFA-algorithm results as intraprocedurally automatically from in-
stantiating the generic IDFA-algorithms of the interprocedural framework by
the specification. Proving its precision for the property under consideration
requires only a single step in addition to the intraprocedural case. This step
is concerned with the effect of return nodes. The precision proof of the gener-
ated IDFA-algorithm consists of four elementary substeps, whose proofs are
usually straightforward as in the intraprocedural case and concern the do-
main of the specification only. Central for achieving this is the Interprocedural
Coincidence Theorem of [KS1], which is an interprocedural generalization of
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the Coincidence Theorem of [Kil, KU2]. It gives a sufficient condition for
the coincidence of the specifying interprocedural meet over all paths (IMOP)
solution and the algorithmic interprocedural maximal fixed point (IMFP)
solution of an IDFA-problem. In comparison to the presentation of [KS1],
the framework and the coincidence theorem are extended in order to deal
with static procedure nesting, external variables and procedures, and refer-
ence and procedure parameters. Whereas the extension to static procedure
nesting and to external variables and procedures is straightforward, the ex-
tension to procedure parameters is more intricate, and requires a higher order
data flow analysis (HO-DFA). As a side-effect, it turns out that the HO-DFA
covers uniformly also reference and name parameters offering a conceptually
new approach to the computation of alias information.

Higher Order Data Flow Analysis. The central idea to handle formal
procedure calls in our framework is to consider formal procedure calls as
“higher order” branch statements and to interpret them nondeterministically
during IDFA. This can be considered the natural analogue to the nondeter-
ministic treatment of ordinary branch statements in intraprocedural DFA.
Moreover, it allows us to organize the HO-DFA as a preprocess of the “usual”
IDFA, and to hide all details of the HO-DFA from the subsequent IDFA. Its
intent is to determine for every formal procedure call in a program the set
of procedures it can call at run-time as precisely as possible. This is closely
related to approaches for constructing the procedure call graph of a program
(cf. [CCHK, HK, Lak, Ry, Wal]).?2 These approaches, however, are mostly
heuristically based,® and concentrate on the correctness (safety) of their ap-
proximation. They do not systematically deal with precision or decidability
in general. This contrasts with our approach, where investigating correct-
ness and precision, and addressing the theoretical and practical limitations
of computing the set of procedures, which can be invoked by a formal pro-
cedure call, and integrating the results obtained into IDFA, is central. We
show that the problem of determining the set of procedures which can be
invoked by a formal procedure call is a refinement of the well-known formal
reachability problem (cf. [Lal]). We therefore call the refined problem the
formal callability problem. Formal callability yields as a by-product the so-
lution of the formal reachability problem. This is important because of the
well-known undecidability of formal reachability in general (cf. [Lal]) as it
directly implies that also formal callability is in general not decidable. It
is true that formal reachability is decidable for finite mode languages (e.g.,
ISO-Pascal [ISO]) [Lal],* but the mode depth dramatically affects the com-
putational complexity: whereas for programming languages of mode depth 2

2 In [Lak] a different set-up is considered with procedure valued variables instead
of procedure parameters.

3 For example, the algorithm of [Ry] is restricted to programs without recursion.

4 Intuitively, in a program with finite mode depth procedure parameters can com-
pletely be specified without using mode equations as it is necessary for certain
procedure parameters of programs with infinite mode depth (Consider e.g. self-
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(e.g., Wirth’s Pascal [Wth, HW]) and a limit on the length of parameter lists,
formal reachability is decidable in quadratic time [Ar3], it is P-space hard in
the general case of unbounded finite mode depth languages [Ar3, Wi2].

Motivated by the theoretical limitations of deciding formal callability, and
the practical limitations imposed by the efficiency requirements of compilers,
we introduce a correct (safe) approximation of formal callability, called po-
tential passability, which can efficiently be computed. Moreover, for programs
of mode depth 2 without global formal procedure parameters, our approxi-
mation is precise for formal callability, i.e., potential passability and formal
callability coincide.

Reference and Name Parameters. Reference and name parameters can
be regarded as parameterless procedure parameters. This observation is
the key to uniformly deal with procedure parameters, reference and name
parameters.® Using this identification the HO-DFA can directly be used for
computing (safe approximations of) the set of may-aliases of a reference pa-
rameter. Moreover, it can easily be modified for computing also (safe approx-
imations of) the set of must-aliases of a reference parameter.

Interprocedural Data Flow Analysis. In IDFA we focus on programs,
which satisfy the strong formal most recent (sfmr) property (cf. [Ka]); a prop-
erty, which holds trivially for programs without formal procedure calls.
The point of concentrating on programs with this property is that in sfmr-
programs’ formal procedure calls can be handled in a most recent fashion
like ordinary procedure calls, and thus, as efficiently as ordinary procedure
calls.® The validity of the sfmr-property guarantees that the simplified and
more efficient treatment of formal procedure calls is correct: so-called most
recent errors in accessing non-local variables, which are known from early
implementations of run-time systems, do not occur (cf. [McG]).

We recall that the sfmr-property is decidable at compile-time [Ka]. How-
ever, similar to formal reachability the mode depth is crucial for the compu-
tational complexity: for programming languages of mode depth 2 and a limit
on the length of parameter lists, the sfmr-property is decidable in polyno-
mial time [Ar2], but it is P-space complete in the general case of Algol-like

application of a procedure 7 as in the call statement “call (7)”. Self-application
is illegal in a language with finite mode depth!).

Note that call-by-reference and call-by-name coincide as long as there are no
complex data structures.

Intuitively, this means that in the run-time stack maintaining the activation
records of the procedures, which have been called but not yet terminated, the
static pointer of each activation record created by a call of a procedure n always
refers to the most recent activation record created by a call of the static pre-
decessor of 7 (cf. [Ar2]). We remark that our HO-DFA does not rely on this
property.

I.e., programs satisfying the sfmr-property.

In our approach to IDFA programs are treated in the sense of the mr-copy rule
(“most recent”-copy rule), which for sfmr-programs coincides with the static
scope copy rule in the sense of Algol60 (cf. [O12]).

o
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languages, even if at most 4 local (procedure) parameters per procedure are
allowed [Wil, Wi2]. Thus, for most practical applications additional criteria,
which are sufficient for the sfmr-property and can efficiently be checked, will
be necessary (cf. [McG]). A simple syntactic criterion is that a program does
not contain statically nested procedures [Wi2]. Of course, this looks arbi-
trary and quite restrictive. It is thus worth noting that C' is an example of
a widely used programming language, which does not allow statically nested
procedures. In addition, the nesting criterion is also important because pro-
grams with statically nested procedures can often effectively be transformed
into formally equivalent programs without statically nested procedures.”
This is known as the modularity property of a program (cf. [La2]).!% A pro-
gram satisfies the modularity property if and only if it has a regular formal
call tree [O11]. Based on the technique of accompanying parameters of [La2],
there is an effective procedure that transforms an Algol-like program with a
regular formal call tree into a formally equivalent Algol-like program without
statically nested procedures [O11]. Unfortunately, the modularity property is
not decidable in general [O11].1* Thus, the following result of [La2] is here
particularly important: there is an effective procedure transforming every
Algol-like program without global formal procedure parameters into a for-
mally equivalent Algol-like program without statically nested procedures.'?

Summarizing, the advantages of focusing IDFA on sfmr-programs are as
follows:

1. HO-DFA can be organized as a preprocess which can be hidden from
IDFA:
~~Formal procedure calls do not affect the construction and the efficiency

of IDFA-applications.

2. Formal procedure calls can be interpreted as nondeterministic higher
order branch statements which can be treated in a most recent fashion
like ordinary procedure calls:
~~Formal procedure calls fit uniformly into the standard techniques of

static program analysis, and can be treated as efficiently as ordinary
procedure calls.

3. sfmr-programs can effectively be transformed into formally equivalent
programs without statically nested procedures:

9 Formal equivalence of programs induce their functional equivalence [Lad].

10 This directly implies that sfmr-programs are wuniversal in the sense that for
every program satisfying the modularity property there is a formally equivalent
program satisfying the sfmr-property.

' The set of programs satisfying the sfmr-property is a proper (decidable) subset
of the set of programs satisfying the modularity property [O11].

12 In [La2] the transformation is developed for Algol60-P, which stands for pure
Algol60. Details on Algol60-P can be found in [Lal].
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~IFDA-applications on programs without statically nested procedures
are often more efficient.'?

We remark that the HO-DFA of our framework is primarily designed as an
efficient preprocess for the interprocedural analysis of sfmr-programs with
formal procedure calls. However, the problem underlying it, formal calla-
bility, and the correctness, precision, and complexity results concerning po-
tential passability are closely related to classical problems of compiler op-
timization like formal reachability and formal recursivity. In contrast to
the latter two problems, which have thoroughly been studied in the liter-
ature concerning both their decidability and their inherent complexity (cf.
[Arl, Ar2, Ar3, Lal, Wil, Wi2]), formal callability has not yet been inves-
tigated systematically to the knowledge of the author (except for the prag-
matic approaches of call graph analysis (cf. [CCHK, HK, Lak, Ry, Wal]).1
Our main result concerning formal callability that it can be computed in
quadratic time for programs of mode depth 2 without global formal proce-
dure parameters, if there is a limit on the length of parameter lists, is a
direct analogue to the central result of [Ar3] that the coarser problem of for-
mal reachability is decidable in quadratic time for programs of mode depth 2
and a limit on the length of parameter lists. In addition, our HO-DFA yields
a new approach for computing alias information for reference parameters,
which is conceptually significantly different from traditional approaches to
the alias problem (cf. [Ban, Co, CpK2, LH, We]).

1.2.2 The Application

After developing the new framework for interprocedural program optimiza-
tion, we demonstrate its power and flexibility by means of a practically rele-
vant application, the computationally and lifetime optimal elimination of in-
terprocedurally partially redundant computations in a program. The data flow
analyses involved can rather straigthforward be deduced from their intrapro-
cedural counterparts. However, we demonstrate that in the interprocedural
setting computationally and lifetime optimal results are in general impossi-
ble. Therefore, we propose a natural sufficient constraint together with an
algorithm, which meets both optimality criteria for a large class of programs.
The algorithm evolves as the interprocedural counterpart of the algorithm
for lazy code motion of [KRS1, KRS2]. Under the constraint proposed the
new algorithm is not only more powerful than its heuristic predecessors (cf.
[Mo, MR2, SW]), but also more efficient.

13 This also holds for the application developed in Chapter 10 and Chapter 11.
However, the trade-off between the costs of eliminating static procedure nesting,
which usually increases the program size, and the efficiency gain of IDFA must
be taken into account.

' Tn [Ar2] a similar notion was introduced defining when a procedure 7 formally
calls a procedure 7. This, however, is still a coarser notion than formal callabil-
ity, which defines when a specific call site in 7 formally calls procedure 7’.
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1.2.3 Related Work

There is a large variety of approaches to interprocedural DFA and optimiza-

tion. In essence, they can be classified into three major groups. Approaches,
which

1. reduce interprocedural DFA to intraprocedural DFA (e.g., by means of
procedure inlining), or which use interprocedural information (e.g., which
variables are used or modified by a procedure call) for intraprocedural
program optimization [AGS, HC, Ri, RG].

2. deal with specific problems of interprocedural program optimization,
e.g., constant propagation [CCpKT, GT], loop invariant code motion
[SW], partial redundancy elimination [Mo, MR2], register allocation [SH],
branch elimination [BGS], slicing [HRB|, alias information [Bu, Co,
CpK2, CpK3, De, ERH, LH, LR, My, We], or information whether
a specific variable is used, modified or preserved by a procedure call
[All2, Ban, Bth, Bu, CpK1, HS, Ro].

3. aim at a unifying framework for interprocedural DFA and interprocedural
program optimization [Bal, Ba2, Bou, CC2, SRH2, KS1, JM, RHS, SP,
SRH1].

Approaches of the first group are not truly interprocedural. They aim
at performing traditional intraprocedural techniques “more accurately” by
weakening the worst-case assumptions of specific procedure calls. The results
of Richardson and Ganapathi [Ri, RG] show that the effect of such approaches
on the efficiency of a program is limited in practice.

Approaches of the second group are tailored for specific applications. Usu-
ally, it is not clear how to modify these specialized approaches in order to
arrive at a uniform framework for interprocedural DFA or interprocedural
program optimization.

Approaches of the third group have been pioneered by Cousot and Cousot
[CC2], Barth [Bal, Ba2|, Sharir and Pnueli [SP], Jones and Muchnick [JM],
and more recently by Bourdoncle [Bou|. These approaches address mainly
correctness of an interprocedural DFA, and their applicability is limited as
they do not properly deal with local variables of recursive procedures, which
would require a mechanism to store information about local variables when
treating a recursive call. The proper treatment of local variables and param-
eters of recursive procedures was a major achievement of the stack-based
framework of Knoop and Steffen [KS1]. Fundamental was the introduction
of so-called DFA-stacks and return functions, which allow an analysis to dis-
tinguish between effects on global and local variables after returning from
a procedure call. This turned out to be the key for constructing a generic
algorithm, which computes the “intuitively desired” solution of an interpro-
cedural DFA-problem, and handles local variables properly.

The framework presented here is based on the approach of [KS1], but
in addition to the specification, correctness and precision of interprocedural
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DFA-algorithms, the framework here addresses also the specification, correct-
ness and optimality of interprocedural program optimizations based thereof.
Moreover, it is enhanced in order to capture reference and procedure pa-
rameters, external variables, and external procedures making the framework
unique. In addition, the following features are central. (1) The framework is
general: it is not restricted to certain problem classes. (2) It is optimal: DFA-
algorithms and optimizations based thereon are precise even in the presence
of recursive procedures. (3) It is tailored for practical use: all details, which
are irrelevant for a specific application are hidden. This point is particu-
larly important in practice because the framework allows the construction
of optimal interprocedural program optimizations in a cookbook style. This
contrasts to previous approaches, which often have a foundational character.
The use of their techniques requires usually a detailed understanding of the
underlying frameworks.

Recently, two efficiency oriented approaches for interprocedural DFA have
been introduced by Reps, Horwitz, and Sagiv, and Duesterwald, Gupta, and
Soffa, respectively, which also address the treatment of local variables. The
framework presented here can be regarded as the theoretical backbone for
proving the correctness of these approaches, which we therefore discuss in
more detail here.

Reps, Horwitz, and Sagiv proposed in [RHS] an algorithm for solving
interprocedural DFA-problems over finite lattices in a way, which captures
global and local variables, and value and reference parameters. They achieve
the proper treatment of local variables by means of two separate functions,
which mimic the return functions originally introduced in [KS1]:' one func-
tion for extracting the globally relevant part from the data flow information,
which is valid at the termination time of the called procedure. And another
function for extracting the data flow information about local variables, which
must be re-established after finishing the call, from the data flow informa-
tion, which is valid immediately before the call. This implicit treatment of
return functions allows them to reduce an interesting class of DFA-problems
to graph reachability problems that can efficiently be solved, and to compute
the effect of procedure calls in a by-need fashion. Moreover, it enables the
treatment of some potentially infinite abstract domains [SRH1]. However,
the introduction of the two “artifical” functions introduces additional paths
in the graph used to represent the program, which do not correspond to a
standard program execution path. As a consequence, when one encodes a
problem in their framework(s), the proof of correctness for the encoding in
the sense of the meet over all paths approach must account for these paths.
This proof can be simplified by means of the theorems applying to the frame-
work here. It is sufficient to prove the equivalence to the IMFP-solution. The
Interprocedural Coincidence Theorem 8.4.2 then yields that it coincides as

!5 This was made explicit in a private communication with Thomas Reps (Novem-
ber 1994).
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desired with the IMOP-solution, and thus, with the intuitively desired solu-
tion of the IDFA-problem under consideration. Moreover, following the lines
of [KRS4] proving the equivalence to the IMFP-solution does not require
the consideration of DFA-stacks at all, which must be part of any sound
IMOP-solution capturing local variables and value parameters.

Duesterwald, Gupta, and Soffa proposed in [DGS1, DGS2| an algorithm
for demand-driven interprocedural DFA, which works for programs with
global and local variables, value and reference parameters. The point of their
algorithm is to compute data flow information for a given program point with-
out performing an exhaustive analysis of the argument program. In practice,
this may be used e.g. for the debugging of a program during its develop-
ment. The effect of the return functions of [KS1] to handle local variables
can problem specifically be encoded in the binding functions, which realize
the mapping between the address space of the calling procedure and the called
procedure. Like in [RHS] a formal correctness proof for this approach depends
on the correspondence between the computed solution and the operational
understanding of a procedural program, and can be established by means
of the results applying to the framework presented here. We remark that
another and conceptually quite different algorithm for demand-driven DFA,
which is based on magic-set transformations, has recently been proposed by
Reps [Rel, Re2].

1.2.4 Organization of the Monograph

The monograph consists of four parts. In the first part we revisit the standard
framework for intraprocedural program optimization in a cookbook view.
Subsequently, we illustrate the framework by means of the practically rele-
vant algorithm for lazy code motion (LCM) of [KRS1, KRS2]. This algorithm
was the first one to eliminate partially redundant computations in a proce-
dure in a computationally and lifetime optimal fashion. In contrast to the
presentation of [KRS1, KRS2|, the essential step of proving the precision
of the DFA-algorithms involved in the LCM-transformation is here based
on the Coincidence Theorem 2.2.2. Whereas intraprocedurally the impact of
this different proceeding is mostly of technical nature, it turns out that it is
quite advantageous interprocedurally because it significantly simplifies and
shortens the precision proofs.

After the introductory first part, the second and the third part are cen-
tral for the monograph. In the second part we introduce the new framework
for interprocedural program optimization. Besides the treatment of formal
procedure calls, and external variables and procedures, the cookbook view
of the interprocedural framework is particularly important as it stresses the
analogies and differences to the intraprocedural setting. Subsequently, we il-
lustrate in the third part the interprocedural framework by means of the
interprocedural extensions of the algorithms for busy and lazy code motion.
We show that interprocedurally computational and lifetime optimality are
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in general impossible, but that both criteria can be met under a natural
sufficient side-condition for a large class of programs.

In the fourth part, finally, we discuss a variety of pragmatic aspects related
to interprocedural code motion and the new framework, and give directions
to future work.

Note that highlighting the analogies and differences of the intraprocedural
and interprocedural setting as mentioned above, as well as underlining the
similarity of the proceeding for different data flow problems, when applying
the framework, is a central concern of our presentation. To this end proofs
for (most) theorems applying to the intraprocedural setting are given in full
detail, even though they are corollaries of their interprocedural counterparts.
In particular, this concerns theorems on properties of DFA-algorithms con-
sidered for illustrating the intra- and interprocedural framework. However,
this presentation principle, sometimes even re-picking up a paragraph almost
verbatim, is not restricted to proofs. It also recurs in the presentation of the
underlying specifications of the DFA-algorithms as well as in the presenta-
tion of the intra- and interprocedural frameworks, and culminates in their
cookbook summaries.

We conclude this section with a more detailed sketch of the contents of
the following chapters.

— Part I: Introduction

— Chapter 2 revisits the standard framework for intraprocedural program
optimization in a cookbook view.

— Chapter 3 and Chapter 4 illustrate the intraprocedural framework by
recalling the transformations for busy (BCM-) and lazy code motion
(LCM-transformation), and specifying the DFA-algorithms for comput-
ing the program properties involved in the BCM- and LCM -transforma-
tion, respectively. The precision proofs of the DFA-algorithms differ from
the original proofs of [KRS1, KRS2], and are thus explicitly given.

— Part II: The Framework

— Chapter 5 introduces the programming language representing the com-
mon of Algol-like languages, which we consider during the development
and application of the interprocedural framework.

— Chapter 6 presents the HO-DFA dealing with formal procedure calls.
Central is to introduce the notion of formal callability, which we show to
yield a refinement of the formal reachability problem. Like formal reacha-
bility it turns out that formal callability is not decidable in general. Thus,
we introduce a correct (safe) approximation of formal callability, called
potential passability, which can efficiently be computed. Moreover, for
programs of mode depth 2 without global formal procedure parameters
we prove that formal callability and potential passability coincide.

— Chapter 7 completes the setting of IDFA. In particular, we fix the inter-
face between HO-DFA and IDFA. Additionally, we introduce flow graph
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systems and interprocedural flow graphs as representations of programs
with procedures.

— Chapter 8 presents the stack-based framework of IDFA. Central is the
introduction of DFA-stacks and return functions, which are the prereq-
uisite for defining the interprocedural versions of the meet over all paths
approach and the maximal fixed point approach. The solutions of these
approaches define the “specifying” and the “algorithmic” solution of an
IDFA-problem, respectively. The main results of this chapter are the
Interprocedural Correctness Theorem 8.4.1 and the Interprocedural Co-
incidence Theorem 8.4.2; which give sufficient conditions for the correct-
ness and the precision of the algorithmic solution with respect to the
specifying solution of an IDFA-problem. Finally, the specification of an
IDFA-problem is formalized, and the generic fixed point algorithms for
computing the algorithmic solution of a given IDFA-problem are pre-
sented.

— Chapter 9 summarizes the presentation of the second part. In this chap-
ter we take the view of a designer of an interprocedural program opti-
mization, and arrive at a cookbook for optimal interprocedural program
optimization.

— Part III: The Application

— Chapter 10 illustrates the framework for interprocedural program op-
timization by means of the interprocedural extensions of the BCM-
transformation and the LCM-transformation. It demonstrates that in
contrast to the data flow analyses, which can rather straightforward
be transferred from the intraprocedural setting, transformations based
thereon usually require additional care. In particular, it shows that com-
putationally and lifetime optimal results are interprocedurally in general
impossible. Under a natural side-condition, however, the interprocedural
extensions of the BCM- and LCM -transformation are proved to satisfy
for a large class of programs both optimality criteria.

— Chapter 11 presents the IDFA-algorithms for computing the program
properties involved in the IBCM- and the ILCM-transformation to-
gether with the proofs of their precision.

— Part IV: Conclusion

— Chapter 12 discusses a variety of pragmatic aspects related to interpro-
cedural code motion and the framework presented, and gives directions
to future work.

The monograph closes with the bibliography and an index for simplifying
the access to definitions and technical terms. In particular, the index entry
“notations” can be used as a quick-reference to symbols and abbreviations.



2. The Intraprocedural Framework

In this chapter we revisit the standard framework for intraprocedural pro-
gram optimization. Beyond recalling the framework for the convenience of
the reader, the point of this revision is to structure and summarize it in a
fashion, which allows the construction of provably optimal program optimiza-
tions in a cookbook style. This is important as in Part II we will show how to
lift this cookbook oriented presentation of the intraprocedural framework to
the interprocedural setting. As a by-product, this reveals and highlights the
essential analogies and differences of the intraprocedural and interprocedural
setting.

2.1 Intraprocedural Program Optimization

Program optimization is traditionally used as general term for program trans-
formations, which are intended to improve the run-time or storage efficiency
of a program. Thus, speaking of program optimization does usually not im-
ply the generation of truly “optimal” programs as suggested by the term.
In practice, one is often satisfied by heuristically based optimizations. Even
transformations which sometimes impair the efficiency of a program are often
considered program optimizations. Cytron, Lowry, and Zadeck distinguish
strict transformations, which are required to always improve the efficiency,
and non-strict transformations, which sometimes may fail to do this (cf.
[CLZ)).

In contrast to these pragmatic approaches, we are interested in optimal
program optimization, i.e., in program transformations which are provably
optimal with respect to formal optimality criteria.! Toward this end we de-
compose program optimization into two steps. In the first step, we fix a class
of program transformations 7 together with a formal optimality criterion
O. In the second step, we fix a transformation 7r,,: € 7, and prove that it
is optimal with respect to O, or more briefly, that it is O-optimal. In general,
the ingredients of this two-step approach must be defined by the designer of

! In the following we will focus on run-time improving transformations, which
are the major concern in practice. The framework, however, applies to storage
improving transformations as well.

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 15-29, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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the optimization. Usually, the optimality criterion O is based on a pre-order,
which fixes the standard of comparison between different programs. The pro-
gram transformations of 7 are typically defined in terms of a set of program
properties ¢, which fix the side conditions under which a transformation is
applicable. The validity of these properties must be verified before the trans-
formation can be performed. This is the task of data flow analysis (DFA),
which usually precedes every optimizing program transformation. Of course,
in order to guarantee that the transformation induced by the results of the
DFA is correct or even O-optimal, the program properties involved must be
computed precisely by the DFA (or at least conservatively, i.e., safely approxi-
mated). This leads to the notions of ¢-precise and p-correct DFA-algorithms,
which we will consider in more detail in the following sections presenting our
two-step approach for optimal program optimization.

After recalling flow graphs as an appropriate representation of procedures
in Section 2.1.1, we introduce our two-step scheme of optimal program op-
timization in Section 2.1.2, and informally present the notion of provably
precise (correct) DFA-algorithms in Section 2.1.3. Subsequently, we recall in
Section 2.2 the theory of abstract interpretation, which provides the the-
oretical foundation of precise (correct) DFA-algorithms, and give a formal
definition of a DFA-specification. Finally, we summarize in Section 2.3 our
revision of the intraprocedural framework for optimal program optimization
in a concise and structured form, which allows us to construct and prove the
optimality and precision of program transformations and DFA-algorithms,
respectively, in a cookbook style.

2.1.1 Procedures and Flow Graphs

Intraprocedural program optimization is characterized by a separate and in-
dependent investigation of the procedures of a program. As usual, we rep-
resent the procedures of a program as directed flow graphs G = (N, E,s,e)
with node set N and edge set E.2 Nodes n € N represent the statements,
and edges (n,m) € E the nondeterministic branching structure of the un-
derlying procedure; s and e denote the unique start node and end node of
G, which are assumed to have no incoming and outgoing edges, respectively.

For every flow graph G, we denote the set of immediate predeces-
sors and successors of a node n by predg(n)=q4 {m|(m,n) € E} and
succg(n)=gqr {m| (n,m) € E'}. A finite path in G is a sequence (n1,...,ng)
of nodes such that (nj,n;y1) € E for j € {1,...,¢—1}. Moreover, Pg[m,n]
denotes the set of all finite paths from m to n, Pg[m,n[ the set of all fi-
nite paths from m to a predecessor of n, and Pg]m,n| the set of all finite
paths from a successor of m to n. Program paths reaching the end node

2 The construction of flow graphs is described in [All1].
3 This does not impose any restrictions as it is always possible to introduce a new
start node and stop node enjoying these properties by need.
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of G are called terminating. We assume that every node of a flow graph
G lies on a terminating path starting in s. The operator “;” denotes the
concatenation of two paths. The length of a path p is given by the num-
ber of its node occurrences and denoted by A,. In particular, we denote the
unique path of length 0 by e. For a path p and an index 1 < i < A,
the i-th component of p is denoted by p;. A path ¢ is a subpath of p, in
signs ¢ C p, if there is an index ¢ € {1,...,A,} such that i +X; —1 < A,
and ¢;=p;4+j—1 for all j € {1,...,\;}. Moreover, for i, j < X,, p[i,j],
pli,j[, and pli,j] denote the subpaths (n,,...,n;), (n;,...,n;-1), and
(Nig1,...,mj) of p, respectively. If ¢ > j, p[i,j] means e. The subpath rela-
tion C defined on paths can naturally be extended to sets of paths P and Q:
PCQ<=yVpe P3IqeQ.pL q.Finally, for every path p=(n1,...,ny,)
in G, we introduce the reversed path p of p defined by (ny,,...,n1).

2.1.2 Provably Optimal Program Transformations

Let G be a flow graph, 7 be a class of program transformations, and Tr be
a transformation of 7. Additionally, let G denote the flow graph result-
ing from the application of Tr to G, andlet Gr=g4 {G}U{ G- |Tre T}
denote the set of all programs resulting from a transformation of 7 extended
by G itself. By means of these definitions, we can present our two-step ap-
proach of optimal program optimization.

Step 1: Fix a class of program transformations 7 and
a relation <7 C G x Gr.

Intuitively, the relation <7 compares the “quality” of transformations
Tr, Tr' € T. Usually, <7 is a pre-order, and G7. <7 Gp. can infor-
mally be read as “Tr is better than Tr’”. This directly induces a formal
optimality criterion, which we call O« -optimality.

Definition 2.1.1 (O<,-Optimality).
A transformation Tr € T is O<,-optimal, if for all Tr’' € T holds:
GT’(‘ <7 GTT’~

Step 2: Fix a transformation Tr,,: € 7 and prove that
it is O<,-optimal.

As mentioned before, the transformations Tr € 7 are typically defined in
terms of a set of program properties @. Every ¢ € @ is a pair of functions
(N-¢ , X-¢ ), whose domain and range are the sets of nodes of G and the
Boolean truth values true and false of B, respectively, i.e.,

N-p ,X-¢ :N—B
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Intuitively, the truth values N-¢ (n) and X-p (n), n € N, indicate whether
¢ holds at the entry and at the exit of the argument node n, respectively.
It is worth noting that proving the O<,-optimality of a given program
transformation Tr,, € 7 does not rely on the particular choice of an al-
gorithm A computing the program properties involved in the definition of
Tropt. In fact, proving that an algorithm A computes a certain property of
interest can be done separately. This is important because it structures and
simplifies the overall proof by decomposing it into two independent steps.

2.1.3 Provably Precise Data Flow Analyses

In the context of our two-step scheme for optimal program optimization the
task of DFA is to compute the program properties ¢, which are involved in
the transformation Tr,p¢. Technically, this requires a static program analysis
of G, which is performed by an appropriate DFA-algorithm computing the
set of program points enjoying a program property ¢ of interest. This rises
the questions of correctness and precision of DFA-algorithms. Intuitively, a
DFA-algorithm is @-precise, if it computes the set of nodes of G enjoying ¢
precisely, and it is @-correct, if it approximates this set of nodes conserva-
tively, i.e., if it computes a subset of the nodes of G enjoying ¢.* Once the
DFA-algorithms have been proved precise for the program properties involved
in Tropt, it is usually easy to perform the transformation itself, and the pro-
gram resulting from the transformation is guaranteed to be O<,-optimal.’
Theoretically well-founded are DFA-algorithms that are based on abstract
interpretation, which has proved to be powerful and uniform framework for
static program analyses (cf. [CC1, CC3, CC4, Ma, Niel, Nie2]).

2.2 Abstract Interpretation

The central idea of abstract interpretation is to replace the “full” semantics of
a procedure by a simpler more abstract version, which is tailored for a specific
problem.% Usually, an abstract interpretation consists of two components: a
domain of relevant data flow information, and a local semantic functional
which specifies the effect of elementary statements on the domain under con-
sideration. Together both components induce two variants of a corresponding
global abstract semantics of a flow graph, an operational one specifying the
intuitively desired solution of a DFA-problem, and a denotational one induc-
ing a computation procedure.

4 -precision and -correctness are formally defined in Section 2.2.6.
5 ¢-correctness is usually not sufficient to draw this conclusion (cf. Section 2.3).
6 Here, to compute a program property .
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2.2.1 Data Flow Information

The domain of data flow information is typically given by a complete semi-
lattice”
(C7 ’_‘7 E? J‘? —I—)

with least element 1 and greatest element T. The elements of C are assumed
to express the data flow information of interest. For practical applications
lattices satisfying the descending chain condition are particularly important.

Definition 2.2.1 (Descending Chain Condition).
The lattice (C,M,C, L, T) satisfies the descending chain condition if and only
if for every subset C' C C and every sequence of elements of C' with

c1 depgdezdeg I

there is an index ko such that cj=cy, for every j > ko.

In the following C will always denote a complete semi-lattice.

2.2.2 Local Abstract Semantics

The local abstract semantics of a flow graph G is given by a semantic func-
tional
[]: N—=(C—=C)

which gives meaning to every node n € N in terms of a transformation on
C. Without loss of generality, we assume that s and e are associated with
the identity on C denoted by Idc. Note that a local abstract semantics [ |
can easily be extended to cover finite paths. For every path p € Pg[m,n],
we define:

- Ide if p=¢
[p]=o { [p2, \p]]olp1] otherwise

2.2.3 Global Abstract Semantics

As mentioned before, the global abstract semantics of G results from one of
the following two globalization approaches of a local abstract semantics: the
“operational” meet over all paths (MOP) approach, and the “denotational”
mazximal fized point (MFP) approach in the sense of Kam and Ullman [KU2].
The solutions of these approaches define the specifying and the algorithmic
solution of a DFA-problem, respectively. The MOP-approach directly mimics
possible program executions: it “meets” (intersects) all informations, which
belong to a program path reaching the program point under consideration.

7 A complete semi-lattice is a complete lattice as well. DFA-algorithms, however,
usually consider only the join operation or the meet operation of C. We emphasize
this by considering C a semi-lattice.
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Definition 2.2.2 (The MOP-Solution).
Given a flow graph G = (N, E,s,e), a complete semi-lattice C, and a local
abstract semantics [ ], the MOP-solution is defined by:®

Ve, €CVneN. MOP([[ ]]705)(77,):# (N—MOP([[ ]]705)(77,), X—MOP([[ ]],Cs)(n))
where
N-MOP 1,¢,)(n)=4r T1{ [p1(cs) |p € Pcls,n[}
X-MOP( 1.,y (n)=as TT{ [P 1(cs) |p € Pels,n] }

This definition directly reflects our desires. However, it does not specify an
effective computation procedure in general.” In contrast, the MFP-approach
iteratively approximates the greatest solution of a system of equations which
express consistency between pre-conditions and post-conditions expressed in
terms of C with respect to a start information c¢s € C:

Equation System 2.2.3.

_ Cs ifn=-s
pre(n) = { ['1{post(m)|m € preda(n)}  otherwise
post(n) = [n](pre(n))

Denoting the greatest solution of Equation System 2.2.3 with respect to a
given start information ¢, by pre. and post,_, respectively, the solution of
the MFP-approach is defined by:

Definition 2.2.4 (The MFP-Solution).
Given a flow graph G= (N, E,s,e), a complete semi-lattice C and a local
abstract semantics [ ], the MFP-solution is defined by:

Ves €CVneN. MFP([[ ]]705)(77,) =df (N—MFP([[ ]]703)(71), X—MFP([[ ]]705)(n))
where

N-MFP([[ Dhes) (n):df pre., (n) and X—MFP([[ ]],CS)(n)zdf post,_ (n)

In general, this definition leads to a suboptimal but algorithmic description.
Thus, there are two global notions of semantics here: an operational one,
which precisely mimics our intuition, and a denotational one, which has an
algorithmic character and induces a computation procedure. In fact, we thus
consider the MOP-approach as a mean for the direct specification of a DFA,
and the MFP-approach as its algorithmic realization.'® This rises the ques-
tions of MOP-correctness and MOP -precision of such algorithms, which have
elegantly be answered by Kildall, and Kam and Ullman.

8 Remember, “N” and “X” stand for entry and exit of a node, respectively.
9 Think e.g. of loops in a program.
10 An explicit generic algorithm is given in Section 2.2.5.
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2.2.4 MOP-Correctness and MOP-Precision

The key for answering the questions of MOP-correctness and MOP-precision
are the following two notions on functions on a complete semi-lattice (C,M,C,
1, T). A function f: C—C on C is called

— monotonic if and only if Ve, € C. ¢cC ¢ implies f(c) E f(c)
— distributive if and only if V(0 # C’CC. f(I'1C") =T1{f(c)|cec C'}

We recall that distributivity is a stronger requirement than monotonicity in
the following sense:

Lemma 2.2.1.
A function f: C—C is monotonic iff VC' CC. f(I'lC") CT1{f(c)|ce
C'}.

As demonstrated by Kam and Ullman, monotonicity of the semantic functions
is sufficient to guarantee correctness of the MFP-solution with respect to the
MOP-solution. We have (cf. [KU2]):

Theorem 2.2.1 (Correctness Theorem).
Given a flow graph G= (N, E,s,e), the MFP-solution is a correct approz-
imation of the MOP-solution, 1i.e.,

Ves €CVneN. MFP }],CS)(TL) C MOP([[ ]]’CS)(TL)

if all the semantic functions [n], n € N, are monotonic.

Distributivity of the semantic functions yields precision. This follows from
the well-known intraprocedural Coincidence Theorem 2.2.2 of Kildall [Kil],
and Kam and Ullman [KU2]:

Theorem 2.2.2 (Coincidence Theorem).
Given a flow graph G=(N,E,s,e), the MFP-solution is precise for the
MORP-solution, 1.e.,

Ves €CVneN. MFP([[ ]]705)(n) :MOP([[ }],cs)(n)

if all the semantic functions [n], n € N, are distributive.

2.2.5 The Generic Fixed Point Algorithm

In contrast to the MOP-approach, the MFP-approach is practically rele-
vant because it directly specifies an iterative procedure for computing the
MFP-solution. In this section we present a generic computation procedure,
which is parameterized in the argument flow graph, the lattice of data flow
information, the local semantic functional, and a start information.
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Algorithm 2.2.5 (Computing the MFP-Solution).

Input: A flow graph G=(N, E,s,e), a complete semi-lattice C, a local se-
mantic functional [ | : N — (C —C), and a start information ¢s € C.

Output: An annotation of G with data flow informations, i.e., an annotation
with pre-informations (stored in pre) and post-informations (stored in post)
of elements of C, which represent valid data flow information at the entry
and exit of every node of G, respectively.

Remark: The variable workset controls the iterative process. Its elements are
pairs, whose first components are nodes of G, and whose second components
are elements of C, which specify a new approximation for the pre-information
of the node of the first component.

(Initialization of the annotation arrays pre and post, and the variable workset)
FORALL ne N DO

pre[n]:=T;
post[n] := [n](T)
OD;
workset = { (s, cs) } U{ (n, postim]) |n € succa(m) A postim] C T };

(Iterative fixed point computation )
WHILE workset # ) DO
LET (m,c) € workset
BEGIN
workset := workset\{ (m, c) };
meet ;= pre[m|M¢;
IF pre[m] 3 meet
THEN
pre[m| := meet;
postlm] = [ m ] (prelm));
workset := workset U { (n, post[m]) | n € succg(m)}
FI
END
OD.

Denoting the values of workset, pre[n], and post[n] after the k-th execution
of the while-loop by workset®, preF [n], and post¥[n], respectively, one can
easily prove the following monotonicity property of Algorithm 2.2.5:

Lemma 2.2.2. If the semantic functions [n], n € N, are monotonic, we
have:

Vn € N Yk € IN. (pre®[n], post™1[n]) C (pre¥[n], post®n])
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Moreover, by means of Lemma 2.2.2 we can prove:

Theorem 2.2.3 (Algorithm 2.2.5).
If the semantic functions [n], n € N, are monotonic, we have:

1. If C satisfies the descending chain condition, there is a ko € IN with
Yk > ko. (pre®[n], post®[n]) = (pre* [n], post* [n)])

2. Vn e N. MEP([ ]..)(n) = ([ pre¥[n] |k > 0}, [ {post*[n] |k > 0})

As an immediate corollary of Theorem 2.2.3 we obtain:

Corollary 2.2.1 (Algorithm 2.2.5).
If the semantic functions [n], n € N, are monotonic, we have:

1. Algorithm 2.2.5 terminates, if C satisfies the descending chain condition.

2. After the termination of Algorithm 2.2.5 holds:
Vn € N. MFP{ q,c,)(n) = (pre[n], post[n])

2.2.6 Formal Specification of DFA-Algorithms

Following the presentation of the previous sections, a DFA A is specified by
a triple (C,[ ], ¢s), which consists of a lattice C, a local semantic functional
[ ], and a start information cs. The specification of a DFA A can directly be
fed into the generic Algorithm 2.2.5, which yields the DFA-algorithm induced
by A.

Definition 2.2.6 (Specification of a DFA-Algorithm).
The specification of a DFA A is a triple (C,[ ], cs), where

1. C=(C,M,E, L, T) is a complete semi-lattice,
2.[]: N—=(C—C) alocal semantic functional, and
3. ¢s € C a start information.

The DFA-algorithm Alg(A) induced by A results from instantiating the
generic Algorithm 2.2.5 with (C,[ ],¢s). The MOP-solution of A and the
MFP-solution of Alg(A) are the specifying and the algorithmic solutions of
A, respectively.

A DFA A expresses the information of interest in terms of lattice elements.
In general, there is thus a gap between a DFA A and a program property ¢,
which is a Boolean predicate. This gap is closed by means of an interpretation
function Int, which interprets the data flow information computed by A in
Boolean truth values leading to the central notions of y-correctness and -
precision of a DFA.
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Definition 2.2.7 (p-Correctness and ¢-Precision of a DFA).
Let ¢ be a program property, A=(C,[ ],cs) a DFA, and Int : C—B an
interpretation of C in B. Then A is

1. p-correct if and only if (i) Into N-MOP [ ..,y = N-p
(i3) IntoX—MOP([[ les) = X-¢

2. p-precise if and only if (i) Into N-MOP ., <= N-p
(ZZ) Into X—MOP([[ les) < X—QD

The notions of ¢-correctness and p-precision relate the specifying solution of
a DFA A to a property . In order to close the gap between the algorithmic
solution of A4 and ¢, we introduce next the notions of MOP-correctness and
MOP-precision, which relate the algorithmic solution to the specifying solu-
tion of A. Additionally, we introduce the notion of a terminating DFA. The
separation of concerns resulting from these definitions simplifies the proofs
of @-correctness and p-precision of a DFA significantly because proving the
algorithmic solution of a DFA to be terminating, and correct or precise for
¢ reduces to checking the preconditions of the Correctness Theorem 2.2.1 or
the Coincidence Theorem 2.2.2; respectively. This is particularly beneficial in
the interprocedural case.

Definition 2.2.8 (MOP-Correctness, MOP-Precision, Termination).

A DFA A=(C,[ ],cs) is

1. MOP-correct if and only if MFP ..,y E MOP ([ j,c.)
2. MOP-precise if and only if MFP [ 1.,y = MOP |.c.)
3. terminating, if its induced DFA-algorithm Alg(A) terminates.

MOP-correctness, MOP-precision, and the termination of a DFA can usually
be proved straightforward by a few substeps. This is a consequence of Theo-
rem 2.2.4, which results from combining the Correctness Theorem 2.2.1, the
Coincidence Theorem 2.2.2, and Corollary 2.2.1, and gives sufficient condi-
tions guaranteeing these properties of a DFA.

Theorem 2.2.4 (MOP-Correctness, MOP-Precision, Termination).
A DFA A=(C,[ ],cs) is

1. MOP-correct, if all semantic functions [n], n € N, are monotonic.

2. MOP-precise, if all semantic functions [n], n € N, are distributive.

3. terminating, if (i) C satisfies the descending chain condition, and
(i1) all semantic functions [n], n € N, are monotonic.

For convenience, we finally introduce an abbreviation, which both expresses
the termination of a DFA A with respect to a given program property ¢ and
its ¢-correctness (¢-precision).
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Definition 2.2.9 (Correctness and Precision of a DFA).

Let ¢ be a program property and A be a DFA. Then A is called correct
(precise) for ¢ if and only if A is (i) terminating and (i) @-correct (p-
precise).

2.2.7 Forward, Backward, and Bidirectional DFA-Algorithms

An important classification of DFA-algorithms, which we did not consider yet,
is induced by the direction of information flow. Typically, DFA-algorithms
are grouped into forward, backward, and bidirectional algorithms depend-
ing on the direction of information flow (cf. [He]). A DFA-algorithm is
called forward, if information is propagated in the same direction as con-
trol flow, it is called backward, if information is propagated in the oppo-
site direction of control flow, and it is called bidirectional, if information is
mutually dependently propagated in both directions. As usual, we formu-
lated our framework for forward analyses. However, backward analyses can
be dealt with by forward analyses in our framework simply after inverting
the flow of control. In contrast, bidirectional analyses cause more problems
because they lack a natural operational (or MOP-) interpretation. Informa-
tion flow paths, which have been introduced by Dhamdhere and Khedker
in order to characterize the information flow of bidirectional analyses do
usually not correspond to possible program executions (cf. [DK1, DK2]).
Bidirectional problems are in fact conceptually and computationally more
complex than unidirectional ones in general: in contrast to the unidirectional
case, where reducible programs can be dealt with in O(nlog(n)) time (cf.
[AU, GW, HU1, HU2, Ke2, KU1, Tal, Ta2, Ta3, Ull}), the best known es-
timation for bidirectional analyses is O(n?) (cf. [Dh3, DK1, DRZ, DP]),
where n characterizes the size of the argument program (e.g., number of
statements).!! An elegant way to overcome this problem is to decompose
bidirectional DFA-algorithms into sequences of unidirectional ones. Chapter
3 shows the result of such a decomposition: the originally bidirectional flow of
DFA-information for code motion (cf. [Ch, Dh1l, Dh2, Dh3, DS1, MR1, So])
is structured into a sequence of a backward analysis followed by a forward
analysis [KRS1, KRS2], a decomposition, which was first proposed by Steffen
(cf. [St1]). Besides yielding clarity, this decomposition was also the key to
open the algorithm for modifications. By enhancing it by two further unidi-
rectional analyses we arrived at a code motion algorithm which was the first

' Tn [DK1] the complexity of bidirectional problems has been estimated by O(nxw),
where w denotes the width of a flow graph. In contrast to the well-known notion
of depth (cf. [He]) traditional estimations are based on, width is not a structural
property of a flow graph, but varies with the problem under consideration. In
particular, it is larger for bidirectional problems than for unidirectional ones,
and in the worst case it is linear in the size of the flow graph.
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one to achieve (intraprocedurally) computationally and lifetime optimal pro-
grams [KRS1, KRS2]. Intuitively, computational optimality means that the
number of computations on each program path cannot be reduced any fur-
ther by means of semantics preserving code motion; lifetime optimality means
that no computation has been moved unnecessarily far, i.e., without run-time
gain. The flexibility resulting from the decomposition was also demonstrated
by Drechsler and Stadel, who proposed a variant of the computationally and
lifetime optimal algorithm, which inserts computations on edges rather than
in nodes (cf. [DS2]).

2.3 A Cookbook for Optimal Intraprocedural Program
Optimization

In this section we summarize the revision of the intraprocedural framework
for optimal program optimization for constructing a program optimization
from the designer’s point of view. The point is to arrive at a presentation,
which supports the designer of a program optimization by structuring the
construction process, and hiding all details of the framework that are ir-
relevant for its application. In fact, following the lines of this section the
construction and the proof of optimality of a program transformation as well
as the proofs of precision of the corresponding DFA-algorithms can be done
in a cookbook style.

2.3.1 Optimal Program Optimization

Fixing the Program Transformations and the Optimality Criterion.
According to the two-step scheme of our approach to optimal program opti-
mization, we first have to fix the class of program transformations and the
optimality criterion of interest. Following Section 2.1.2, this requires:

Define ...

1. a set of appropriate program properties @

2. the class of program transformations 7 of interest in
terms of a subset & C &

3. a relation <7 C G7 x G7,'2 which induces the opti-
mality criterion of interest

The optimality criterion induced by <7 is the criterion of O« -optimality
in the sense of Definition 2.1.1, i.e.:

A transformation Tr € T is O<,-optimal, if for all Tr’ € T holds:
GTT' <7 GTT"

12 Tn general, <7 will be a pre-order.
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Fixing the Optimal Program Transformation. Next, the (optimal) pro-
gram transformation must be defined. Similar to the class of program trans-
formations 7, it is defined in terms of a subset of the properties of @, i.e.:

Define ...

4. the program transformation 77,y of interest in terms
of a subset & C @

Subsequently, we have to prove that Tr,p; is a member of the transformation
class under consideration and satisfies the optimality criterion of interest.
Thus:

Prove ...

5. T’I‘Opt € T
6. Trop: is O<,-optimal

2.3.2 Precise Data Flow Analysis

After proving the optimality of Tr,,:, we have to define for each property
¢ € & involved in the definition of Tr,p a DFA A, computing the set of
program points enjoying . Without loss of generality, we thus consider an
arbitrary, but fixed property ¢ of @ in the following.

Specifying the DFA A,,. According to Section 2.2.6 the specification of
the DFA A,, and the proof that it is precise for ¢ requires the following
components:

Specify ...

7. a complete semi-lattice (C,M,C, L, T)
8. a local semantic functional | J: N — (C—C)
9. a start information ¢, € C

10. an interpretation Int:C— B

The lattice C represents the data flow information of interest, the local se-
mantic functional gives meaning to the elementary statements of the argu-
ment program, and the start information cs represents the data flow infor-
mation which is assumed to be valid immediately before the execution of the
argument program starts. The function Int, finally, interprets the elements
of C as Boolean truth values, which closes the gap between the data flow
information computed and the program property ¢ of interest.

Handling Backward Analyses: We recall that backward analyses can be han-
dled by forward analyses simply after inverting the flow of control.
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Proving Precision of A,. At this stage, we have to verify that A, is
precise for ¢ in the sense of Definition 2.2.9, i.e., that A, is terminating
and ¢-precise. Applying Definition 2.2.7 and Theorem 2.2.4 the following
proof steps are sufficient:

Prove ...

11. the lattice C satisfies the descending chain condition
12. the local semantic functions [n], n € N, are distribu-
tive
13. the specifying solution of A, is ¢-precise, i.e.:
(1) IntoN—MOP([[ les) = N-p
(ii) IntoX—MOP([[ Leo) = X

Combining Definition 2.2.7, Theorem 2.2.4, and the propositions of the steps
11, 12, and 13 we directly obtain the desired precision result.

Theorem 2.3.1 (A,-Precision).
Ay is precise for ¢, i.e., A, is terminating and @-precise.

After proving Theorem 2.3.1 for each DFA A, ¢ € &7, we obtain that the
transformation Tr,,; and the transformation Try A, | pedr) induced by the
algorithmic solutions of the DFA-algorithms A,, ¢ € @7, coincide. Thus,
we have the desired optimality result:

Theorem 2.3.2 (O-Optimality).
The transformation Tria,|eoeasy 8 O<,-optimal.

Monotonic DFA-Problems: Additional Proof Obligations. In con-
trast to distributive DFA-problems, which are characterized by the fact that
the local semantic functions are distributive, monotonic DFA-problems, i.e.,
problems, where the local semantic functions are monotonic (but not dis-
tributive), impose additional proof obligations. A prominent representative
of this class of DFA-problems is the problem of computing the set of simple
constants of a program (cf. [Kil, Ki2, RL1, RL2]). Intuitively, a program
term t is a simple constant, if it is a program constant, or if all its subterms
are simple constants. The value ¢ of a simple constant ¢ can be computed at
compile-time. The original and possibly complex program term ¢ can then
be replaced by its value ¢ in order to improve the run-time efficiency of the
argument program.

For a monotonic DFA-problem, i.e., if step 12 holds for monotonicity
instead of distributivity only, the Correctness Theorem 2.2.1 still yields
the MOP-correctness of A,. Together with step 13, this even implies -
correctness of A,. In general, however, this is not sufficient in order to guar-
antee that the program G Tria, | peor) resulting from the transformation
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Tria,|oeory is correct or even O<,-optimal. Analogously, this also holds
if step 13 holds for -correctness instead of y-precision only. In both cases
the following two proof obligations must additionally be verified in order to
guarantee correctness and profitability of the induced transformation:

Prove ...

14. TT{A¢ |pedr} € T
15. G1riaypeory ST G

Application: Intraprocedural Code Motion. We conclude this section
with an outlook to the code motion application, which we consider in Chapter
3 for illustrating the usage of the cookbook. For this application the set of
program properties @ is basically given by the set of predicates safe, correct,
down-safe, earliest, latest, and isolated. The class of program transformations
T is given by the set of admissible code motion transformations which are
defined in terms of the predicates safe and correct. The predicates down-safe
and earliest are used for defining the computationally optimal transformation
of busy code motion, and the predicates latest and isolated for defining the
computationally and lifetime optimal transformation of lazy code motion.



3. Optimal Intraprocedural Code Motion: The
Transformations

In this chapter we consider a practically relevant optimization, the elimina-
tion of partially redundant computations in a procedure, in order to illustrate
the two-step approach of our framework for optimal intraprocedural program
optimization. In particular, we demonstrate how to apply the cookbook of
Section 2.3. To this end we recall the busy and the lazy code motion transfor-
mation of [KRS1, KRS2| for partial redundancy elimination. They result in
computationally and lifetime optimal programs, respectively. We remark that
lifetime optimality implies computational optimality. The optimality theo-
rems applying to the busy and the lazy code motion transformation were
originally proved in [KRS1, KRS2]. Here, they are corollaries of their inter-
procedural counterparts proved in Chapter 10. We thus omit proofs in this
chapter, which allows us to focus on illustrating the two-step approach. In
the following we denote the transformations of busy and lazy code motion
more briefly as BCM -transformation and LCM -transformation. The variants
of the original transformations of [KRS1, KRS2| presented in the following
are slightly enhanced in order to work on parallel assignments.

After introducing the basic definitions, which are necessary for defin-
ing the BCM-transformation and the LCM-transformation in Section 3.1,
we present the BCM-transformation and the theorems showing its com-
putational optimality in Section 3.3. Subsequently, we present the LCM-
transformation together with the theorems demonstrating its lifetime opti-
mality in Section 3.4. In Section 3.5, finally, we demonstrate the power of
both transformations by means of an illustrating example, which highlights
their essential features.

3.1 Preliminaries

We develop the BCM-transformation and the LCM-transformation with re-
spect to an arbitrary but fixed flow graph G = (N, E,s,e), and an arbitrary
but fixed program term ¢ € T. This allows us a simple and unparameter-
ized notation. As usual, we assume that terms are inductively composed of
variables, operators, and constants.

Parallel Assignments, Modifications, and Computations. We as-
sume that the nodes of G represent parallel assignments of the form

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 31-48, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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(x1,...,2k):= (t1,...,t), where ¢ # j implies z; # z;. A parallel as-
signment is called a modification of t, if it assigns to an operand of ¢. It is
called a computation of t, if ¢ is a subexpression of one of its right-hand side
terms. Moreover, the occurrences of ¢ occurring in computations of G are
called original computations.

Local Predicates Comp and Transp. Central for defining the BCM-
transformation and the LCM -transformation are two local predicates Transp
and Comp, which are defined for every node n € N. Intuitively, these predi-
cates indicate whether ¢ is modified or computed by the assignment of node

n.t

— Transp (n): n is transparent for t, i.e., n is not a modification of t¢.
— Comp (n): n is a computation of t,i.e., n contains an original computation
of t.

Convention: As in [KRS2], we extend a predicate Predicate, which is defined
on nodes n, to paths p by means of the following convention:

— Predicate” (p) <= V1 <i<\,. Predicate(p;)
— Predicate®(p) <= 31 < i< \,. Predicate(p;)

Note that the formulas —Predicate”(p) and —Predicate(p) are abbrevi-
ations of the formulas 31 < ¢ < \,. = Predicate(p;) and V1 < ¢ <
Ap. ~Predicate(p;) according to this convention.

Critical Edges. In this section we recall the well-known fact that in com-
pletely arbitrary graph structures code motion may be blocked by critical
edges, i.e., by edges leading from nodes with more than one successor to
nodes with more than one predecessor (cf. [Dhl, Dh3, DRZ, DS1, KRS1,
KRS2, KRS3, RWZ, SKR1, SKR2]). In order to exploit the full power of
code motion, critical edges must be removed in the argument flow graph as
it is illustrated below.

In Figure 3.1(a) the computation of “a+b” at node 3 is partially redun-
dant with respect to the computation of “a + b” at node 1. However, this
partial redundancy cannot safely be eliminated by moving the computation
of “a+ b” to its preceding nodes because this may introduce a new com-
putation on a path leaving node 2 on the right branch. On the other hand,
it can safely be eliminated after inserting a synthetic node 4 in the critical
edge (2,3), as illustrated in Figure 3.1(b).

In the following we assume that all edges in G leading to a node with more
than one predecessor have been split by inserting a synthetic node. Besides
guaranteeing that all critical edges have been split, this simple transformation
simplifies the process of code motion because computationally and lifetime
optimal programs can now be obtained by moving all computations to node

"In [MRI1] the predicate Comp is called Antloc, which stands for “local
anticipability”.
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Fig. 3.1. Critical edges

entries (cf. [KRS1]). In essence, this is a consequence of the Control Flow
Lemma 3.1.1, which characterizes the branching structure of G after the
insertion of synthetic nodes (cf. [KRS2]).

Lemma 3.1.1 (Control Flow Lemma).

1. Vn € N. |predg(n)| > 2 = succg(preda(n)) ={n}
2. ¥n e N. |succg(n)| > 2 = predg(succa(n)) ={n}

3.2 Intraprocedural Code Motion Transformations

In accordance to the first step of our two-step approach for program opti-
mization, we fix in this section the set of program transformations of interest,
the set of admissible code motion transformations. In essence, code motion
transformations are characterized by the following three-step procedure: (1)
Declare a new temporary h in the argument flow graph for storing the value
of the computation under consideration, (2) insert assignments of the form
h:=t at some nodes of G, and (3) replace some of the original computations
of t in G by h.

The first step of declaring the temporary is shared by all code motion
transformations. Thus, the specification of a code motion transformation CM
reduces to defining two predicates Insertcy and Replaces),, which denote
the set of program points where an initialization must be inserted and an
original computation must be replaced. Without loss of generality we assume
that Replaceq,, implies Comp, and that the conjunction of Insertcns and
Comp implies Replacey,. Note that this does not impose any restrictions to
our approach. It only avoids transformations which keep an original compu-
tation even after an insertion into the corresponding node making the original
computation locally redundant.
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e Declare a new temporary h for storing the value of t in
the argument flow graph.

e [nsert at the entry of every node satisfying Insert oy the
assignment h:=t.

e Replace every original computation of t in nodes satis-
fying Replaceqys by h.

Table 3.1: Scheme of intraprocedural code motion transformations

In the following we denote the set of all code motion transformations with
respect to t, i.e., the set of all transformations matching the scheme of Ta-
ble 3.1, by CM. In the following section, we will restrict CM to the set
of admissible transformations, which are guaranteed to preserve the seman-
tics of their argument programs. We consider this a necessary constraint of
optimizing program transformations.

3.2.1 Admissible Transformations

A code motion transformation CM is admissible, if it preserves the seman-
tics of its argument programs. Intuitively, this requires that CM is safe and
correct. “Safe” means that there is no program path on which the computa-
tion of a new value is introduced by inserting a computation of ¢; “correct”
means that h always represents the same value as ¢ when it is replaced by
h. Formally, two computations of ¢ represent the same value on a path if and
only if no operand is modified between them. This is reflected in the following
definition, which defines when inserting and replacing a computation of ¢ is
safe and correct in a node n € N.

Definition 3.2.1 (Safety and Correctness).
For all nodes n € N we define:

1. Safety: Safe(n) <=4 Vp e Pgls,e] Vj. (pj=n) =
a) 3i < j. Comp (p;) A Transp” (p[i, j[) V
b) 3i > j. Comp (p;) A Transp* (p[j, i[)
2. Strong Safety: S-Safe(n) <=4 N-USafe(n) Vv N-DSafe(n), where
a) N-USafe(n) <=-qr
Vp € Pgls,n] 3i < \,. Comp (p;) A Transp” (pli, \p[)
b) N-DSafe(n) <=qf
Vp e Paln,e] 3i < \y. Comp (p;) A Transp” (p[1,i[)
3. Correctness: Let CM € CM. Then:
Correcton(n) <=af
Vp € Pgls,n] 3i < \,. Insert car(pi) A Transp” (pli, \p])

<C

In the intraprocedural setting, there is no difference between safety and strong
safety. The backward implication is quite obvious from the definitions of
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safety and strong safety. The converse implication is essentially a consequence
of the fact that we are only considering nondeterministic branching, which
makes the set of all paths in G a regular set. Each path in Pg[s,n] leading
to a node n can be completed by every program continuation starting in n,
i.e., by every path in Pg[n, e]. In particular, each path violating the up-safety
condition at a node n, can be linked to every path violating the down-safety
condition at this node. This yields a path violating the safety condition at
n, and proves the contrapositive of the forward implication. As we will see
in Chapter 10, this is an important difference to the interprocedural setting.
Though we consider in the interprocedural setting nondeterministic branch-
ing as well this equivalence gets lost. Essentially, this is a consequence of
the fact that the set of interprocedurally valid program paths is given by a
contezt-free set (cf. Chapter 7).

Lemma 3.2.1 (Safety Lemma).
Vn € N. Safe(n) < S-Safe(n)

The predicates for safety and correctness allow us to define the class of ad-
missible code motion transformations.

Definition 3.2.2 (Admissible Code Motion).
A code motion transformation CM € CM is admissible if and only if every
node n € N satisfies the following two conditions:

1. Insertcp(n) = Safe(n)
2. Replaceqy(n) = Correctop(n)

The set of all admissible code motion transformations is denoted by CM Agm -

We have (cf. [KRS2]):
Lemma 3.2.2 (Correctness Lemma).

VCM € CM agm Vn € N. Correctcp(n) = Safe(n)

Note that admissibility of a code motion transformation does not require
that insertions are really used. Condition (2) of Definition 3.2.2 holds triv-
ially if the predicate Replace is false for every node. Thus, we additionally
introduce the subset of canonic transformations. Intuitively, an admissible
code motion transformation is canonic, if insertions are used on every pro-
gram continuation. Canonic transformations are particularly important in
the interprocedural setting.
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Definition 3.2.3 (Canonic Code Motion).
An admissible code motion transformation CM € CM agym, is canonic if and
only if for every node m € N the following condition holds:

Insertepr(n) =
Vp e Pgln,e] 31 <i < \,. Replacecy, (pi) A —Insertly, (p[2,1])

We denote the set of all canonic code motion transformations by CMcay.
Programs resulting from a transformation of CM ¢qy are called canonic, too.

Having now fixed the set of program transformations of interest, we pro-
ceed further along the lines of our two-step approach for optimal program
optimization, and introduce next the optimality criteria of interest: compu-
tational and lifetime optimality.

3.2.2 Computationally Optimal Transformations

The primary goal of code motion is to minimize the number of computations
on every program path. This intent is reflected by the relation “computation-
ally better”. It requires the local predicate Comp o;;, which is true for nodes
containing a computation of ¢ after applying the code motion transformation
it is annotated with, i.e.:

Comp cpr(n)=ar Insertcar(n) V (Comp (n) A ~Replace (1))

Using this notation, a code motion transformation CM € CM aqm is compu-
tationally better than a code motion transformation CM’ € CM gy, if and
only if

VpePgls,e]. [ {i] Comp cp(pi)}| < [ {i] Comp car (pi)} |

Note that the relation “computationally better” is reflexive. Thus, computa-
tionally at least as good would be the more precise but uglier term. Nonethe-
less, by means of this relation, we can now define:

Definition 3.2.4 (Computationally Optimal Code Motion).

An admissible code motion transformation CM € CM aqm is computation-
ally optimal if and only if it is computationally better than any other admis-
sible code motion transformation. The set of all computationally optimal code
motion transformations is denoted by CM cmpopt-

Intraprocedurally, computationally optimal code motion transformations are
canonic. In fact, we have:

Theorem 3.2.1 (Computational Optimality and Canonicity).
M CmpOpt c M Can



3.2 Intraprocedural Code Motion Transformations 37

As we will demonstrate in Chapter 10 this theorem does not carry over to
the interprocedural setting, which reveals an important and essential differ-
ence between intraprocedural and interprocedural code motion. Moreover,
canonicity will be shown of being the key for successfully enhancing the in-
traprocedural code motion techniques interprocedurally.

3.2.3 Lifetime Optimal Transformations

Besides the primary goal of code motion of avoiding unnecessary recompu-
tations of values, its secondary goal is to avoid unnecessarily far motions
of computations because they can cause superfluous register pressure. This
requires to minimize the lifetimes of temporaries, which are introduced by
a computationally optimal code motion transformation. Intuitively, a com-
putationally optimal code motion transformation is lifetime optimal, if the
lifetime ranges of temporaries are minimal. In essence, a lifetime range is a
path from an initialization site to a use site of h which is free of redefinitions
of h.

Definition 3.2.5 (Lifetime Ranges).
Let CM € CM pgg4p,. The set of lifetime ranges of CM is defined by

LtRg(CM)=gs { p | Insert car(p1) A Replacegy, (pa,) A ﬁInsertHCM(p]l, Apl)}

This leads us to the following definition: a code motion transformation CM €
CM aam is lifetime better than a code motion transformation CM’ € CM agm
if and only if

Vp € LtRg(CM) 3q € LtRg(CM"). p C ¢

Analogously to the notion of computationally optimal transformations, we
can now define the notion of lifetime optimal transformations.

Definition 3.2.6 (Lifetime Optimal Code Motion).

A computationally optimal code motion transformation CM € CM cmpopt s
lifetime optimal if and only if it is lifetime better than any other computa-
tionally optimal code motion transformation. The set of all lifetime optimal
code motion transformations is denoted by CMpiopt-

Intuitively, lifetime optimality guarantees that no computation has been
moved without run-time gain. Thus, there is no superfluous register pressure
due to unnecessary code motion. In contrast to computational optimality,
however, which can be achieved by several admissible code motion transfor-
mations, lifetime optimality is achieved at most by one transformation as
shown by Theorem 3.2.2 (cf. [KRS2]).
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Theorem 3.2.2 (Uniqueness of Lifetime Optimal Code Motion).
|CM Liope| <1

We conclude this section recalling the notion of first-use-lifetime ranges. They
are important for the optimality proofs of the BCM -transformation and the
LCM-transformation.

Definition 3.2.7 (First-Use-Lifetime Ranges).
Let CM € CM agm,. We define

FU-LtRg(CM)=4s {p € LtRg(CM)| Vq € LtRg(CM). ¢qCp = q=p}

We have (cf. [KRS2]):

Lemma 3.2.3 (First-Use-Lifetime Range Lemma).
Let CM € CM pdm, p € Pgls,e|, and q1,q2 € FU-LtRg(CM) with ¢1 C p
and gz C p. Then either

—q1=q2 or
— q1 and q2 are disjoint, i.e., they do not have any node occurrence in com-
mon.

We now continue to follow the lines of Section 2.3. We define two program
transformations, the busy and the lazy code motion transformation, which
will be shown to satisfy the optimality criteria introduced above. They are
computationally and lifetime optimal, respectively.

3.3 The BCM-Transformation

In this section we recall the definition of the BCM -transformation. It is based
on the predicates for down-safety and earliestness.

3.3.1 Specification

Intuitively, a node n is down-safe at its entry, if on every terminating pro-
gram path starting in n there is a computation of ¢ which is not preceded
by a modification of ¢. Analogously, it is down-safe at its exit, if on every
terminating path starting in a successor of n there is a computation of ¢
which is not preceded by a modification of ¢.

Definition 3.3.1 (Down-Safety).
Let ne N. n 1s

1. entry-down-safe [in signs: N-DSafe(n)] <=>qr
Vp e Paln,e] 3i < \y. Comp (p;) A Transp” (p[1,i[)
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2. exit-down-safe [in signs: X-DSafe(n)] <=qr
Vp € Pgln,e] 3i < \,. Comp (p;) A Transp” (p[1,i])

Intuitively, a computation is earliest at a node n, if an “earlier” computation
would not deliver the same value due to a subsequent modification or would
not be down-safe. In other words, a computation is earliest if there is a path
from s to n, where no node prior to n is down-safe and delivers the same
value as n when computing t.

Definition 3.3.2 (Earliestness).
Let ne N. n is

1. entry-earliest [in signs: N-Earliest(n)] <=4

3p € Pg[s,n| Vi < \y. N-DSafe(p;) = —Transp” (pli, \y])
2. exit-earliest [in signs: X-Earliest(n)] <=af

3p € Pgls,n] Vi < \y. N-DSafe(p;) = —Transp” (pli, \y])

Abbreviating N-DSafe and N-Earliest by DSafe and FEarliest, respec-
tively, Table 3.2 shows the definition of the predicates Insertpcy and
Replaceg s, which specify the BOCM -transformation.

o Vn € N. Insert gom (n)=q4r DSafe(n) A Earliest (n)
e Vn € N. Replacegcys (n)=ar Comp (n)

Table 3.2: The BCM-transformation

Intuitively, the BCM-transformation places the computations as early as
possible in a program while maintaining safety.

3.3.2 Proving Computational Optimality

The BCM -transformation yields computationally optimal programs. Central
for proving this result is the following lemma (cf. [KRS2]).

Lemma 3.3.1 (BCM-Lemma).

1. Vn € N. Insertpop(n) <~
Safe(n) A 11 —(Transp (m) A Safe(m))
mepredg(n)
2. ¥n € N. Correctgem(n) <= Safe(n)
3. VpePg[s,e|Vi < \p. Insertpem (pi) =35 > i.pli, j] € FU-LtRg(BCM)

4. Y OM € CM pgm ¥p € LtRg(BCM). =Replacecy, () V Insertgy, (p)
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By means of the BCM-Lemma 3.3.1, we obtain as desired (cf. [KRS2]):

Theorem 3.3.1 (BCM-Optimality).
The BCM -transformation is computationally optimal, i.e., BCM € CM cmpopt -

3.4 The LCM-Transformation

In this section we recall the definition of the L CM -transformation. It is based
on the predicates for latestness and isolation.

3.4.1 Specification

In order to avoid any code motion without run-time gain, and therefore any
superfluous register pressure, computations must be placed as late as possible
in a program while maintaining computational optimality. Intuitively, this
requires to move the insertions of the BCM -transformation in the direction
of the control flow to “later” program points. This leads us to the notion of
delayability.

Definition 3.4.1 (Delayability).
Let ne N. n s

1. entry-delayable [in signs: N-Delayable (n)] <—=gr

Vp € Pgls,n] i < Ap. Insertgon(pi) A ~Comp = (pli, Ap]).
2. exit-delayable [in signs: X-Delayable(n)] <=4

Vp € Pgls,n] 3i < \,. Insertpon(pi) A =Comp = (pli, \p)).

The following definition characterizes the set of program points, where an
insertion of the BCM -transformation is “maximally delayed”.

Definition 3.4.2 (Latestness).
A node n € N is latest, if it satisfies the predicate Latest defined by

Latest (n)=qr N-Delayable (n) A ( Comp (n) V = /\ N-Delayable (m) )

mesuceg (n)

Intuitively, a node n is latest, if an insertion of ¢ can be delayed to its en-
try (i.e., N-Delayable (n)), and if its further delay is blocked by an original
computation of ¢ (i.e., Comp(n)) as it does not make sense to initialize
after a use site, or if the process of moving the insertions of the BCM-
transformation to later program points fails for some of the successors of
n (ie., - A N-Delayable (m)).

meEsuccg(n)

In order to avoid insertions, whose value can only be used in the insertion
node itself, we define a predicate identifying “unusable” insertion points, i.e.,
program points which are lacking a terminating program continuation with
a computation of ¢t which is not preceded by a redefinition of h.
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Definition 3.4.3 (Unusability).
Let ne N. n is

1. entry-unusable [in signs: N-Unusable(n)] <=-g
Vp € Paln,e] Vi< \,. Comp(p;) = Latest?(p[l,i]).

2. exit-unusable [in signs: X-Unusable(n)] <=4
Vp € Pgln,e] Vi < \,. Comp(p;) = Latest?(p[l,i]).

Computations, which are exit-unusable, can only be used in the node itself.
We call them thus “isolated”.

Definition 3.4.4 (Isolation).
A node n € N is isolated, if it satisfies the predicate Isolated defined by

Isolated (n)=qp X-Unusable(n)

Table 3.3 shows the definition of the predicates Insertrcy and Replacer o,
which specify the LCM -transformation.

o Vn e N. Insertrcam(n)=qr Latest(n) A —Isolated (n)
o Vn € N. Replace; oy (n)=aqr Comp (n) A —( Latest(n) A Isolated(n))

Table 3.3: The LCM-transformation

As mentioned earlier, the point of the LCM-transformation is to place com-
putations as late as possible in a program while maintaining computational
optimality. This is the main result of the following section.

3.4.2 Proving Lifetime Optimality

The LCM-transformation yields lifetime optimal programs. The following
lemma is the key for proving this result (cf. [KRS2]).

Lemma 3.4.1 (LCM-Lemma).

1. Vn € N. N-Delayable (n) = N-DSafe(n)
2. Vp e Pg[s,e] VI < \,. N-Delayable (n;) =
3i <1< j. pli,j] € FU-LtRg(BCM)

Vp € FU-LtRg(BCM)). Latest™(p)
Vp € LtRg(BCM)) Vi < \,. Latest(p;) = —~N-Delayable(pli, \,])
VYV CM € CM cmpopt Y1 € N. Comp 3;(n) = N-Delayable (n)
VpePgls,e] (Vi< A\, (pi) € LtRg(LCM))

Ip’ € Pgls, e]. p[l,i]=p'[1,i] A Tj>i. p'[i,j] € LtRg(LCM)

S G o
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By means of the LCM-Lemma 3.4.1 we can prove (cf. [KRS2]):

Theorem 3.4.1 (The LCM-Optimality).
The LCM -transformation is computationally and lifetime optimal, i.e., LCM
€ CM ri0pt-

As a corollary of Theorem 3.2.2 and Theorem 3.4.1 we immediately obtain:

Corollary 3.4.1. CMpope={LCM }

3.5 An Illustrating Example

In this section we demonstrate the power of the BCM-transformation and
the LCM-transformation by discussing the motivating example of [KRS1]
displayed in Figure 3.2. The program fragment of this example is complex
enough in order to illustrate the essential features of the two transformations.
In order to keep the presentation as simple as possible, synthetic nodes that
do not occur as insertion points of the BCM-transformation and the LCM-
transformation are omitted.

Figure 3.3 shows the result of computing the set of down-safe and of
earliest program points. They induce the insertion points of the BCM-
transformation. The result of this transformation is displayed in Figure 3.4.
Note that the flow graph of this figure is indeed computationally optimal.

Subsequently, Figure 3.5 and Figure 3.6 show the results of computing
the sets of delayable and latest, and of latest and isolated program points,
respectively. They induce the insertion and replacement points of the LCM-
transformation. The result of this transformation is shown in Figure 3.7. It
is exceptional, because it eliminates the partially redundant computations of
“a+0b" at node 10 and node 16 by moving them to node 8 and node 15, but
it does not touch the computations of “a + b” in node 3 and node 17 which
cannot be moved with run-time gain. For the example under consideration,
this confirms that computations are only moved by the LCM -transformation,
when it is profitable. Note that the flow graph of Figure 3.7 is in fact com-
putationally and lifetime optimal.

We recall that the algorithm for lazy code motion of [KRS1, KRS2] was the
first algorithm satisfying these optimality criteria.



3.5 An Illustrating Example 43

1
2| a:=c
3 |x:=atb

10|y:=atb | 11

14 15

<
I
3

Fig. 3.2. The original program
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3

10 y = at+b 11

14

16| z:= a+b

18

D- Saf e . Earli est

Fig. 3.3. Down-safe and earliest program points
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Fig. 3.4. The result of the BCM -transformation
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Del ay Lat est

Fig. 3.5. Delayable and latest program points
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10[y=arb | 11 12

| sol at ed

Fig. 3.6. Latest and isolated program points

Lat est



48 3. Intraprocedural Code Motion

10

Fig. 3.7. The result of the LCM -transformation



4. Optimal Intraprocedural Code Motion: The
DFA-Algorithms

In this chapter we specify for every program property involved in the
BCM -transformation and the LCM-transformation a corresponding DFA-
algorithm. The specifications follow the cookbook style of Section 2.3. Thus,
every DFA-algorithm is defined by a lattice of data flow information, a local
semantic functional, a start information, and an interpretation of the lattice
elements in the set of Boolean truth values. All DFA-algorithms are precise
for the program property they are designed for. The corresponding preci-
sion theorems are corollaries of their interprocedural counterparts proved in
Chapter 11. In spite of this fact, we still present the proofs of the intraproce-
dural theorems in full detail. First, in order to demonstrate the analogies and
differences to the interprocedural setting, and second, in order to also demon-
strate the similarity of precision proofs for different properties. According to
the recipe of Section 2.3 this reduces for every DFA-algorithm to proving that
the lattice satisfies the descending chain condition, that the local semantic
functions are distributive, and that the meet over all paths solution is precise
for the program property under consideration. In contrast to [KRS1, KRS2]
the central step of the precision proofs is based on the Coincidence Theorem
2.2.2. For convenience, we identify throughout this chapter the specification
of a DFA and the DFA-algorithm it induces (cf. Definition 2.2.6).

4.1 DFA-Algorithm Ag: Down-Safety

In this section we present the DFA-algorithm Ag4s for computing the set of
down-safe program points.! The main result applying to this algorithm is the
Ags-Precision Theorem 4.1.2. It guarantees that the algorithm is precise for
this program property: it terminates with the set of all program points being
down-safe in the sense of Definition 3.3.1.

We recall that down-safety requires a backward analysis of the program
under consideration. This is reflected in the definition of the local semantic
functional (cf. Section 4.1.1), and in the fact that the start information is
attached to the end node (cf. Section 4.1.1).

! The index ds stands for down-safety.

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 49-67, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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4.1.1 Specification

Data Flow Information. The domain of data flow information of Ay is
given by the lattice of Boolean truth values

(C,M,C, L, T)=g (B, A, <, false, true)
with false < true. Intuitively, the data flow information attached to a pro-
gram point expresses, whether a placement of ¢ is down-safe at this point.
Local Semantic Functional. The local semantic functional [ [, : N —
(B—B) of Ay is defined by
Vne NVbeB. [n],(b)=4 Comp(n) V (b A Transp(n))

Intuitively, a placement of ¢ is down-safe at the entry of a node n, if it is
computed in n (i.e., Comp (n)), or if it is down-safe at its exit (i.e., b= true)
and none of its operands is modified by n (i.e., Transp(n)).

Start Information. The start information of Ags is given by the element
false € B

Intuitively, this choice of the start information expresses that ¢ cannot be
used after the termination of the argument program.

Interpretation. The interpretation of lattice elements in B is given by the
identity on B. Thus, the function Intys : B— B is defined by

Intys=qr Idg

4.1.2 Proving Precision

Important for proving the precision of Ags is the fact that each of the local
semantic functions [n ] 4s0 ™ € N, is either the constant function Const e
or Constfase, or the identity Ids on B. This follows immediately from the
definition of the local semantic functions.

Lemma 4.1.1.

Constirye if Comp(n)
VneN. [n],,=1< Ilds if =Comp (n) A Transp (n)
Constase if —(Comp (n) V Transp (n))

Note that constant functions and the identity on a lattice are distributive.
This directly implies that the local semantic functions of the down-safety
analysis are distributive, too.

Lemma 4.1.2. The functions Constirye, Constryse, and Idg are distribu-
tive.
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The following variant of Lemma 4.1.1 will be convenient for proving the ds-
Precision Theorem 4.1.1.

Lemma 4.1.3.

1. Yne NVbe B. Comp(n) = [n],(b)=true
2.¥Vne NVbe B. ~Comp(n) =
([n],s(b)=true <= b=true A Transp(n))

Descending Chain Condition. The lattice of Boolean truth values is fi-
nite. Consequently, every descending chain is finite as well. Thus, we have:

Lemma 4.1.4 (Descending Chain Condition).
The lattice (B, A, <, false, true) satisfies the descending chain condition.

Distributivity. The distributivity of the local semantic functions [n ], n €
N, follows immediately from Lemma 4.1.1 and Lemma 4.1.2.

Lemma 4.1.5 ([ ],,-Distributivity).
The local semantic functions [n],,, n € N, are distributive.

ds-Precision. The last step required for verifying the precision of Ay is
to prove that Ags is ds-precise. This means that down-safety in the sense
of Definition 3.3.1 coincides with the meet over all paths solution of Ay as
expressed by Theorem 4.1.1. Without loss of generality, we will only prove
the first part of this theorem. It is the relevant one for defining the BCM-
transformation, and the second part can be proved in the same fashion.

Theorem 4.1.1 (ds-Precision).
For all nodes n € N we have:

1. N-DSafe(n) if and only if Intas(X-MOP [ |,  faise)(1))
2. X-DSafe(n) if and only if Intas(N-MOP ([ 1, faise)(n))

Proof.

As mentioned above, we concentrate on the first part of Theorem 4.1.1. In
order to simplify the notation, we abbreviate Intqs 0 X-MOP ([ |, faise) by
X-MOP throughout the proof.

The first implication, “=",
Vn € N. N-DSafe(n) = X-MOP(n)
is proved by showing the even stronger implication
Vp € Pgln,e]. (31 <i <\, Comp(p;) A Transp” (p[l,i[)
= [p],s(false) = true)

(4.1)

Implication (4.1) will simultaneously be proved for all nodes n € N by
induction on the length k of all paths p € Pg[n, e] satisfying
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31 <i< N\, =k. Comp(pi) A Transp” (p[1,i[) (4.2)

Obviously, the case k=0 does not occur. Thus, let p be a path of length
k=1. In this case (4.2) yields

Comp (p1)

Applying Lemma 4.1.3(1) we therefore obtain as desired

[[ﬁ]]ds (false) =[p1 ]]ds(false) = true

In order to prove the induction step, let k > 1, and assume that (4.1) holds
for all paths ¢ with A, <k, i.e.,

(IH) (VgePgln,el. 1 <A <k).
(31 < i<\ Comp(q;) N Transp” (q[1,i]) = [ §],,(false) = true)

Now, it is sufficient to show that for every path p € Pg[n,e] with A\, =k
satisfying (4.2) holds

[p],,(false) = true

Without loss of generality, we can assume that there is such a path p, which
then can obviously be rewritten as p=(n);p’ for some p’ € Pg[m,e] with
m € succg(n). Two cases must be investigated next.

Case 1. Comp (n)
In this case, Lemma 4.1.3(1) yields as desired

[5]4(false) = [n]4,([p' 1y, (false)) = true

Case 2. =Comp (n)
In this case, (4.2) guarantees the existence of an index ¢ with 2 <14 <k and

Comp (pi) A Transp"(p[1, i)
Thus, the induction hypothesis (IH) can be applied yielding
[ 1, folse) = true
Applying Lemma 4.1.3(2) we now obtain the following sequence of equalities
[5]4s(False) =[] ([0 145 (false)) =[] 4 (true) = true

which completes the proof of the first implication.

The second implication, “<”,

Vn € N. X-MOP(n) = N-DSafe(n)
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is proved by showing the even stronger implication
Vp € Pg[n,e].
([ 51, (false) = true = 31 < i < \,. Comp (p;) A Transp” (p[1,4]))

(4.3)

Also this implication is simultaneously proved for all nodes n € N by induc-
tion on the length k of all paths p € Pg[n,e] satisfying

[5]4,(false) = true (4.4)

As in the proof of the first implication, the case k=0 does not occur, since
we are dealing with entry-down-safety. Thus, we can start with considering
a path p of length k=1. In this case, equation (4.4) yields

121, (false) = [ p1 ], (false) = true

By means of Lemma 4.1.3 we therefore obtain

Comp (1)
Hence, the induction basis follows for ¢ =1.
For the proof of the induction step, let k& > 1, and assume that (4.3) holds
for all paths ¢ with A, <k, i.e.,
(IH) (Vg€ Pgln,el. 1 <\, <k).
([ 41, (false) = true = 31 <i < \,. Comp (q;) A Transp” (q[1,i]))

It is sufficient to show that for each path p € Pg[n, e] with A\, =k satisfying
equation (4.4) holds

31 <i <\, =k. Comp(pi) A\ Transp” (p[1,1[)

Without loss of generality, we can assume that there is such a path p. Obvi-
ously, this path can be rewritten as p=(n);p’ for some p’ € Pg[m,e] with
m € succg(n). Similarly to the proof of the first implication two cases must
be investigated next in order to complete the proof.

Case 1. Comp (n)

In this case the induction step follows trivially for ¢=1.

Case 2. =Comp (n)

Applying Lemma 4.1.3(2), we here obtain

Transp (n) (4.5)

and _
[p'],s(false) = true (4.6)
Applying now the induction hypothesis (IH) to p’ we obtain the existence of
an index 7,y with 1 <4, <k and
Comp (p'; ) A Transp” (p'[1, i) (4.7)

p!
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Combining (4.5) and (4.7), the induction step follows for i =1, . This com-
pletes the proof of the second implication and finishes the proof of the relevant
part of Theorem 4.1.1. |

Combining Lemma 4.3.4, Lemma 4.1.5, and Theorem 4.1.1, we obtain as
desired that Ags is precise for the predicate down-safe. In particular, this
guarantees that the MFP-solution computed by Ags coincides with the set
of all program points being down-safe in the sense of Definition 3.3.1.

Theorem 4.1.2 (A4s-Precision).
Ags is precise for down-safety, i.e., Ags is terminating and ds-precise.

4.2 DFA-Algorithm A.,: Earliestness

In this section we present the DFA-algorithm A., for computing the set of
earliest program points.? The main result of this section, the A.q-Precison
Theorem 4.2.2, yields that it is indeed precise for this property: it terminates
with the set of all program points being earliest in the sense of Definition
3.3.2.

4.2.1 Specification

Data Flow Information. The domain of data flow information of A, is
given by the lattice of Boolean truth values

(C,M,C, L, T)=q4 (B, V,>,true, false )

Intuitively, the data flow information attached to a program point indicates,
whether a placement of t is earliest at this point. In distinction to the down-
safety analysis, however, the earliestness analysis uses the corresponding dual
lattice. This is necessary because the generic algorithm of Section 2.2.5 is tai-
lored for computing the greatest solution of an equation system, whereas the
straightforward specification of the earliestness analysis requires the compu-
tation of the least solution.

Local Semantic Functional. The local semantic functional [ [, : N —
(B— B) of A, is defined by?
Vne NVbeB.[n],,(b)=4 —~Transp(n) V (b A =DSafe(n))

Intuitively, a placement of ¢ is earliest at the exit of a node n, if ¢ is modified
by the assignment of node n (i.e., = Transp (n)), or if it is earliest at its entry
(i.e., b=true), and a placement of ¢ is not down-safe there (i.e., = DSafe (n)).

2 The index ea stands for earliestness.
3 Recall that DSafe=g4 N-DSafe (cf. Section 3.3.1).
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Start Information. The start information of A, is given by the element
true € B

Intuitively, a computation cannot be placed earlier than at the entry of the
start node of a program.

Interpretation. As for down-safety, also for earliestness the interpretation
of the lattice elements of B is given by the identity on B, i.e., the function
Int., : B— B is defined by

Inteq=gr Idg

4.2.2 Proving Precision

Like the local semantic functions for down-safety, also the local semantic
functions for earliestness [n],,, n € N, can be characterized in terms of the
identity and the constant functions on B:

Lemma 4.2.1.

Constyue if = Transp (n)
VneN.[n],=1< lds if Transp (n) A ~DSafe(n)
Constase if Transp(n) A DSafe(n)

Similar to Lemma 4.1.1 this lemma can be rewritten as shown in Lemma
4.2.2. This variant will be used in the proof of the A.,-Precision Theorem
4.2.2.

Lemma 4.2.2.

1. ¥Yne NVbe B. ~Transp(n) = [n],,(b) = true
2.¥ne NVbe B. Transp(n) =
([n].,(b)=true <= —DSafe(n) N b=true)

Descending Chain Condition. The finiteness of B guarantees:

Lemma 4.2.3 (Descending Chain Condition).
The lattice (B, V, >, true, false ) satisfies the descending chain condition.

Distributivity. Combining Lemma 4.2.1 and Lemma 4.1.2 we obtain as
desired the distributivity of the local semantic functions [n],,, n € N.

ea’

Lemma 4.2.4 ([ ]_,-Distributivity).
The local semantic functions [n].,, n € N, are distributive.

ea’
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ea-Precision. Theorem 4.2.1 provides the final step of proving the precision
of Ae,. It yields the coincidence of earliestness in the sense of Definition 3.3.2
and the meet over all paths solution of A.,. Like for Theorem 4.1.1 we only
prove the first part of this theorem. It is the relevant one for defining the
BCM -transformation. The second part can be proved analogously.

Theorem 4.2.1 (ea-Precision).
For all nodes n € N we have:

1. N-Earliest(n) if and only if Inteo(N-MOP [ | trucy(12))
2. X-Earliest(n) if and only if Inteq(X-MOP ([ ] truc)(1))

Proof.

As mentioned before, we concentrate on the first part of Theorem 4.2.1, and
in order to shorten the notation, we abbreviate Inteq o N-MOP ([ |_ true) by
N-MOP throughout the proof.

The first implication, “=",
Vn € N. N-Earliest(n) = N-MOP(n)
is proved by showing the equivalent formula:

Vp € Pgls,n[. (V1 <i<\,. DSafe(p;)= —Transp” (p[i, \,]))

= [p].,(true) = true (4.8)

It is simultaneously proved for all nodes n € N by induction on the length
k of all paths p € Pg[s, n| satisfying

V1 <i<\,=Fk. DSafe(pi;)=—Transp” (pli, \p)) (4.9)
For k=0, we obtain n=s and p=e¢. In this case the desired equality

[p].,(true)=[e],,(true) =true

holds trivially.
In order to prove the induction step, let k& > 0, and assume that (4.8)
holds for all paths ¢ with A\, <k, i.e.,

(IH) (VgePgls,n. 0< Ay <k).
(V1 <i <\, DSafe(q;) = —Transp” (qli, \]) ) = [q],,(true) = true
It is sufficient to show that for every path p € Pg[s, n[ with A\, =k satisfying

(4.9) holds
[pl.,(true) = true

Without loss of generality we can assume that there is such a path p, which
can then be rewritten as p=p’;(m) for some p’ € Pgs,m|[ with m €
predg(n). This leaves us with the investigation of the following two cases.
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Case 1. —Transp (m)
In this case, the desired sequence of equalities

Ip]..(true)=[m],,([p"].,(true)) = true

is a direct consequence of Lemma 4.2.2(1).

Case 2. Transp(m)
According to the choice of p we obtain —DSafe (m), and therefore

V1 <i<\,=k. DSafe(p;) = —Transp” (p[i, k[)
Thus, the induction hypothesis (IH) yields
[p'].,(true) = true
Combining this with Lemma 4.2.2(2) we obtain as desired

[p].,(true)=[m], ([P 1., (true))=[m],,(true) = true
which completes the proof of the first implication.
The second implication, “<”,
Vn € N. N-MOP(n) = N-Earliest (n)
is equivalent to

VpePgls,nl. ([p],,(true) = true) =

, v (4.10)
(V1 <i< A, DSafe(p;) = —Transp” (p[i, Ap]))

This implication is now simultaneously proved for all nodes n € N by in-
duction on the length & of all paths p € Pg[s, n[ satisfying
[pl.,(true) = true (4.11)
For k=0, we obtain p=¢ and the implication
V1 <i<0. DSafe(p;) = —Transp " (p[i, 0])

holds trivially.
In order to prove the induction step, let k > 0, and assume that (4.10)
holds for all paths ¢ with A\, <k, i.e.,

(IH) (VgePgls,n. 0< Ay <k).
([q].,(true) =true) = (V1 < i < Aq. DSafe(q;) = ﬁTmnspv(q[i, Adl))

It is sufficient to show that for every path p € Pg[s, n[ with A\, =k satisfying
(4.11) holds

V1 <i<\,=Fk. DSafe(p;) = —Transp” (p[i, \,])
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Hence, we can assume the existence of such a path p, which can obviously
be rewritten as p=p’;(m) for some p’ € Pg[s,m[ with m € predg(n).
Similarly to the proof of the first implication two cases must be investigated
next.

Case 1. —Transp(m)
In this case the induction step holds trivially because Transp (py,) does not
hold.

Case 2. Transp(m)
In this case we obtain by means of (4.11) and Lemma 4.2.2(2)

—=DSafe(m) A [p"],,(true) = true

Applying now the induction hypothesis (IH) to p’ yields as desired the in-
duction step. This completes the proof of the second implication, and finishes
the proof of the relevant part of Theorem 4.2.1. O

Combining Lemma 4.2.3, Lemma 4.2.4, and Theorem 4.1.1 we obtain the
desired precision of A, . In particular, this guarantees that the MFEFP-solution
computed by A, coincides with the set of all program points being earliest
in the sense of Definition 3.3.2.

Theorem 4.2.2 (A.,-Precision).
Aca s precise for earliestness, i.e., Aeq 1S terminating and ea-precise.

4.3 DFA-Algorithm Ag: Delayability

In this section we present the specification of the DFA-algorithm Ay for
computing the set of delayable program points and prove it to be precise.*
In fact, this will be guaranteed by the main result of this section, the Ag;-
Precision Theorem 4.3.2. It yields that Ay terminates with the set of all
program points being delayable in the sense of Definition 3.4.1.

4.3.1 Specification

Data Flow Information. The domain of data flow information of Ay is
given by the lattice of Boolean truth values

(C,M,C, L, T)=a4 (B, A, <, false, true)

In the context of this analysis, a data flow information attached to a program
point indicates, whether an insertion of the BCM-transformation can be
delayed to the program point under consideration.

4 The index dl stands for delayability.
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Local Semantic Functional. The local semantic functional [ ], : N —
(B—B) of Ag is defined by

Vne NVbeB.[n],;b)=4q (b V Insertper(n)) A —~Comp (n)

Intuitively, an insertion of the BCM -transformation can be delayed to the
exit of a node n, if the term ¢ under consideration is not blocked by n
(i.e., mComp(n)), and if the insertion can be delayed to the entry of n.
This holds trivially, if n is an insertion point of the BCM-transformation
(i-e., Insertpcp(n)), or, alternatively, if the argument of [n ], is true (i.e.,
b=true).

Start Information. The start information is given by the element

Insertpeom(s) € B

Intuitively, this choice of the start information reflects that the process of
moving the insertions of the BCM-transformation in the direction of the
control flow to “later” program points starts in the insertion points of the
BCM -transformation.

Interpretation. The interpretation of lattice elements in B is given by the
identity on B. This means the function Inty : B— B is defined by

Inty =q45 Idg

4.3.2 Proving Precision

Like for down-safety and earliestness, we first introduce a lemma character-
izing the local semantic functions of the delayability analysis in terms of the
constant functions and the identity on B. This lemma follows immediately
from the definition of the local semantic functions. Moreover, we present two
further lemmas, which are helpful for proving the .Ag4-Precision Theorem
4.3.2. The first one is a simple consequence of the definition of intraprocedu-
ral delayability (cf. Definition 3.4.1), and the second one is a reformulation
of Lemma 4.3.1.

Lemma 4.3.1.

Const e zf —Comp (n) A Insertpon (n)
VneN. [n], ;=14 Ids —(Comp (n) V Insertpom(n))
Const faise zf Comp (n)

Lemma 4.3.2. Vn € N. N-Delayable (n) <= Insertpcp(n) V
(Vp € Pgls,n[ 31 <i < \p. Insertpen (pi) A —Comp 2 (pli, \p])

Lemma 4.3.3.

1. Yne NVbe B. Comp(n) = [n],(b)=false
2.VneNVYbe B. ~Comp(n) =
([n]y0)=true <= Insertpcem(n) V b=true)
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Descending Chain Condition. The finiteness of B guarantees that every
descending chain in B is finite. Thus, we have:

Lemma 4.3.4 (Descending Chain Condition).
The lattice (B, A, <, false, true ) satisfies the descending chain condition.

Distributivity. Combining Lemma 4.3.1 and Lemma 4.1.2, we get as de-
sired the distributivity of the local semantic functions of the delayability
analysis.

Lemma 4.3.5 ([ ],-Distributivity).
The local semantic functions [n],, n € N, are distributive.

dl-Precision. The last step in proving the precision of Ay is to prove the
coincidence of delayability in the sense of Definition 3.4.1 and the meet over
all paths solution of Ag. This coincidence yields the desired dl-precision
of Ay, which is granted by Theorem 4.3.1. For the same reasons as in the
previous sections, we will only prove the first part of this theorem.

Theorem 4.3.1 (di-Precision).
For all nodes n € N we have:

1. N-Delayable (n) if and only if Insertpem(n) V
Intdl<N'MOP([[ }]dl,lnsertBCM(S))(n))
2. X-Delayable (n) if and only if Inty(X-MOP ]]dl,Inse'f‘tBCN[(S))(n))

Proof. As mentioned above we concentrate on the first part of Theorem
4.3.1. In order to simplify the notation, Inty o N-MOP Ty Insertson(s)) 1S
abbreviated by N-MOP throughout the proof.

According to Lemma 4.3.2 the first implication, “=",
Vn € N. N-Delayable (n) = Insertgem(n) V. N-MOP(n)
is equivalent to

Vn € N. (Insertpop(n) V
VpePgls,n[. (31 <i< A, Insertpom(pi) A —\C’ompa( [i, Ap]) )(4.12)
= Insertgcm(n) V [ply(Insertpen(s)) = true)

Obviously, (4.12) is trivial, if n satisfies the predicate Insertgcop. In order
to complete the proof of (4.12), it is therefore sufficient to show

Vp e Pgls,n[. (31 <i < A\y. Insertgon(pi) A —Comp=(pli, \p]))

=[p ]]dl (Insert o (s)) = true (4.13)

This implication is simultaneously proved for all nodes n € N by induction
on the length & of all paths p € Pg[s, n| satisfying

31 <i < N\, =k. Insertgon (pi) A ~Comp?(pli, \p)) (4.14)
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Obviously, the case k=0 does not occur, and therefore, we can start with
considering a path p of length k=1. In this case (4.14) delivers

Insertpom (p1) A —Comp (p1)

Hence, applying Lemma 4.3.3(2) we obtain as desired

[p],(Insertgen(s)) =[p1 ], (Insert gon (s)) = true

In order to prove the induction step, let k& > 1, and assume that (4.13) holds
for all paths ¢ with A, <k, i.e.,

(TH) (Vg e Pgls,n]. 1 < A\, <k).
(31 < i< A Insertgon(q:) A —Comp(qli, \y])

= [q],(Insertpon(s)) = true

It is sufficient to show that for every path p € Pg[s, n[ with A\, =k satisfying
(4.14) holds

[ply(Unsertgenm(s)) = true
Thus, without loss of generality we can assume that there is such a path p.
This path can then be rewritten as p=p’;(m) for some m € predg(n) and
p’ € Pg[s, m[. Next, two cases must be investigated.

Case 1. Insertpoy(m)
According to (4.14), Insertpem(m) directly implies —Comp (m). Hence,
Lemma 4.3.3(2) yields as desired

[[P ]]dl(fnsertBCM(s)) = true

Case 2. —Insertgey(m)
In this case, (4.14) guarantees the existence of an index 1 < i<k satisfying
Insert gon (pi) and —~Comp 2 (p[i, k]). Thus, by induction hypothesis (IH) we
get

[p' 1 y(Insertpenm(s)) = true

Applying now Lemma 4.3.3(2) we get the following sequence of equations
Iply(nsertgenm(s)) =[m] ([ 0" 1, (Insertpenm(s))) = [ m ], (true) = true
which completes the proof of the first implication.

The second implication, “<”,

Vn € N. Insertpep(n) V. N-MOP(n) = N-Delayable (n)

holds trivially by means of Lemma 4.3.2, if n satisfies the predicate Insert o -
Thus, in order to complete the proof of the second implication it is sufficient
to show
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VpePgls,nl. ([pl,Unsertpem(s)) = true) =

, . (4.15)
31 < < A,. Insertpom (pi) A 2 Comp=(p[i, Ap])

This implication can simultaneously be proved for all nodes n € N by in-
duction on the length & of all paths p € Pg[s, n| satisfying

[p],(Insert gon(s)) = true (4.16)

As in the proof of the first implication, the case k=0 does not occur. There-
fore, we can start with considering a path p of length £=1. In this case,
(4.16) yields immediately

[p],(Insertgen(s)) =[p1 ], (Insert gon (s)) = true

By means of Lemma 4.3.3(2) we thus obtain

Insertpom (p1) A —Comp (p1)

which proves the induction basis.
Let now k > 1, and assume that (4.15) holds for all paths ¢ with A, <k,
ie.,
(IH) (VgePgls,n[. 1<\ <k).
([q]y(Insertpenm(s)) = true) =
31 <i < N\, Insertgear(qi) A ~Comp(qli, Ay))

It is sufficient to show that for every path p € Pg[s, n[ with A\, =k satisfying
(4.16) holds

31 <i <\, =k. Insertgonr(pi) A ~Comp = (pli, k])

Without loss of generality, we can assume that there is such a path p, which
can be rewritten as p=p’;(m) for some m € predg(n) and p’ € Pgls, m[.
Moreover, Lemma 4.3.3(2) yields directly —Comp (m). Similar to the proof
of the first implication we are now left with investigating two cases.

Case 1. Insertpon(m)
In this case the induction step follows for i =k.

Case 2. —Insertgcey(m)
In this case we obtain by means of Lemma 4.3.3(2) and the choice of p

[0 ], (Insert pen (s)) = true

Applying the induction hypothesis (TH) to p’, we get the existence of an
index 4, with 1 <4, <k and

Insertpenm (piy, ) A —~Comp (pliy, k[) (4.17)



4.4 DFA-Algorithm A,,: Unusability 63

Combining (4.17) and the fact that m does not satisfy Comp, the induction
step follows for =1, in this case. This completes the proof of the second
implication and finishes the proof of the relevant part of Theorem 4.3.1. O

Applying Lemma 4.3.4, Lemma 4.3.5, and Theorem 4.3.1 we obtain the de-
sired precision of Ag;. In particular, we obtain that the MFP-solution com-
puted by Ag coincides with the set of all program points being delayable in
the sense of Definition 3.4.1.

Theorem 4.3.2 (Ay-Precision).
Aar is precise for delayability, i.e., Ag is terminating and dl-precise.

4.4 DFA-Algorithm A,,,: Unusability

In this section we specify the DFA-algorithm A,, for computing the set
of unusable insertion points and prove it to be precise.® In fact, this is a
consequence of the A,,-Precision Theorem 4.4.2, which is the main result
of this section. It yields that A,, terminates with the set of program points
being unusable in the sense of Definition 3.4.3.

4.4.1 Specification

Data Flow Information. The domain of data flow information of A, is
given by the lattice of Boolean truth values

(C,M,C, L, T)=4 (B, A, <, false, true)

where a data flow information attached to a program point indicates, whether
a placement of ¢ is unusable at this point.

Local Semantic Functional. The local semantic functional [ [, : N —
(B—B) of A, is defined by

Vne NVbeB. [n],,(b)=a Latest(n) vV (~Comp(n) A b)

Intuitively, a placement of t is unusable at the entry of a node n, if it is
latest at the entry of n (i.e., Latest(n)), or if it is not computed in n (i.e.,
—Comp (n)) and unusable at its exit (i.e., b=true). Note that unusability
requires like down-safety a backward analysis of the argument program, a
fact, which is reflected in the definition of the local semantic functions. For
the same reason, the start information of the unusability analysis is associated
with the end node.

5 The index un stands for unusability.
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Start Information. The start information is given by the element
true € B

Intuitively, a computation cannot be used after the termination of the pro-
gram under consideration. This is reflected in choosing true as start infor-
mation.

Interpretation. The interpretation of the lattice elements of B is given by
the identity on B, i.e., the function Int,, : B— B is defined by

Intun:df Idg

4.4.2 Proving Precision

Before proving the precision of A,,, we present a lemma, which characterizes
the local semantic functions in terms of the constant functions and the iden-
tity on B. This lemma, which follows from the definition of the local seman-
tic functional [ ], of Aup, is the key for proving the [ |,,,-Distributivity
Lemma 4.4.4.

Lemma 4.4.1.

un

Const tyye zf Latest (n)
VneN.[n],, =14 Ilds —(Latest (n) vV Comp (n))
Const jaise zf —Latest(n) A Comp (n)

Moreover, we present an alternative version of Lemma 4.4.1, which is more
convenient for proving the un-Precision Theorem 4.4.1.

Lemma 4.4.2.

1. ¥Yne N Vbe B. Latest(n) = [n],, (b) =true
2. V¥n € N Vbe B. -Latest(n) =
([n],,(b) =true <= —Comp(n) N b=true)

Descending Chain Condition. Obviously, the finiteness of B implies:

Lemma 4.4.3 (Descending Chain Condition).
The lattice (B, A, <, false, true ) satisfies the descending chain condition.

Distributivity. By means of Lemma 4.4.1 and Lemma 4.1.2 we obtain as
desired:

Lemma 4.4.4 ([ ],,-Distributivity).

The local semantic functions [n],,, n € N, are distributive.
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un-Precision. The last step in proving the precision of A,, is to prove
that unusability in the sense of Definition 3.4.3 and the meet over all paths
solution of A,,, coincide. We obtain this coincidence in the same fashion as in
the previous sections. It guarantees that A,, is un-precise as it is expressed
by Theorem 4.4.1. For the same reasons as in the previous sections, we will
prove this time the second part of this theorem only.

Theorem 4.4.1 (un-Precision).
For all nodes n € N we have:

1. N-Unusable(n) if and only if Intun(X-MOP ([ | irue)(n))
2. X-Unusable(n) if and only if Intun(N-MOP ([ | true)(n))

Proof.

As mentioned before we will only prove the second part of Theorem 4.4.1. In
order to simplify the notation, we abbreviate Intu, o N-MOP ([ | ime) by
N-MOP throughout the proof.

The first implication, “=",
Vn € N. X-Unusable(n) = N-MOP(n)
is proved by showing the even stronger implication

VpePgln,e]l. (V1<i<A,.

Comp (p;) = Latesta(p[l, i) =[p] (4.18)

un(true) = true

This implication is now simultaneously proved for all nodes n € N by in-
duction on the length & of all paths p € Pg|n, €] satisfying
V1<i<\,=k Comp(p;)= Latest>(p[l,i]) (4.19)

For k=0, we obtain p=¢ and

151, (true)=[¢e],, (true) = true

holds trivially.
In order to prove the induction step, let k > 0, and assume that (4.18)
holds for all paths ¢ with A, <k, i.e.,

(IH) (Vg€ Pgln,e]l. 0 <A <k).
(V1 <i <)\, Comp(q)= Latest™(q[1,i])) = [§],, (true) = true

It is sufficient to show that for each path p € Pgln, e] with A\, =k satisfying
(4.19) holds

[p],,(true) = true
Hence, we can assume that there is such a path p, which can then be rewritten
as p=(m);p’ for some p’ € Pg|m,e] with m € succg(n). Now the following
two cases must be investigated.
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Case 1. Latest(m)
In this case, Lemma 4.4.2(1) yields as desired

[ ], (true) =[m],, ([P 1., (true)) = true

Case 2. —Latest(m)
In this case, (4.19) delivers =Comp (m). Moreover, it guarantees

Vi > 2. Comp (pi) = Latest?(p[2,1])
Thus, applying the induction hypothesis (IH) to p’ yields
[ o (true) = true

Due to —Latest(m) and —Comp (m), we now obtain by means of Lemma
4.4.2(2)

[5 ], (true) =[m ], ([’ 1, (true)) = [m],, (true) = true

This completes the proof of the first implication.

The second implication, “<”,
Vn € N. N-MOP(n) = X-Unusable (n)
is proved by showing the even stronger implication

VpePgln,el. ([p],,(true) = true) =

(V1 <i<\,. Comp(p;)= Latest(p[1,i])) (4.20)

It will simultaneously be proved for all nodes n € N by induction on the
length &k of all paths p € Pg|n, €] satisfying

[p],,(true) = true (4.21)

As in the proof of the first implication, the case k=0 holds trivially.
Thus, let k& > 0, and assume that (4.20) holds for all paths ¢ with A\, <k,
ie.,
(IH) (Vg e Pgln,e]. 0 <A\ <k).
(1G], (true) = true) = (Y1 <i < \,. Comp (q;) = Latest™(q[1,1]))

It is sufficient to show that for every path p € Pg]n, €] with A\, =k satisfying
(4.21) holds

V1<i<\,=k Comp(p;) = Latest™(p[l,i])

We can therefore assume that there is such a path p, which then can be
rewritten as p=(m);p’ for some p’ € Pg|m,e] with m € succg(n). Similar
to the proof of the first implication we are left with investigating two cases.
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Case 1. Latest(m)
In this case the induction step follows trivially because we have Latest (p1).

Case 2. —Latest(m)
Here we obtain by means of (4.21) and Lemma 4.4.2(2)

=Comp (m) A [p/ 1, (true) = true (4.22)

Applying the induction hypothesis (IH) to p’ then yields the induction step
as desired. This completes the proof of the second implication, and finishes
the proof of the relevant part of Theorem 4.4.1. |

By means of Lemma 4.4.3, Lemma 4.4.4, and Theorem 4.4.1, we get the
desired precision of A,,. In particular, this implies that the MFP-solution
computed by A,, coincides with the set of all program points, where a
computation of ¢ would be unusable in the sense of Definition 3.4.3.

Theorem 4.4.2 (A,,-Precision).
Aun is precise for unusability, i.e., Ay, is terminating and un-precise.



5. The Programming Language

In this chapter we introduce the programming language, which we consider
during the development and application of our framework for optimal in-
terprocedural program optimization. The syntactic features of this language,
called Prog, represent the common of Algol-like programming languages (e.g.,
Algol, Pascal, Modula, etc.), for which our framework is primarily designed.

5.1 Programs

The programming language Prog is an Algol-like imperative programming
language. Prog-programs II have statically nested procedures, global and
local variables, formal value, reference, and procedure parameters. They are
represented as structured systems IT={(my,...,m; ) of (mutually recursive)
procedure definitions, where every procedure 7 € IT has a list of formal value
parameters fi,..., fq, ¢ > 0, a list of formal reference parameters z1,..., 2,
r > 0, a list of formal procedure parameters ¢q,...,¢s, s > 0, and a list of
local variables v1,...,v,, u > 0. Additionally, there may be occurrences of
external variables and external procedures in a Prog-program.

5.1.1 Syntax

The syntax of Prog-programs is basically given by the contextfree-like pro-
duction rules given below. Angle brackets are used for expressing the static
nesting of procedures. The non-terminal stmt-part stands for the statement
part of a procedure. Its elementary components are parallel assignments and
procedure calls as indicated by the last three rules.

The procedure generated by the rule for main-proc is considered the
main procedure (main program) of the corresponding Prog-program. It does
not have formal parameters, and cannot be called by other procedures. For
clarity, we will sometimes add mode information to formal procedure pa-
rameters using the key words wval, ref, and proc indicating a value, reference,
and procedure parameter, respectively. For example, in the declaration of the
procedure 7 below

w(:: ¢ (val,val : ref : proc( : ref : proc)))

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 71-77, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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the mode information attached to the parameter ¢ identifies it as a formal
procedure having two value, one reference, and one procedure parameter,
which itself has a reference and a parameterless procedure parameter.

program ::= (main-proc : block)

main-proc =T

block ::= var-part stmt-part | var-part (proc-part) stmt-part
var-part ::= empty | Vly ooy Uy -

proc-part ::= procedure : block | procedure : block, proc-part
stmt-part ::= “statement part”

procedure == 7(f1,...,fg: 21,..., 20 1 D1, ..., Os)

empty ::=

elem-stmt ::= ass-stm | call-stm

ass-stm = (1,...,2Tn) = (t1,...,tn)

call-stmu=call m(t1,...,tq 1 T1,. .., &Tr S L1, .., Ls)

Internal and External Identifiers. We split the set of identifiers occur-
ring in a Prog-program Il into the sets of internal and external identifiers.
An identifier is called internal, if it has a defining occurrence inside I7, and
external otherwise. Similarly, a procedure call in IT is called internal, if the
identifier denoting the called procedure is an internal identifier. Otherwise,
it is called external. Additionally, we distinguish ordinary and formal proce-
dure calls. A procedure call in IT is called formal, if the defining occurrence
of the identifier denoting the called procedure occurs in the formal param-
eter list of a procedure of II, and it is called ordinary, otherwise. Finally,
Ext(IT) denotes the set of all external identifiers of II. It is composed of the
sets of external variable and procedure identifiers denoted by FExty (IT) and
Extp(II), respectively.

Identifier Bindings. We assume that Prog obeys the block structuring and
identifier binding and visibility rules of Algol-like programming languages
with static scoping. Accordingly, every procedure of a program I7, including
its main procedure, encloses the set of its static successors. The local vari-
ables of a procedure are therefore global variables of all its static successors
and can be accessed by them. In particular, external identifiers are considered
global identifiers of all procedures of II. Thus, external variables and exter-
nal procedures can be accessed and called by every procedure like a global
variable and an ordinary procedure, respectively. Internal procedures except
for the main procedure can be called by (other) internal procedures according
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to the visibility rules of procedure identifiers. In particular, procedures of the
same static level, which have the same static predecessor, can call each other
mutually recursively.

Distinguished Programs and Correct Procedure Calls. We call a
Prog-program II distinguished, if the sets of internal and external identi-
fiers are disjoint and if defining occurrences in II use different identifiers.
An ordinary internal procedure call of IT is correct, if the numbers of value,
reference, and procedure parameters of the call statement coincide with the
corresponding numbers of the formal parameters of the procedure called. We
remark that this definition can naturally be extended to formal procedure
calls, if mode information is given.

5.1.2 Notations

In order to simplify the argumentation about programs and procedures, we
introduce a number of further notations.

Identifiers, Operators, and Terms. We denote the set of identifiers of
Prog by Idf. It is composed of the disjoint sets of variable identifiers V and
procedure identifiers P, which itself consists of the disjoint sets of ordinary
procedure identifiers OP and formal procedure identifiers FP. Usually, we
omit the term “identifier”, and simply speak of variables and procedures.
Identifiers range preferably over lower case Greek letters as e.g., ¢ or k. More
specifically, we usually denote variables by lower case Latin letters (preferably
x,y, 2, ...), and procedures by lower case Greek letters (preferably m, 7', ... for
ordinary procedures, and ¢, ¢, ... for formal procedures). Additionally, we
assume a set of operators O, and a set of terms t € T, which are inductively
built from variables and operators.

Z, Stmt, CalledProc, ParLst, and Other Functions. The function 7
denotes a polymorphic function, which maps its arguments (e.g., programs,
flow graphs, statements, etc.) to the set of identifiers having an occurrence
in it. Superposing it by “d”, the resulting function Z¢ maps its arguments
to the set of identifiers having a defining occurrence in them. Subscribing
Z and Z% by a set of identifiers means to restrict the result of Z and Z¢
for a given argument to the set of identifiers belonging to the specified sub-
set of identifiers. For example, Z%p () denotes the set of formal procedure
identifiers having a defining occurrence in procedure .

Additionally, we introduce the polymorphic function Stmt defined on
programs and procedures of Prog, which maps its arguments to the multiset
of elementary statements occurring in them. Subscribing Stmt with a cer-
tain statement type means to project the result of Stmt to those statements
matching the specified statement type. For example, Stmtq;(7m) denotes the
set of procedure call statements occurring in procedure w. Moreover, for ev-
ery call statement st € Stmt.q;(II), CalledProc(st) denotes the identifier
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of the procedure called by st. Similarly, the polymorphic function ParLst
yields the parameter list of its argument, i.e., the formal parameter list of a
procedure declaration, and the actual parameter list of a procedure call. Addi-
tionally, |; is a polymorphic projection function defined on lists, wich maps
an argument list to its i component. The function LhsVar maps every
assignment statement m=(x1,...,2,):= (t1,...,t,) to the set of variables
occurring on the left-hand side of m, i.e., LhsVar(m)=g4 {z1,...,2n }.
Furthermore, we introduce for every program IT={m,...,m) € Prog
the functions decl, pos, c-occ, p-occ, and occ. Intuitively, decl maps every
internal identifier of a program to the procedure of its declaration, pos every
formal procedure identifier to the position of its defining occurrence in the
relevant formal parameter list, c-occ every procedure identifier to the set
of call statements invoking it, p-occ every procedure identifier to the set
of call statements, where it is passed as argument, and occ every procedure
identifier to the set of call statements in which it occurs. As usual IN denotes
the set of natural numbers starting with 0, and P the powerset operator.
. . _ v if ©eZ%n)
1. decl : Z(IT) — II with decl(v)=af { undef otherwise
2. pos : Iyp(Il) — IN with pos(v)=gr j iff = ParLst(decl(r))|;
3. c-occ: Ip(IT) — P(Stmteau(II)) with
c-occ(t)=as { st|st € Stmteau(II) N CalledProc(st) =1}
4. p-occ: Ip () — P(Stmtcqu(II)) with
p-occ(t)=qr { st|st € Stmtcqu(II) N v € ParLst(st)}
5. occ: Ip(II) — P(Stmt (1)) with occ(t)=g4s c-occ(t) U p-oce(r).

For every procedure 7 of IT, we denote its static predecessor by StatPred(r).
As usual, StatPred™ and StatPred* denote the transitive and the reflexive-
transitive closure of StatPred, respectively.! Finally, IN* denotes the set of
lists (i.e., sequences) of natural numbers, which we usually denote by barred
lower Greek letters, preferably by @. In particular, the empty sequence is
denoted by é&.

5.1.3 Conventions

In order to simplify the notation, we denote the procedures of a program IT €
Prog by identifiers of the form 75, where the index & € IN*, a finite sequence
of natural numbers, is uniquely determined. The length of @ encodes the
static level the corresponding procedure is declared on; the longest proper
prefix of @ gives the index of its unique static predecessor. Thus, given the
index of an procedure 7 the set of all its proper prefixes yields the set of
all static predecessors of m. Similarly, the set of indexes of a given length [
determines the set of procedures of the static level [. In particular, the main
procedure is assumed to have static level 1. Thus, it is denoted by ;.

! Note that StatPred induces a relation on I1.
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The following example illustrates our naming convention.

II = <7T1 <7T11,7T12 <7T121,7T122 <7T1221>>,7T13 <7T131>>>

II is a program with the following nesting structure of procedures.

H:<7T12
<7T11(...Z...Z...)Z ey
71'12(...2...2...)2
(21 (oevt ot o) e
oo (cee t it )
<7T1221(...2...2...)2 >>,
71'13(...2...2...)2

(g1 (coet ot ) s ) )

Note that according to our naming convention, the nesting structure of the
procedures of a program is uniquely encoded in the procedure names. There-
fore, we will usually omit the angle brackets. For example, for the program
II we will simply write:

I = <7f1,W11,7T12,7T121,7T122,W1221,7T13’7131>

In the following we restrict our attention to Prog-programs, which are distin-
guished and where all procedure calls are correct.

5.2 Sublanguages

An important classification of Algol-like programming languages is induced
by the notion of mode depth (cf. [Ar3, Lab, LLW]). Following [Ar3], the
mode depth MD of an ordinary or a formal procedure identifier f without
any procedural arguments or parameters occurring in a call statement or
declaration, respectively, is defined to be 1. The mode depth of a procedure
identifier g occurring in a context of the form g¢( : : hy,...,hg) is then
inductively defined by

MD(g)=4 Maz({MD(h;) i € {1,....k} }) +1

This notion can easily be enhanced to capture programs. The mode depth
of a Prog-program II is given by the maximal mode depths of its procedure
identifiers:
MD(IT)=g4 Maz({ MD(m) |7 € ITp(I)})

The notion of mode depth divides the family of Algol-like programming lan-
guages into two major groups: languages allowing programs with infinite
modes like Algol68 [vWMPK, vWMPKSLMF] and languages allowing pro-
grams with finite modes only like ISO-Pascal [ISO]. The importance of this
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classification stems from the fact that a variety of problems, which are rel-
evant for the construction of a compiler, like formal reachability or formal
recursivity of a procedure are decidable for finite, but undecidable for infi-
nite mode languages [Arl, Lal].? Concerning interprocedural program op-
timization, the problem of formal reachability and its inherent complexity
is particularly important as we have to consider a refined version of formal
reachability, called formal callability, in order to avoid worst-case assump-
tions for formal procedure calls during optimization (cf. Chapter 6). In the
general case of arbitrary finite mode languages formal reachability is P-space
hard [Ar3, Wi2]; for languages of mode depth 2, however, formal reachability
is decidable in polynomial time, if there is a limit on the length of parameter
lists [Ar3]. Intuitively, mode depth 2 means that formal procedure parame-
ters do not have procedures as parameters. Note that the original version of
Wirth’s Pascal [Wth, HW] is a prominent example of an Algol-like program-
ming language of mode depth 2. In addition to these results on finite mode
languages, also the following result of [Lal] is important for us: formal reach-
ability is decidable for subsets of Algol-like languages, which do not allow
procedures with global formal procedure parameters. This gives rise to the
definition of the following sublanguages of Prog, which we consider in more
detail in the following chapter dealing with higher order data flow analysis:

1. Progm, ): the set of Prog-programs with mode depth m < k, k € IN,
2. Prog,,s,: the set of Prog-programs without global formal procedure pa-
rameters,
3. Prog ., i) ugfpp: the set of Prog-programs with mode depth k without
global formal procedure parameters.

5.3 Separate Compilation and Separate Optimization

Large software systems are typically constructed and organized as a hier-
archy of subsystems (modules) in order to support a structured and reli-
able programming. “State-of the-art” languages support this approach of
“programming-in-the-large” by allowing the composition of programs out of
modules, which import and export procedures from and to other modules,
respectively. This has led to the development of compilers offering separate
compilation, i.e., the ability of compiling single modules as well as complete
programs. Besides simplifying the software development process, separate
compilation also supports the reuse of software components (modules). How-
ever, in order to exploit the full power of separate compilation, it must be
enhanced with methods for separate optimization in order to support the gen-
eration of efficient object code also for separately compiled program modules
(cf. [Bu, BC2, SW]). Technically, separate optimization can be organized by

2 The practical impact of these results for the design and the construction of
compilers is discussed in [Lal].
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means of an optimizer library system, which stores, manages, and maintains
information on previously analysed programs and modules, and intelligently
supports the retrieval of this information to enhance the optimization of other
modules (cf. [CKT1, CKT2]). In fact, this approach allows a proper treatment
of external procedures, which are imported from other modules, and whose
implementation is invisible to the module currently under optimization. The
two extremes are here as follows: first, the library fully specifies the semantics
of an external procedure with respect to the application under consideration;
second, the library leaves the semantics of an external procedure completely
unspecified, i.e., concerning the application it provides no (positive) informa-
tion on its behaviour. In this case the external procedure is treated by means
of a worst-case assumption. Clearly, the correctness and the optimality of a
concrete optimization holds relatively to the correctness of the information
stored in the library system. It is worth noting that besides separate opti-
mization also incremental optimization is supported by this approach, i.e.,
after changing a program module it is sufficient to reoptimize the modified
module, and those that hierarchically depend on it.

Our framework for interprocedural program optimization takes separate
optimization into account by offering an interface to an optimizer library sys-
tem. However, it can also be used in the absence of a library system because
information on external procedures can also manually be fed in. The extreme
case that nothing is assumed about (some of) the external procedures is taken
care of by extending the program (module) IT under consideration with a
fictitious procedure my, representing the unspecified external procedures
occurring in the environment of II. In particular, all unspecified external
variables of Il are considered local variables of 7y, and all procedure calls of
IT to unspecified external procedures are considered ordinary procedure calls
of my. The procedure 7 is then treated by means of a worst case assumption
in order to guarantee the safety of the DFA-results. This leads to a uniform
treatment of internal and external procedure calls in our framework, even if
their semantics is unspecified. For simplicity, the attribute “unspecified” is
omitted in the following, and the term external procedure denotes always an
external procedure without a specified semantics.
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In this chapter we present the higher order data flow analysis (HO-DFA) of
our framework. It allows us a proper treatment of formal procedure calls in
interprocedural program optimization by avoiding worst-case assumptions for
them. The intent of the HO-DFA is to compute for every formal procedure
call in a program the set of procedures, which may actually be called by it. In
IDFA, this information can be used by interpreting formal procedure calls as
nondeterministic higher-order branch statements. Intuitively, this is closely
related to approaches for constructing the procedure call graph of a program
(cf. [CCHK, HK, Wal, Lak, Ry]).! These approaches, however, are mostly
heuristically based, and concentrate on correctness (safety) of the analysis
results. They do not systematically deal with precision. In contrast, investi-
gating both correctness and precision, and demonstrating the theoretical and
practical limitations of computing the set of procedures which may be called
by a formal procedure call is an important point of our approach. Techni-
cally, we proceed by showing that computing the set of procedures which
may be called by a formal procedure call is a refinement of the well-known
formal reachability problem (cf. [Lal]). We therefore call the refined problem
the formal callability problem. The undecidability of formal reachability in
general (cf. [Lal]) directly implies that also formal callability is in general
undecidable. Thus, in order to make our approach practical, we introduce an
approximation of formal callability, which we call potential passability. We
prove that it is a correct approximation of formal callability, which can effi-
ciently be computed. Moreover, for programs of mode depth 2 without global
formal procedure parameters potential passability and formal callability co-
incide.

Conceptually as well as technically, the HO-DFA computing potential
passability is embedded as a preprocess in our framework for interprocedural
program optimization. This is important because all details of this preprocess
can be hidden from the designer of an optimization. The construction of
an interprocedural optimization proceeds as for programs without formal
procedure calls. The results of the HO-DFA are automatically taken care of

! In [Lak] a different setup is considered with procedure valued variables instead
of formal procedure parameters. The algorithm of [Ry] is restricted to programs
without recursion.

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 79-97, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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by interpreting formal procedure calls according to these results as higher-
order branch statements of ordinary procedure calls during IDFA. Formal
procedure calls are thereby handled in a most recent fashion. In Chapter 10
we will thus require that the argument program satisfies the strong formal
most recent property for guaranteeing the correctness of the IDFA-results (cf.
[Kal). It is worth noting, however, that the HO-DFA does not rely on this
premise. It applies to all programs of Prog.

6.1 Formal Callability: Formal Reachability Revisited
and Refined

Intuitively, callability is concerned with the question which procedures can
be called by a procedure call statement at run-time. While this is not at
all a problem for ordinary procedure calls as the called procedure is unique
and statically known, it is in general undecidable for formal procedure calls
(cf. Theorem 6.1.2). The distinctive difference is that the procedure actually
called by a formal procedure call is given by the argument which is bound
to the formal procedure, when reaching the call site. This, however, depends
on the particular program execution reaching the call site as illustrated in
Example 6.1.1.

Ezample 6.1.1. Let II € Progy, ) be the program given below, where we
assume that the three call statements in the body of 713 can sequentially
be executed.? Note that all formal parameters occurring in IT are procedure
parameters, and that the formal procedure parameter ¢- is a global formal
procedure parameter of the procedures w33 and 7my34.

<7T1:

<7I‘112 ey

T12 0 e evy

Tz (1 P1, P2)
<7T131: ey
132 ¢ .y
133 0 e P25 ey
T34 1 e P25 o)
sy mis(s o miss, 1) o5 M (s s Tisa, T32)5 .3 013 L)

7T13(3 : 7T11,7T12)>

Considering the program II of Example 6.1.1 it is easy to check that the
formal procedure call of ¢; in w3 calls w1, w33 and w134, and that the
formal procedure calls of ¢o in 7133 and in 734 call the procedures w131 and
132, respectively. In general, however, it is not decidable which procedures

2 This can be achieved by adding appropriate branch instructions.
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are actually called by a formal call statement at run-time. This holds even
for programs without any input operations as they are expressive enough to
simulate any Turing machine. Thus, actual callability must be approximated
by a corresponding static property of a program, which we call formal calla-
bility. It is defined in terms of the formal execution tree T3 of a program
II. In essence, T results from successive unfolding the argument program
II by applying the static scope copy rule to the procedure calls currently
reachable (cf. [Lal, O12]). In particular, T5/%(k), k € IN, denotes the sub-
tree of T3/, in which the distance between the root and its leaves is less or
equal than k. This is illustrated in Example 6.1.2, which shows the program
resulting from an application of the copy rule to the program of Example
6.1.1:

FErample 6.1.2.

(71 :
<7T112 ey
T12 0 e evy
T3 (:: 1, d2) -
<7T131: ey
132 ¢ .y
133 0 e P25 ey
T340 oee5 P25 o)
coyms(r s, ms1); o5 mig(c o miga, mi32)s .31 o)
{1GBY)
where IGB is an abbreviation of
/
<7r;31: ceey
Tyg2 s
7'(';332 ey 125 oo ey
Tygq i «ve5 T125 -on)
.y 7T13(2 27'(‘133,7('131); ey 7T13(2 27T134,7T132); ey TS >

The acronym IGB used in Example 6.1.2 stands for innermost generated
block. For clarity the IGB is usually enclosed in curly brackets as shown in
the example above (cf. [Lal]). The notion of an innermost generated block will
be important in the following definitions. Intuitively, the innermost generated
block is the modified copy of the procedure body of the procedure invoked
by the call statement the copy rule has most recently been applied to. We
remark that in programs of T§** the copy rule is always applied to procedure
calls occurring in the currently innermost generated block.
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Definition 6.1.1 (Formal Callability).
Let IT € Prog, # € II, and « € ITp(II).

1. A procedure m is k-callable by ¢ in 7 iff there is a call statement st
with CalledProc(st’) = m in the main part of the innermost generated
block of a program II' € T§*(k), which is the copy of a call statement
st € Stmitcqn(7t) with CalledProc(st) =1.

Let FCx (1) denote the set of all procedures which are k-callable by ¢
n .

2. A procedure 7 is formally callable by ¢ in 7 iff # € J{FCri(t) |k €
Let FC4 (1) denote the set of all procedures which are formally callable
by v in 7.

3. A procedure 7w is formally callable by ¢ iff m € U{FCs() |7 € II }.
Let FC(1) denote the set of all procedures which are formally callable by
L.

Considering Example 6.1.1, the procedures m11, w133 and w34 are formally
callable by ¢1 in 713, and the procedures 7131 and 7132 are formally callable
by ¢2 in mi33 and w34, respectively. As we are going to show next, formal
callability is a direct refinement of formal reachability (cf. [Lal]), which, in-
tuitively, is concerned with the question, which procedures of a program may
be called at run-time.

Definition 6.1.2 (Formal Reachability).

Let II € Prog, and 7 € II. The procedure 7 is formally reachable (in signs:
FormReach(r) ) iff there is a program II' € T3, whose innermost generated
block is a copy of .

Let FR(II)=qs { ™ € II | FormReach(w) } denote the set of all procedures of
II which are formally reachable.

Intuitively, formal reachability of a procedure indicates whether it can (actu-
ally) be called at run-time. Formal reachability is necessary for actual calla-
bility, i.e., a procedure, which is not formally reachable, is guaranteed of being
never called at run-time. The converse implication is in general invalid. In
addition to formal reachability, formal callability even pinpoints those call
statements in a program which are responsible for the reachability. Formal
callability is thus a natural refinement of formal reachability: a procedure 7
is formally reachable if and only if it is formally callable by some « € ZTp(IT).

Theorem 6.1.1 (Refinement Theorem).

VII € ProgVr € II. FormReach(m) < we|J{FC()|teZp(I)}
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As a consequence of the Refinement Theorem 6.1.1 we directly obtain that
every decision procedure for formal callability is a decision procedure for
formal reachability as well. As it is known that formal reachability is not
decidable in general (cf. [Lal]), we have the following negative result:

Theorem 6.1.2 (Undecidability of Formal Callability).
It is undecidable, whether a procedure m of a Prog-program II is formally
callable by a procedure identifier ¢.

Note that Theorem 6.1.2 does not exclude the decidability of formal callabil-
ity for sublanguages of Prog. However, the Refinement Theorem 6.1.1 yields
that a decision procedure for formal callability is computationally at least
as complex as a decision procedure for formal reachability. This is important
because the results concerning the computational complexity of formal reach-
ability for sublanguages of Prog carry over to the computational complexity
of formal callability. At first sight these results are discouraging. In the gen-
eral case of unbounded finite mode languages (e.g., ISO-Pascal [ISO]), the
formal reachability problem is P-space hard [Ar3, Wi2]. More encouraging,
for programming languages of mode depth 2 (e.g., Wirth’s Pascal [Wth, HW])
and a limit on the length of parameter lists formal reachability is decidable in
polynomial time [Ar3]. However, formal reachability is too coarse in order to
avoid worst-case assumptions for formal procedure calls because it only yields
the existence of a procedure call statement calling a particular procedure,
but it does not explicitly pinpoint the set of statements that are responsible
for its reachability as it is done by formal callability (cf. Refinement Theo-
rem 6.1.1). Even more, as demonstrated in Example 6.1.1, formal callability
distinguishes even occurrences of formal procedure calls of the same formal
procedure identifier which are located in different procedures. In fact, the set
of procedures which is callable by a formal procedure identifier + depends on
the procedure containing the formal call statement of «¢.

The theoretical limitations of deciding formal callability, and the efficiency
requirements imposed by program optimization give rise to consider approx-
imations of formal callability which satisfy the following requirements:

1. formal callability is correctly (safely) approximated,

2. for every program II € Prog, the approximation is efficiently com-
putable, and

3. for certain sublanguages of Prog, the approximation is precise for formal
callability.

In Section 6.2 and Section 6.3 we stepwise develop an approximation satis-
fying these requirements. Central are the notions of formal passability and
potential passability. The results on potential passability presented in Section
6.4 show that potential passability meets the requirements introduced above.
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6.2 Formal Passability

Intuitively, formal passability deals with the question, which procedures can
be passed as an argument to a procedure parameter. Formal passability of
a procedure 7 to a procedure parameter ¢ is thus a necessary condition for
the formal callability of = by ¢ (cf. Theorem 6.2.1). As we will show, for
programs of Prog,,s,, it is even sufficient. This means, for programs without
global formal procedure parameters formal callability and formal passability
coincide (cf. Theorem 6.2.3).

Definition 6.2.1 (Formal Passability).
Let II € Prog, and ¢ € Tpp(II).

1. A procedure 7 is k-passable to ¢ iff there is a call statement st’ with
CalledProc(st’) =decl(t) in the main part of the innermost generated
block of a program II' € Ti** (k) such that ParLst(st')] s,) =7
Let FPy(t) denote the set of all procedures which are k-passable to .

2. A procedure 7 is formally passable to ¢ iff m € J{FPr(t)|k € IN}.
Let FP(1) denote the set of all procedures which are formally passable
to t.

It can easily be proved that formal callability implies formal passability.
Theorem 6.2.1 (Passability).

VII € ProgV. € Zgp(II). FC(1) C FP(1)

In general, the inclusion in the Passability Theorem 6.2.1 is proper as il-
lustrated by the program of Example 6.1.1. For this example it can eas-
ily be checked that FCr,,,(¢2)={mi31}, and FCnr,,, (o) ={m132}, whereas
FP(¢2)={m2, m131, m132}, and that both procedures w33 and w34 are
formally reachable. As a consequence of this example we thus directly ob-
tain:

Theorem 6.2.2.

1. 31 € Prog, oy 3¢ € Iyp (1) (EWGFR( ).
c-ocen(1) #0). FCr(1) C FP(1)
2. 311 € Progfm(Q) 3 € Ipp(Il)
(Im, 7" € FR(I). c-ocex (L) # O N c-oceqnr (1) #0). FCr(t) # FCri (1)

Theorem 6.2.2 shows that even for programs of mode depth 2 formal calla-
bility and formal passability are in general not equivalent. The point here
is that Progg, 2)-programs may have global formal procedure parameters.
In fact, for programs without global formal procedure parameters, i.e., for
Prog, g mp-programs, we have:
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Theorem 6.2.3 (Prog,,,)-
VII € Prog,y,, (Vi € Zrp(IT). c-occ(t) # 0 ). FC(1) = FCaeci(n)(t) = FP(t)

Theorem 6.2.3 does not depend on the mode depth of the program un-
der consideration. However, computing formal passability for Prog g, k) wgfop™
programs with k > 3 causes similar problems as for programs of mode depth
2 and global formal procedure parameters. This is illustrated by the two
program fragments of Example 6.2.1.

Ezample 6.2.1.

Let Iy € Progg, oy and Iz € Progg, sy wmp be the programs shown below.
Note that all parameters occurring in Il and Il are procedure parameters.

Hl = <7T12
<7T112 ey
T12 0 e evy
3 (:: 1, d2) -
(mi31 (2 ¢p3) 0oy P35 oen
T132 ¢ ...
T133 ¢ ooy
CLS T VR ¢ O (ST S IR 25) I
135 - ...;¢2; >
sy ms( i misa, Ts2); oo mis(c Miss, M133)s .3 1; )
7T13(317T11,7T12)>

)

H2 = <71'12
(m11 (2 : 1(: 2 proc), ¢a2) :
<7T111(Z:¢3)2 ey
m112 - >
o d( )y s (s s T, T2)s -
T2 (trda) i Pay
13 * >

7T11(3 : 7T12,7T13)>

Considering first program II;, we obtain that the procedures mi31, 7134,
and w35 of II; are formally reachable. Moreover, we can easily check the
inclusion

FP(¢3) ={miz2} C {mi2, mi32, m33} =FP(¢2)

Hence, FP(¢3) is a proper subset of FP(¢2). Considering now the program
II,, we similarly get the inclusion

FP(¢a) ={m3} C {mi3, m12} =FP(¢2)

which is proper as well.
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Note that in the program I1; of Example 6.2.1, the set FP(¢3) depends
directly on the actual values of ¢o only, but indirectly also on the actual
values of ¢;. Intuitively, this is because the procedure w134 is only reachable
for particular pairs of elements of FP(¢1) and FP(¢2). Therefore, detecting
the equality FP(¢3)={ms2} requires a bookkeeping over all combinations
of arguments occurring in a call of procedure w3 in T3/*. Clearly, this is
much more complex than a bookkeeping which for every procedure parameter
separately keeps track of the set of arguments. In fact, in the first case we
have up to

big
| Zree(m) |1
different parameter combinations for a procedure m, whereas in the second
case this number can be estimated by

| Zee () | + [

Similar effects occur in programs with finite mode depth greater than 2, even
if they are free of global formal procedure parameters. This is illustrated by
the program [T of Example 6.2.1, which originally was given in [Ar3] in
order to illustrate the intractability of the formal reachability problem for
programs with finite mode depths greater than 2. Similarly to the parameter
¢2 in program I, the actual values of ¢4 in IIs depend directly only on
the actual values of ¢, but indirectly also on the values of ¢;. Detecting
this requires a bookkeeping over all combinations of arguments occurring
in procedure calls. Thus, deciding formal passability for programs of mode
depth greater than 2 even without global formal procedure identifiers is in
general expensive.

In contrast, for programs of mode depth 2 without global formal procedure
parameters effects as illustrated above do not occur. In essence, this is a
consequence of Property (6.1) of Progy,, 2y-programs. Intuitively, it means
that in programs with mode depth 2 formal procedure calls do not have
procedures as arguments.

Vst € Stmteanu(IT).CalledProc(st) € Ipp (1) (6.1)
= ParLst(st) NZp(II) =10
This property is the key for constructing an algorithm, which computes formal

callability for Progg, ) -programs efficiently. It relies on the notion of
potential passability.

swgfpp

6.3 Potential Passability

Like formal passability, potential passability deals with the question, which
procedures are passable as an argument to a procedure parameter. Parame-
terized with a correct (safe) approximation of the set of formally reachable
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procedures of the argument program, it yields a correct (safe) approximation
of formal passability. However, in contrast to formal passability, potential
passability can efficiently be computed for all Prog-programs. Moreover, for
Prog s, (2, ugfpp~Programs potential passability (parameterized with the set of
formally reachable procedures of the argument program), formal passability
and formal callability coincide.

The computation of potential passability proceeds in two steps. First,
computing a correct (safe) approximation of formal reachability, and second,
computing potential passability with respect to the reachability information
of the first step.

Note that formal reachability is correctly (safely) approximated by the
elements of the set

FRapp()=gs { A| FR(I) € A}

Obviously, we have FRa,,(IT) # 0 because of II € FRapp(II). This im-
plies that there is always a safe, though trivial, approximation of formal
reachability, even for programming languages, for which formal reachabil-
ity is undecidable. Note, however, that the accuracy of potential passability
with respect to formal passability depends on the accuracy of the reachabil-
ity information. Thus, it is important to recall that for programs with mode
depth 2 and a limit on the length of parameter lists formal reachability is
computable in polynomial time (cf. [Ar3]).

The second step of computing potential passability is characterized by
Equation System 6.3.1, where A € FR app ().

Equation System 6.3.1 (Potential Passability).

{L} ifLEIop(H)
pp(t) =  U{pp(ParLst(st),es) ]
st € c-occgimi(ay({ k| decl(t) € pp(k) } )} otherwise

Denoting the least solution of Equation System 6.3.3 with respect to A by
PP 4 potential passability is defined as follows:

Definition 6.3.2 (Potential Passability).
Let II € Prog, A € FRapp(II), and ¢ € Typ(II). A procedure 7 is poten-
tially passable to ¢ if and only if ™ € PP 4(1).

Obviously, we have:
V7 €Zop(Il). PPa(m)={r}

Theorem 6.3.1 yields that potential passability is a correct (safe) approxi-
mation of formal passability, and thus, by means of the Passability Theorem
6.2.1 also a correct (safe) approximation of formal callability.
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Theorem 6.3.1 (Correctness (Safety)).
VII € ProgVA € FRapp(IT) Yo € ITpp(II). FP(1) CPPa(e)

Proof. Let ¢ € Zp(II) and © € FP(r). According to Definition 6.2.1
there is a k € IN, a program II' € T3!*'(k), and a call statement st’ with
CalledProc(st') = decl(t) in the main part of the innermost generated block

of II" with ParLst(st')] ., =m. Under this assumption we have to show:

T € PPaL) (6.2)

This is proved by induction on the number & of applications of the copy rule,
which are necessary to obtain program II’.

For k=0, we have II'=II. Moreover, there is a call statement st in II
with CalledProc(st) = decl(t) € Top(II) and ParLst(st)] ) =m. Obvi-
ously, we have st € Stmicq(m1), and therefore, st € c-occsime(a)(decl(r)).
Moreover, we have m € Zop(II). The induction base follows now from the
following sequence of inclusions:

PPa(t) = U{PPA(ParLst(sAt)lpos(L)) | st €
c-0cCsyme(a)({ K| decl(t) € PPa(k)}) }

(decl(t) € Zop(II)) 2 U{PPA(ParLst(sAt)lpos(L)) |
st € c-0cCgume(a)( decl(1) )}
(st € c-occsimi(ay(decl(t))) 2 PPa(ParLst(st)],os,))
(ParLst(st)Lpos(L) =) = PPa(r)
(meZop(ll)) = {n}

The induction step for k£ > 0 can now be proved under the induction hy-
pothesis

VeeIpp(II) VO <I<k.m € FPi(t) = 7€ PPa1) (IH)

It is sufficient to show that for every ¢ € Ip(II) and every m € FPg(1)\
FPr—1(t) holds:
T € PPa(L)

Without loss of generality, we can assume that there is a © € FPr(:)\
FPr-1(t) for some ¢ € Ip(II), since otherwise the induction hypothesis
would suffice. Then there is a call statement st in II’ with CalledProc(st’) =
decl(t) € Top(II) and ParLst(st')] s, =7 € Zop ({I), which is the copy of
a call statement st of II with CalledProc(st)=r, and ParLst(st)] o)
¢. Moreover, we have st € c-occs (k). Thus, we are left with investigating the
following four cases.
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Case 1. k, ¢ € Top(II).
In this case we obtain k= decl(¢) and ¢ =m=. Then the following sequence of
inclusions

PPa(t) = U{PPa(ParLst(st)!,os)) |
st € c-occgme(a)({ k| decl(t) € PPa(R)})}
(decl(t) e PPa(k)) 2 U{ PPA(ParLst(SAt)lpos(b)) |

st € c-ocCspmi(a)(K) }

(st € c-occsmi(ay(k)) 2 PPa(ParLst(st)] oq0))
( ParLSt(St)lpos(L) = ¢) = PPa (¢)
(r=0¢) = {n}

completes the proof of Case 1.

Case 2. Kk € IOP(H), ¢ € IFP(H)

In this case we have k=decl(t). Moreover, there is a call statement st”
in a predecessor IT"” of II' in T3*'(k) with CalledProc(st”)= decl(¢),
and ParLst(st")] 54 =m Thus, we have 7 € FPy_1(¢), and therefore
by means of the induction hypothesis (IH) m € PP 4(¢). Similarly as in Case

1 we obtain

PPa(t) = U{PPa(ParLst(st)!,os)) |
st € c-occgume(a)({ k| decl(t) € PPa(R)})}

(decl(t) e PPa(k)) 2 U{ PPA(ParLst(gt)lpos(b)) |
st € Cc-0CCsmi(A) (1) }
(st € c-occsimiay(k)) 2 PPa(ParLst(st)] o))

(ParLSt(St)lpos(b) :¢) = PPA(¢)
(m€PPa(¢)) 2 {n}

which completes the proof of Case 2.

Case 3. k € Zgp(Il), ¢ € Zop(I).

Here, we have ¢=m. Additionally, there is a call statement st” in a
predecessor I1"” of II' in T3 (k) with CalledProc(st")= decl(r), and
ParLst(st")] sy = decl(t). Thus, we obtain decl(t) € FPy-1(k), and
therefore by means of the induction hypothesis (IH) decl(t) € PPa(k).
Hence, we have:

PPa(t) = U{PPa(ParLst(st)!,os)) |
st € c-occgume(a)({ k| decl(t) € PPa(R)})}
U { PPA(PGTLSt(SAt)lpos(L)) |

st € c-ocCspmi(a)(K) }

(decl(t) € PPa(k))

V)
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(st € c-occgymicay(k)) 2 PPA(ParLst(st)lpos(b))
( ParLSt(St)lpos(L) = ¢) = PPa (¢)
(r=9¢) = {r}

which completes the proof of Case 3.

Case 4. k, ¢ € Zrp(II).

First, there is a call statement st” in a predecessor II” of II’ in T3 (k)
with CalledProc(st”) = decl(k), and ParLst(st")|,,(.) = decl(t). Hence,
we obtain decl(t) € FPr—1(k), and therefore by means of the induction
hypothesis (IH) decl(t) € PPa(k). Second, there is a call statement st
in a predecessor IT of IT' in Tg% (k) with CalledProc(st) = decl(¢), and
ParLst(st)] 054 =7 Thus, we have m € FPy_1(¢), and therefore again
by means of the induction hypothesis (IH) 7 € PP 4(¢). Summarizing, we
obtain

PPa(t) = U{ PPA(ParLst(gt)lpos(b)) |
st € c-occspmu(a)y({ 7| decl(v) € PPa(k)})}
UH{ PPA(ParLst(sAt)lpos(L)) |
st € C-0CCstmy(A)(K) }
(st € c-occsmiay(k)) 2 PPa(ParLst(st)] o))
(ParLst(st)] posy=0¢) = PPal(d)
(mePPa(¢)) 2 {n}

This completes the proof of Case 4, and finishes the proof of Theorem 6.3.1.
O

(decl(r) € PPa(k))

I

U

In general, the converse inclusion of Theorem 6.3.1 does not hold. This can
be demonstrated for example by the programs II; and Il; of Example 6.2.1.
It is easy to check the validity of the inclusions

FP(p3) ={miz2} C {mi2, 132, T133} = PP rr(m (¢3)

and
FP(pa) ={m3} C {m3, m12} =PP rrm)(d4)

for II; and II5, respectively. Intuitively, the inaccuracy of potential passabil-
ity for programs with global formal procedure parameters or for programs
with mode depth greater than 2, even if A=FR(II), is caused by the fact
that potential passability implicitly assumes independence of the passability
of a procedure identifier from other procedure identifiers. As illustrated in
Example 6.2.1 this is in general not true. However, for programs with mode
depth 2 without global formal procedure parameters, potential passability
and formal passability coincide (cf. Theorem 6.4.1).
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Formal Reference Parameters and Aliasing. The notions of formal
passability and potential passability can naturally be extended to formal
reference parameters. This is important because regarding formal reference
parameters as parameterless formal procedures, Equation System 6.3.1 yields
directly a characterization of the set of may-aliases of a formal reference pa-
rameter. Moreover, it is easy to modify the equation system in order to also
obtain a characterization of the set of must-aliases of a reference parameter.
The HO-DFA can thus immediately be used for computing alias-information
of formal reference parameters. In particular, this also holds in the presence
of both formal reference parameters and formal procedure parameters in a
program. Conceptually, this approach is significantly different from the tra-
ditional approaches for computing the aliases of formal reference parameters
(cf. [Ban, Co, CpK2, LH, We]).

6.3.1 Computing Potential Passability

The practical relevance of potential passability is due to the fact that Equa-
tion System 6.3.1 directly specifies an iterative procedure for computing it.

Algorithm 6.3.3 (Computing Potential Passability).

Input: A program IT € Prog, and a correct (safe) approximation A €
FRapp(II) of formal reachability.

Output: For every procedure identifier ¢« € Zp(II) occurring in II the least
solution PP 4(¢) of Equation System 6.3.1 (stored in pp[i]).

Remark: The variable workset controls the iterative process, and the vari-
able M stores the most recent approximation for the procedure identifier
currently processed.

(Initialization of the annotation array pp and the variable workset)
FORALL (€ Zp(IlI) DO

IF (€ Zop(lI) THEN pp[]:={:} ELSE pp[]:=0 FI
OD;
workset := Tpp (II);

(lterative fixed point computation )
WHILE workset # ) DO
LET . € workset
BEGIN
workset := workset\{t};
M= pp[L] U U { pp[PaTLSt(St)lpos(L)] |
st € c-occsim(a)({ K | decl(e) € pp[K]}) };
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IF pplijCc M

THEN
pp[t] == M;
workset := workset U { k| kK €

Tho({ppli] | € { CalledProc(st) | st € occsumaian(®)} 1)}
FI
END
OD.

In order to simplify the formulation of the central properties of Algorithm
6.3.3, we abbreviate the values of workset and ppli] after the k-th execution
of the while-loop by workset” and ppF[i], respectively. Using this notation,
the first part of the following proposition follows immediately from the mono-
tonicity of the union operator, while the second part is a consequence of the
first one, and the finiteness of II, i.e., Il contains only a finite number of
procedures.

Proposition 6.3.1.

1. VII € ProgVu € Ip(II) Yk € IN. pp*li] € pp**1[i]
2. VII € Prog 3k € IN. workset” =)

Note that Proposition 6.3.1(2) guarantees the termination of Algorithm 6.3.3.
Moreover, the following theorem shows that it terminates with the least so-
lution PP 4 of Equation System 6.3.1, which defines potential passability.

Theorem 6.3.2 (Algorithm 6.3.3).
VII € ProgV A€ FRapp(IT) Yo € Ip(IT). PPa(t)=U{pp"*[t] |k > 0}

In particular, for oll + € Tp(II) we have PPa(L)=pp[t] after the termina-
tion of Algorithm 6.3.3.

Proof. Let fix be an arbitrary solution of Equation System 6.3.1 with respect
to A€ FRapp(Il), ie.,

{L} ifLEIop(H)
fiz(t) = ¢ U{fiz(ParLst(st)] yo5)) | (6.3)
st € c-ocCsime(a)({ k| decl(r) € fir(k)})} otherwise

and let throughout the proof M* denote the value of the variable M after the
k-th execution of the while-loop. Then the central step in proving Theorem
6.3.2 is to check the following four invariants of Algorithm 6.3.3:

1. Vk € INVe € Ip(IT). pp*[i] C fiz(c)
2. Vk € NV € Zop(I). pp*t] = {1} = fiz(v)
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3. Vk € IN V¢ € Zpp(IT)\workset”.
pp*[] = U{ pp*[ParLst(st) | s, |
st € c-occsyni(a)({ k| decl(r) € pp*ls] }) }
4. Yk € IN. workset® C Irp(I)

For k=0, the investigation of the initialization part of Algorithm 6.3.3 yields:

a)Vi € Zop(t). pp°[d] ={i}
b)Vi € Zrp(1). pp°[] =0
¢) workset® = Tgp(IT)

Hence, invariant (3) holds trivially because of (c), and the invariants (1), (2),
and (4) follow immediately from (a), (b), and (c).

In order to prove the induction step, let £ > 0, and let ¢ be the formal
procedure identifier chosen from the workset during the k-th execution of
the while-loop. Under the induction hypothesis (IH) that the invariants (1)
to (4) are satisfied for all 0 <[ < k, we have to show that the invariants (1)
to (4) hold after the k-th execution of the while-loop. We obtain

Mk :ppkil[L] U U { ppkil[ParLSt(St)lpos(b)] |
st € c-ocCgimi(ay({ k| decl(r) € ppk_l[m] 1}

Moreover, we have

MF if t=r A MF\pp*=1[1] # 0
k.1 —
pp e = { ppF~1[k] otherwise (6.4)
workset" =
(workset™ " \{¢}) U { x| x € Tip (ppli] | if M*¥\pp*~1[i]
i € { CalledProc(st) | st € occsime(a)(t) }) } £ 0 (6.5)
workset* M\ {1} otherwise

Now, the invariants (2) and (3) follow immediately from equation (6.4) and
the induction hypothesis (IH). Similarly, invariant (4) is a consequence of
equation (6.5) and the induction hypothesis (IH). Thus, we are left with
checking invariant (1). By means of equation (6.4) and the induction hy-
pothesis (IH) it is sufficient to check invariant (1) for «. If M*¥\pp*—1[] =0,
invariant (1) is simply a consequence of the induction hypothesis (IH). With-
out loss of generality we can thus assume that there is a 7 € M*\ppF=—1[4].
The induction step then follows from the following sequence of inclusions:

M* = pp* T UU{ pp" T [ParLst(st) ] yos,)] |
st € c-occgimi(ay({ k| decl(1) € ppkil[li] '}
((IH) for (1)) <€ fiz(e) VUL fix(ParLst(st)] pos(,)) |
st € c-occgimi(ay({ k| decl(r) € fix(k)})}
((63)) = fiz(t)
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Theorem 6.3.2 is now an immediate consequence of the invariants (1), (2),
and (3), and the emptiness of the workset after the termination of Algorithm
6.3.3, which is guaranteed by Proposition 6.3.1(2). O

6.3.2 An Efficient Variant

In this section we present an alternative algorithm for computing potential
passability. In comparison to Algorithm 6.3.3, the new algorithm organizes
the workset more sophisticatedly, which results in an improved estimation
of its worst-case time complexity. The point is that whenever an element is
added to the workset the global chain length has decreased.

Algorithm 6.3.4 (Computing Potential Passability Efficiently).

Input: A program IT € Prog, and a correct (safe) approximation A €
FRapp(II) of formal reachability.

Output: For every procedure identifier ¢« € Zp(II) occurring in II the least
solution PP 4(¢) of Equation System 6.3.1 (stored in pp[i]).

Remark: The variable workset controls the iterative process, and the vari-
able M stores the most recent approximation for the procedure identifier
currently processed.

(Initialization of the annotation array pp and the variable workset)
FORALL (€ Zp(II) DO

IF (€ Zop(II) THEN pp[]:= {t} ELSE pp[]:=0 FI
OD;

workset :== Zop (II);

(lterative fixed point computation )
WHILE workset # ) DO
LET . € workset
BEGIN
workset := workset\{t};
FORALL / € pp[t] U
U{ppli] | € {CalledProc(st) | st € p-occgyy(ay(t) } } DO
FORALL k € Zrp(/) DO
M:= pp[li] U U { pp[Pa’rLSt<St)ipos(ﬁ)] |
St € c-occsumin)( (A] decl(x) € pplAl}) )

IF pplklC M
THEN

pplk] = M;
workset := workset U { k }

FI

OD
OD
END

OD.
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Algorithm 6.3.4 terminates like Algorithm 6.3.3 with the least solution of
Equation System 6.3.1. Thus, it also computes potential passability.

Theorem 6.3.3 (Algorithm 6.3.4).
VII € ProgV A€ FRapp(IT) Y € Ip(IT). PPa(t)=U{pp"[t] |k > 0}

In particular, for all + € Tp(II) we have PPa(L)=pp[l] after the termina-
tion of Algorithm 6.3.4.

Central for proving this result is Proposition 6.3.2, where workset™H™) and
pp*Lm™) )] denote the values of workset and pp|i] after the k-th execution
of the while-loop, the [-th execution of the outer for-loop, and the m-th
execution of the inner for-loop, respectively. Mpreover, <;., denotes the
lexicographic order of elements of IN x IN x IN.

Proposition 6.3.2.

1. VII € ProgV 1€ Ip(II) Vk,I,m,k'l',m" € IN.
(k,1,m) <iex (K',1',m") = ppEtm]] € pp®tmO)
2. VII € Prog 3k € IN. workset® =0

Based on Proposition 6.3.2, the proof of Theorem 6.3.3 proceeds along the
lines of the proof of Theorem 6.3.2, and is thus omitted. In addition to the
induction on the number of executions of the while-loop it requires nested
inductions on the number of executions of the outer and the inner for-loop.

6.4 Main Results on Potential Passability

In this section we present the main results concerning correctness (safety),
precision, and computational complexity of potential passability.

6.4.1 Correctness and Precision

The Correctness Theorem 6.3.1 and the Passability Theorem 6.2.1 guarantee
that potential passability is a correct (safe) approximation of formal passabil-
ity and formal callability. Moreover, for programs of mode depth 2 without
global formal procedure parameters, i.e., for Progfm(Q) -programs, poten-
tial passability and formal passability coincide:

swgfpp

Theorem 6.4.1 (Progy,, (o) ugpp-F P-Precision).

VI € Progp, Vi€ ZIrp(II). PPrrm(t)=FP()

2),wgfpp
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Proof. As the inclusion “2” is a consequence of the Safety Theorem 6.3.1,
we are left with the inclusion “C”. According to Theorem 6.3.2 we prove the
equivalent formula

Vi€ Ipp(IT) V€ pp*[]. m € FP(1) (6.6)

by induction on the number k of executions of the while-loop of Algorithm
6.3.4. Throughout this proof, let M* denote the value of the variable M
after the k-th execution of the while-loop.

The case k=0 is trivial according to the initialization of pp*[d], ¢ €
Iwp(II), with 0. Thus, let k& > 0, and consider the k-th execution of the
while-loop under the induction hypothesis (IH) that (6.6) holds before the
k-th execution of the while-loop. Let ¢ be the element currently chosen from
the workset. Then we have:

Mk = ppkil[l’] U U{ppkil[ParLSt(St)lpos(L)] |

st € c—occStmt(}—R(H))( {k|decl(r) € ppk_l[n]} )}

Without loss of generality we can assume that there is a m € M*\pp*~1[/],
since otherwise the induction hypothesis (IH) would suffice. This implies that
there is a statement st € c-occgimy(Fr(m))(K') for some k' € Ip(II) with
decl(t) € pp*~1[x'], and CalledProc(st) =k'.

Moreover, we have ParLst(st)| ., =r", and 7 € pp*~1[K"]. Since IT is
a program with mode depth 2, property (6.1) yields x" € Zop(II). This
directly delivers x'=decl(t), and therefore CalledProc(st) = decl(t). Next
we must investigate two cases. First, if «” € Zop(II), we obtain " =,
and therefore ParLst(st)|,q,)=m. Hence, m € FP(1) is a consequence
of st € c-occsmpFrmy)(decl(t)). Second, if k" € Zgp(Il), the induc-
tion hypothesis (IH) yields m € FP(k”) because of m € ppF~1[x"]. Ac-
cording to Definition 6.2.1, there is a program II’ € T§%*, which contains
in the main part of the innermost generated block a statement st’ with
CalledProc(st'") = decl ("), and ParLst(st')| ()= Let II" be the suc-
cessor of IT’ in T§l*" which results from applying the copy rule to the call
statement st’ in IT’. Since IT is a program without global formal procedure
parameters, the main part of the innermost generated block of IT” contains a
copy st” of st,in which k" is replaced by m, i.e., CalledProc(st") = decl(¢),
and ParLst(st")],,s,) =m. Thus, Definition 6.2.1 yields = € FP(.), which
completes the proof of Theorem 6.4.1. ]

Combining Theorem 6.2.3 and Theorem 6.4.1 we directly obtain that poten-
tial passability and formal callability coincide for programs of mode depth 2
without global formal procedure parameters:

9),ugfpp-J C-Precision).

VII € Prog g, (2),ugfep(Vt € Zrp (I).c-occrr(m) (1) # 0). PP rrm) (1) = FC(1)

Corollary 6.4.1 (Prog,
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6.4.2 Complexity

The costs of our HO-DFA are the added up costs of computing a safe ap-
proximation of formal reachability information, and the costs of computing
potential passability accordingly to this information by means of Algorithm
6.3.4. The complexity of the first step depends above all on the degree of
precisision desired for the approximation. In order to illustrate the range of
the complexity of this step, recall that formal reachability is undecidable in
general, and P-space hard for finite mode languages [Ar3, Lal, Wi2], but
that it is always safely approximated by the set of procedures occurring in
a program. The complexity of the second step is given by the complexity of
Algorithm 6.3.4. Given its input, a program II € Prog, and a safe approxi-
mation of formal reachability information, the worst-case time complexity of
this algorithm can essentially be estimated by

O(|Zop(I) [ + [ Zep(II) | * | Te(IT)|)

which reflects the worst-case number of occurrences of procedure identifiers
on the workset before Algorithm 6.3.4 terminates. Thus, we have:

Theorem 6.4.2 (Computational Complexity of PotentialPassability).
Given a program II € Prog, and a safe approximation of formal reachability
information, potential passability is computable in quadratic time.

It is important that for programs of Prog,, o) wgmpy the proposition of The-
orem 6.4.2 can considerably be strengthened. The point here is that formal
reachability is decidable in quadratic time for programs with mode depth 2
and a limit on the length of parameter lists by solving a reachability problem
in a graph with |IT| nodes, and | Stmtcqu(II)| edges as shown in [Ar3].
Combining this result with Theorem 6.4.1 and Theorem 6.4.2, we obtain:

Theorem 6.4.3 (Progy,, (o) uypp-Complexity).
For all programs II € Progg, 2y, ugfop: formal callability is decidable in
quadratic time, if there is a limit on the length of parameter lists.

For practical applications, the limit required on the length of parameter lists
can be considered harmless. Thus, the results of this section can be summa-
rized as follows. Potential passability is

1. a correct (safe) approximation of formal callability,
2. is efficiently computable for all programs IT € Prog, and

3. is precise for formal callability for programs of Progg, 2) wgfop-

As a consequence, we obtain the following corollary on Wirth’s Pascal (cf.
[Wth, HW]):

Corollary 6.4.2 (Wirth’s Pascal).

Formal callability is decidable in quadratic time for programs of Wirth’s Pas-

cal without global formal procedure parameters, if there is a limit on the length
of parameter lists.



7. The Interprocedural Setting

In this chapter we complete the setting of our framework for interprocedural
program optimization. We first introduce flow graph systems and interpro-
cedural flow graphs as program representations, and subsequently, describe
the interface connecting HO-DFA and IDFA. Central is then the extension
of the two-step scheme of optimal intraprocedural program optimization to
the interprocedural setting. It turns out that this scheme applies naturally to
the interprocedural setting, too. One should note, however, that in contrast
to the data flow analyses the transformations based thereon usually require
additional care.

7.1 Flow Graph Systems

As usual in interprocedural program optimization we represent a Prog-
program IT = (7g,, o, - - ., Te,) by means of a flow graph system S = (Gg,,
Gzyy---y Gop ), wj € IN*. S is a system of flow graphs with disjoint sets
of nodes and edges, where every procedure w of Il is represented as a
directed flow graph G =(N,E,s,e) in the sense of Section 2.1.1. Nodes
n € N; represent the statements and edges (n,m) € E; the nondeter-
ministic (intraprocedural) branching structure of the underlying procedure
m;. In our setting, the nodes represent parallel assignments and procedure
calls. We assume that the fictitious procedure my, which stands for the
(unspecified) external procedures occurring in the environment of IT (cf.
Section 5.3), is represented by the flow graph Gg, = (No, Eo,s0,€0) with
node set No=g4r {S0, 10, €0} and edge set Ey=g4s {(s0,n0), (no,€0)}. External
variables and external procedure calls occurring in II are considered local
variables and ordinary procedure calls of Go. Moreover, N¥=4 | J{Ng, |i €
{0,...,k}} and E¥=4 U{Ez, |i € {0,...,k}} denote the sets of all nodes
and edges of S. Additionally, N>, and N?C denote the sets of ordinary and
formal procedure call nodes, and N2=; N5 U N“fqc the set of all procedure
call nodes of S.

Figure 7.1 shows an illustrating flow graph system using the convention
that a procedure with name m, formal value parameters fi,..., fg, formal
reference parameters z1, ..., 2, formal procedure parameters ¢1,..., ¢s, and

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 99-108, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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local variables vy, ..., v, is denoted by 7(f1,...,fq: 21,2 P1,..., 0s) ¢
ViyeooyUy-

2 3
[call (ae )| [call mfa::my)]

m(frz):c T, (f,0 T@ (val iref:)): b M (faiz.)

9 17

10| call (plz(a+b:d )
18| a:= z,+e| 19| call T

25 Ej 22 Ej

Fig. 7.1. Flow graph system

7.1.1 The Functions fg, callee, caller, start, and end

For every flow graph system S we define the functions fg, callee, caller,
start, and end. Intuitively, f¢g maps every node of S to the flow graph it is
contained in, callee maps every procedure call node to the set of procedures it
may call, caller maps every procedure to the set of call nodes, from which it
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may be called, and start and end map every flow graph to its start node and
end node, respectively. We remark that in the definition of callee call nodes
of S are identified with the corresponding call statements of the program I7
underlying S. Thus, CalledProc(n), n € N, denotes the identifier of the
called procedure.

Concerning the definition of the function callee, recall that FR app, (IT) #
) because we always have II € FR app(II). Moreover, we recall that formal
reachability is decidable for finite mode languages, and decidable in quadratic
time for programs of mode depth 2 and a limit on the length of parameter
lists (cf. [Ar3]).

1. fg: N® =S with fg(n)=4 Gg, iff n € Ny,
2. callee : N5 — P(S) with
PP s(CalledProc(n if CalledProc(n) # Gg
callee(n)=qy { {GO}( (n)) otherwise ()
where A € FR ap,(IT) is assumed to be a correct (safe) approxima-
tion (i.e., a superset) of the set of formally reachable procedures of
1I.
. caller : S—P(N?) with caller(Gg,)=ar {n|Gs, € callee(n)}.
4. start : S —{Say,...,8a, ) with start(Ge,)=d s,
for all j €{0,...,k}
5. end: S—{egy,...,eq,} with end(Gs;)=4 eq,
for all j €{0,...,k}.

w

7.1.2 The Interface Between HO-DFA and IDFA

In this section we present the interface between HO-DFA and IDFA. It is
given by the function callee, which imports the results of the HO-DFA, and
allows us to feed them into the subsequent IDFA. It is thus the connecting link
between HO-DFA and IDFA. Technically, it gives us the handle for treating
formal procedure calls as nondeterministic higher-order branch statements
during IDFA (cf. Definition 8.3.2). In Section 7.2 this will be made explicit
by constructing the interprocedural flow graph of a flow graph system (cf.
Algorithm 7.2.1).

7.2 Interprocedural Flow Graphs

In contrast to the intraprocedural control flow, a flow graph system S does
not explicitly represent the interprocedural control flow caused by procedure
calls. As usual, this is achieved by combining the flow graphs of S to an
interprocedural flow graph G*=(N*, E*, s* e*), whose start and end node

*

s* and e* are given by the start and end node s; and e; of the main
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procedure of the underlying program, respectively (cf. [My, SP]). For every
flow graph system S, the interprocedural flow graph G* corresponding to S
is then constructed by means of the three-step procedure of Algorithm 7.2.1,
which is applied to all procedure call nodes of S. Note that this algorithm
replaces every formal procedure call by a set of ordinary procedure calls,
which is given by the set of procedures which are potentially passable to the
formal call under consideration.

Algorithm 7.2.1 (Constructing the Interprocedural Flow Graph).
Let S be a flow graph system, and let {z1,...,25} be the set of external
variables occurring in S. Then, for every procedure call node n € NCS , do:

1. Replace n by a set of nodes containing for every identifier ¢ € callee(n)
a pair of new nodes, the call node nc(r) and the return node ng(t),
where ng (1) has the same set of predecessors as n but no successors,
and ng(¢) has the same set of successors as n but no predecessors.

2. Attach ng(c) with the assignment

(.flv"'7fq7217"'7Zr7v17"'7vu):: (tlw-'7tq7y17"'7y7“7/17"'7/1)
Zf L#GO
(fOla"'aqu?ZOl?'"7Z0’r'):: (tla"'atqayla"'ay’r')
otherwise

and ng(t) with the assignment

(.f17~-~7fq7217-~-7ZT7U17-~-7Uu):: (A77A) Zf [’#GO
(x1,...,2s}) = (4,...,4) otherwise

where ti,...,t; and yi,...,y, are the value and reference parameter
arguments of n, where fi,..., fg,21,...,%r,01,...,0, are the formal pa-
rameters and local variables of the called procedure ¢ for ¢ # G, where
fots---5 fogs 2015 - ., 20r are new identifiers, which are not occurring in
II, for 1 =Gy, and where “A” denotes the special value “undefined”.

3. For every identifier ¢ € callee(n), add an edge from ne (¢) to start(decl(1)),
and from end(decl(1)) to ng(c).

In the following, we denote the sets of call nodes and return nodes of N* by
N} and N, respectively. Moreover, we denote the sets of immediate interpro-
cedural predecessors and successors of n by pred*(n)=q4 {m|(m,n) € E*}
and succ*(n)=qr { m|(n,m) € E* }, respectively.

Figure 7.2 shows the interprocedural flow graph, which corresponds to the
flow graph system of Figure 7.1. For clarity, edges starting in nodes of N}
and N are displayed by dashed and dotted lines, respectively.
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Fig. 7.2. The interprocedural flow graph

7.2.1 Interprocedural Paths

The notion of a finite path introduced in Section 2.1.1 applies to interproce-
dural flow graphs as well. However, in contrast to the intraprocedural setting,
not every finite path of an interprocedural flow graph represents a valid exe-
cution. This is because of the special nature of procedure calls: for example,
in Figure 7.2 the path (1,3¢,9,10¢,5,7,8,10g) is possible, while the path
(1,3¢,9,10¢,5,7,8,6r) is not. This leads to the notion of interprocedural
(or interprocedurally valid) paths, which was originally introduced by Sharir
and Pnueli by means of an algorithmic definition (cf. [SP]). Below we present
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a definition in terms of words of context-free languages, which was also sug-
gested by Sharir and Pnueli, however, without giving details.

Definition 7.2.2 (Path Grammar and Path Language).
Let G* be an interprocedural flow graph.

1. The interprocedural path grammar G(G*) of G* is the triple (V, T, P),
where
a) V=g {Vi|n € N*} denotes the set of non-terminal symbols,
b) T=g N* the set of terminal symbols, and
¢) P=gy{Vo—nVy|n¢{eo,...,ex} A m € succ*(n)\N}}U
{ Vi—n Vmc(L) VmR(L) | meg) € succ” (n)ﬂN: } U
{Ve—el|ec{eg,...,er}} the set of context-free production
rules.
2. The path language induced by a node n € N*\N} is defined by:

Lo(G(GN=g{peT*|Tqe(VUD)". V, g A p is a prefiz of q}

Denoting the set of all finite paths from m to n in an interprocedural flow
graph G* by P[m,n], we can now define:

Definition 7.2.3 (Interprocedural Paths).
Let G* be an interprocedural flow graph.

1. A path p € Plm,n] is an interprocedural path of G* if and only if
p € Ln(9(G")).

2. IP[m,n] denotes the set of all interprocedural paths from m to n,
IP[m,n[ the set of all interprocedural paths from m to a predecessor
of m, and IP]m,n] the set of all interprocedural paths from a successor
of m to n.

3. An interprocedural path reaching the end node of G* is called terminat-
ing.

Additionally, we introduce the notion of matching call and return nodes,
which simplifies argumentations on interprocedural paths.

Definition 7.2.4 (Matching Call and Return Nodes).

Let G* be an interprocedural flow graph, and let p be an interprocedural path
of G*. Two occurrences of a call node and a return node on p are called to
match each other, if the corresponding occurrences of their non-terminals in
a deriwvation of a word q € L, (G(G*)), of which p is a prefix, result from
the same application of a production rule of G(G*).
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7.2.2 Complete Interprocedural Paths

In addition to interprocedural paths, we need the notion of complete in-
terprocedural paths, which are important for determining the semantics of
procedure calls. Complete interprocedural paths are interprocedural paths p
from start(fg(n)) to n, which are characterized by the fact that all procedure
calls occurring on p are completed by a subsequent return. This guarantees
that the occurrences of start(fg(n)) and n belong to the same procedure
incarnation.

Definition 7.2.5 (Complete Interprocedural Paths).

1. An interprocedural path p € IP[start(fg(n)),n] is called complete if it
possesses equally many occurrences of procedure call and return nodes:

[ {ilpie N} = [{ilpieN}|

2. CIP[start(fg(n)),n] and CIP[start(fg(n)),n| denote the set of all com-
plete interprocedural paths from start(fg(n)) to n, and from start(fg(n))
to a predecessor of n, respectively.

The following property of interprocedural paths expresses that the definition
above actually realizes the desired intention. Essentially, this is a consequence
of the form of the context-free production rules of G(G*).

Lemma 7.2.1. Let p € IP[m,n| be an interprocedural path, and let (p;, p;)
and (pi,pj) be two pairs of matching call and return nodes of p. Then the
integer intervals [i: j] and [i' : §'] are either disjoint or one is included in
the other.

Figure 7.3 illustrates the pattern stated in Lemma 7.2.1, where {(n¢,,ng,) |i €
{1,...,4} } are assumed to be pairs of matching call nodes and return nodes
of p € IP[m,n].

Fig. 7.3. Complete interprocedural paths

The following lemma characterizes another property of matching call and
return nodes, which can easily be proved, too.



106 7. The Interprocedural Setting

Lemma 7.2.2. Let s € {sq,...,si}, let p € IP[s,n] and let (p;,p;) be a
pair of matching call and return nodes. Then we have:

pli, j[€ CIP|start(callee(p;)), end(callee(p;))]

Remark 7.2.1. If the underlying program II consists of a single procedure 7
only, the flow graph system S and the interprocedural flow graph G* collapse
to the flow graph G of . In this case the interprocedural framework coincides
with the standard framework for intraprocedural optimization of Chapter 2.

Conventions. In the following we restrict our attention to programs of Prog,
which satisfy the sfmr-property. We recall that this property is decidable for
Prog [Kal]. In particular, it holds for all programs without static procedure
nesting or without formal procedure calls. Additionally, we assume that pro-
grams containing formal procedure calls have been analyzed by means of the
HO-DFA of Chapter 6. Thus, we have potential passability information for
it.

For every program IT satisfying this premise, we denote the flow graph
system and the interprocedural flow graph representing II by S and G*.
Without loss of generality we assume that every node n € N* lies on an
interprocedural path from s* to e*. We denote the call nodes and return
nodes of G* corresponding to a procedure call node n € N5 of S by nc(t)
and ng(t), respectively, where ¢ € callee(n). For ordinary procedure call
nodes n € N5, of S, we usually omit the explicit addition of ¢ because the
procedure called by n is uniquely determined. Conversely, for every call node
or return node n € N U N of G* we denote the corresponding procedure
call node of S by ng. Additionally, we identify the set N° of nodes of S
with the set N*\N} of nodes of G* in order to obtain an interpretation
independent notion of program point. In particular, we identify every node
n € N;?C with the set of nodes {nc(:)|¢ € callee(n)}. This allows us not
only concise notations, e.g.,

Vne NS Vpe U{IP[s*, nc(v) | ¢ € callee(n)}
can be abbreviated by
Vn e NJ Vp e IP[s*, 7],

it is also the key for handling backward analyses in our framework by forward
analyses simply by inverting the flow of control (cf. Section 8.7).

7.3 Interprocedural Program Optimization

In this section we can now extend the two-step approach of optimal in-
traprocedural program optimization to the interprocedural setting. As in the
intraprocedural case, we are interested in program transformations, which
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are provably optimal with respect to formal optimality criteria. The central
contribution of this section is to demonstrate that optimal interprocedural
program optimization can be organized by the same two-step approach as its
intraprocedural counterpart. In the first step, we fix a class of interprocedural
program transformations 7, and a formal optimality criterion O. In the sec-
ond step, we fix a transformation Tr,,: € 7, and prove that it is O-optimal.
Like intraprocedural optimizations, also interprocedural ones are usually de-
fined in terms of appropriate program properties ¢, whose validity must be
verified in order to perform the transformation 7r,, under consideration.
This is the task of interprocedural DFA (IDFA). As in the intraprocedural
setting, the program properties involved must be computed precisely (or at
least conservatively, i.e., safely, approximated) by the IDFA in order to guar-
antee that the transformation induced by its results is O-optimal. This leads
us to the notion of p-precise (p-correct) IDFA-algorithms.

In Section 7.3.1 we present the two-step scheme of optimal interprocedural
program optimization, and subsequently, we introduce in Section 7.3.2 the
notion of precise (correct) IDFA-algorithms.

7.3.1 Provably Optimal Interprocedural Program Transformations

Let S be a flow graph system, let 7 be a class of interprocedural program
transformations, let 7r € 7 be a transformation of 7, and let Sp. denote
the flow graph system resulting from the application of Tr to S. Additionally,
let Sr=qr{S}U{Sn|Tr € T} denote the set of all programs resulting
from a transformation of 7 extended by S itself. Following the lines of
Section 2.1.2, optimal interprocedural program optimization proceeds along
the following two-step procedure:

Step 1: Fix a class of interprocedural program transformations 7 and
a relation <7 C Sz x St.

Intuitively, the relation <7 compares the “quality” of transformations
Tr, Tr' € T. It is usually given by a quasi-order or a partial order, and
St. <7 S7.. can informally be read as “Tr is better than Tr’”. This
induces the interprocedural version of Q<. -optimality:

Definition 7.3.1 (O<,-Optimality).
A transformation Tr € T is O<,-optimal, if for all Tr' € T holds:
STT ST STT’

Step 2: Fix a transformation Tr,p € 7 and prove that it is O<., -
optimal.
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Note that the two-step scheme above evolves from its intraprocedural counter-
part just by replacing the flow graph G, which represents a single procedure
of the argument program I7, by the flow graph system S, which represents
all its procedures. This analogy can be continued. In particular, the inter-
procedural transformations Tr € 7 are also typically defined in terms of a
set of program properties @, where every ¢ € @ is a pair (N-p , X-¢ ) of
functions from the set of nodes of S to the set of Boolean truth values B,
ie.,

N-¢p ,X-p :N° =B

Though in the interprocedural setting the definition of a property ¢ is usu-
ally more complex than in the intraprocedural setting because the effects of
procedure calls must be taken into account, the underlying intuition is the
same: N-p (n) and X-p (n), n € N°, indicate whether ¢ holds at the entry
and at the exit of the argument node n, respectively.

Finally, it is worth noting that proving the O« -optimality of an inter-
procedural transformation Try, € 7 does not rely on the algorithms used
for computing the program properties involved in Trgp. In fact, this can
separately be proved, which structures and simplifies the overall proof like in
the intraprocedural case by decomposing it into two independent steps.

7.3.2 Provably Precise Interprocedural Data Flow Analyses

In the context of our two-step approach for optimal interprocedural pro-
gram optimization the task of IDFA is to compute the program properties
¢, which are involved in the program transformation Tr,y. As in the in-
traprocedural case, this requires static analyses of S, which are performed by
IDFA-algorithms computing the sets of program points enjoying the program
properties . This leads directly to the notions of correctness and precision
of an IDFA-algorithm. Intuitively, an IDFA-algorithm is ¢-correct, if it com-
putes a subset of nodes of S enjoying ¢, and it is @-precise, if it computes
this set precisely.! Once the IDFA-algorithms have been proved precise for
the program properties involved in Tr,p, it is usually easy to perform the
transformation itself, and the program resulting from this transformation
is guaranteed to be O<,-optimal.? In the following chapter we will show,
how to construct correct and precise IDFA-algorithms. Central will be the
stack-based framework for interprocedural abstract interpretation of [KS1].

! p-correctness and @-precision are formally defined in Section 8.6.
2 ¢-correctness is usually not sufficient to draw this conclusion.
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In this chapter we extend the theory of abstract interpretation interprocedu-
rally. The point of this extension, which proceeds essentially along the lines
of [KS1], is to mimic the operational behaviour of run-time systems of Algol-
like programming languages. Central is the introduction of data flow analysis
stacks (DFA-stacks) and return functions. DFA-stacks can be considered the
compile-time equivalent of run-time stacks of run-time systems. While the
DFA-information of interest is encoded as intraprocedurally by the elements
of a lattice, the local semantic functions defining the abstract semantics of
elementary statements are enhanced. Interprocedurally, they work on DFA-
stacks composed of lattice elements instead of lattice elements only. Return
functions, finally, mimic the effect of a return from a (recursive) procedure
call on the run-time stack. In comparison to the presentation of [KKS1], the de-
velopment is enhanced in order to handle formal procedure calls and external
procedures.

8.1 Data Flow Analysis Stacks

Considering a program with recursive procedures and local variables it is im-
portant to note that there are potentially infinitely many copies of the local
variables at run-time. In fact, every procedure call occurring in a run-time
execution causes the creation of a new copy of the local variables of the pro-
cedure called, which are removed after finishing the call. Finishing a recursive
call it is important that the local variables of the enclosing, but not yet fin-
ished procedure call of the same procedure become valid (“visible”) again.
Technically, a run-time system achieves this by maintaining a run-time stack
recording the part of the history which will become relevant after returning
from nested procedure calls. These effects must properly be modeled by an
interprocedural abstract interpretation. In essence, this requires to work on
stacks composed of lattice elements instead of the lattice elements only, which
are assumed to represent the DFA-information of interest. This gives rise to
introduce the set of DFA-stacks STACK as the compile-time equivalent of
run-time stacks. STACK is the set of all non-empty stacks with entries of
C. Like run-time stacks, DFA-stacks record the part of the history which will
become relevant after returning from nested procedure calls. They directly

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 109-140, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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reflect the nesting of procedure incarnations according to the current call
sequence. We remark that DFA-stacks can be manipulated by means of the
typical stack-operations:!

1. newstack : C — STACK

2. push : STACK x C — STACK
3. pop : STACK — STACK

4. top : STACK —C

Intuitively, newstack(c) creates a new stack with single entry ¢, push puts a
new entry on top of the argument stack, pop removes the top entry, and top
delivers the content of the top entry, while not affecting the argument stack.?
Thus, only the top entries of the stacks can be affected by these operations.
As we will see below, this is sufficient for our purposes.

As indicated above, DFA-stacks are an abstract version of the run-time
stacks of run-time systems, which are used for maintaining the activation
records of different procedure incarnations. Intuitively, the top entry of a
DFA-stack contains the data flow information corresponding to the currently
valid activation record,® while the data flow informations of the remaining
stack entries correspond to activation records of preceding but not yet finished
procedure calls. In contrast to a concrete run-time stack, however, whose en-
tries are organized by means of static and dynamic link chains, and where
variables being global for the currently activated procedure are accessed by
means of the static link chain, the entries of a DFA-stack are assumed to
contain all the information concerning the current procedure incarnation,
i.e., also the information related to global variables. The usual static and
dynamic link chains are just a technical means for enhancing the efficiency of
run-time systems. In our abstract framework DFA-stacks of potentially un-
limited size occur only in the interprocedural meet over all paths approach.
This approach, however, is only conceptually important in order to define
the specifying solution of an IDFA-problem. In the practically relevant in-
terprocedural maximal fixed point approach only DFA-stacks of at most two
entries arise (cf. Remark 8.3.1). This allows us to omit modeling link chains.
Moreover, this also allows us to work with local semantic functions, which
only affect the top entries of DFA-stacks.

1A definition of (DFA-) stacks in terms of an abstract data type can be found e.g.
in [Gu].

2 The operation newstack instead of the usual emptystack : — STACK is consid-
ered here in order to exclude empty stacks, which are irrelevant in our framework.

3 Therefore, we are never dealing with empty stacks.
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8.2 Local Abstract Semantics

Basically, the local abstract semantics of an interprocedural flow graph G*
is given by a local semantic functional

[1:N*—(C—C)

as in the intraprocedural case. It gives meaning to every node n of G* in
terms of a transformation on C. Without loss of generality we assume that
every node n € {start(G),end(G)| G € S} is associated with the iden-
tity on C, i.e., [[n]]/:ldc. Moreover, we assume that the node ng of Gy
representing the fictitious procedure my of the underlying program I, is
associated with the least element of the set of functions on C, denoted by
[C—C], ie., [no ]]/:J—[c—w}, where Ljc—cj(c)=ar L for all ¢ € C. In-
tuitively, this means that we do not assume anything about the external
procedures occurring in the environment of I7. Note that the effects of vari-
able aliasing caused by reference parameters are not explicitly treated at this
stage. At the current level of detail, they are encoded in the semantic func-
tions defined above. They must be made explicit only, when considering a
concrete application (cf. [KRS4]).

Next we define a second semantic functional, which works on DFA-stacks.
It is induced by a lattice C, a local semantic functional [ ], and a return
functional R : N — (C x C — C), which is described below, and, intuitively,
models the effect of returning from a procedure call:

[T : N*— (STACK — STACK)
This functional is defined as follows:

Vn € N* Vstk € STACK.[n]" (stk)=q

push( pop(stk), [n] (top(stk))) if n e N*\(NIUN))
push(stk, [n] (top(stk))) if ne N»
Pl Cpoppoptath). RO optpop(st), [ p(s) )

if ne N}

The intuition behind its definition is as follows:

The execution of an ordinary statement (i.e., n € N*\(N U N})) affects
only the currently valid activation record. Thus, it can be modeled by sim-
ply modifying the top entry of the stack representing the current data flow
information.

A procedure call (i.e., n € NF) requires the generation of a new activation
record. This is reflected by pushing a new element on the top of the stack,
which results from modifying the top entry of the stack according to the
parameter transfer.

The treatment of return statements (i.e., n € N;*) demonstrates the ne-
cessity of introducing stacks into the framework. Returning from a procedure
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call (i.e., n € N}) requires to remove the activation record belonging to
the called procedure and to reactivate its predecessor. Thereby the following
observation is important. The effect of a (directly) recursive procedure to
a global variable needs to be maintained, whereas the local variables must
be reset to their values at call time. Thus we need to consider the data
flow information valid immediately before entering the procedure (available
in top(pop(stk))), as well as the information valid after executing its body
(available in [n]'(top(stk))), in order to compute the data flow informa-
tion that is valid after returning from the called procedure. The function
R(n) : CxC — C models this computation. Thus, popping the top entry of
the stack and replacing the subsequent entry by

R(n)( top(pop(stk)), [n]'(top(stk)))

reflects the whole process of completing a procedure call. Note that the func-
tions [n]" for nodes n € N; are only defined for stacks with at least two
components. This fact is automatically taken care of in any reasonable anal-
ysis context.

8.2.1 The Structure of the Semantic Functions

Let F=45 [ STACK — STACK ] denote the set of all functions from STACK
to STACK, let STACK > denote the set of all DFA-stacks with at least two
entries, and let

Fo=aqr { f € F|Vstk € STACK. pop(f(stk))=pop(stk) }
Fe=ar { [ € F|Vstk € STACK. pop(f(stk))= stk }

Fr=ar { [ € F|Vstk € STACK >4. pop(f(stk))=pop(pop(stk)) }

Then we have:

Lemma 8.2.1.

1. Vne N*\(N*UN}). [n]" € Fo
2.VneN: [n]" € Fo
3. VneN: [n]" € Fr

Intuitively, this means that the semantic function of an ordinary statement
only affects the top entry of the argument stack, that the semantic function
of a call statement adds a new top entry to the argument stack, and that a
return statement replaces the upper two entries of the argument stack by a
new component. As a consequence we have the following lemma.

Lemma 8.2.2. Vf.€Fr Vf,, fleFo Vf.€Fc. foofl, frofoofc€
Fo
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Next we introduce derived notions of monotonicity and distributivity for
functions on stacks. They are required for the formal development of our
framework, and are based on the “significant part” of a function of Fp, F¢
and Fg. Given a function f € FoU FcU Fr, its significant part fs, is defined
according to the following two cases:

— f € FoUFc: then fs:C—C is defined by:

Fo(e)=ar top(f (newstack(c))
— f € Fgr: then fo:C xC—C is defined by:*

fs(e1, ca)=as top(f(push(newstack(c1), c2)))
Now we can define:

Definition 8.2.1 (S-Monotonicity, S-Distributivity).
A function f € FoUFcUFg is called

1. s-monotonic if and only if fs is monotonic
2. s-distributive if and only if fs is distributive

Intuitively, the significant part of a local semantic function [n]" is given by
the underlying basic local semantic function [n ], and, in case of a return
node, by the return function R(n). Thus, we have:

Lemma 8.2.3. For all n € N* we have that [n]" is s-monotonic (s-
distributive) if

ne€ N : [n] and R(n) are monotonic (distributive)

ng Nt : [n] is monotonic (distributive)

This lemma is important because it shows that the effort for checking the
premises of the Interprocedural Correctness Theorem 8.4.1 and the Inter-
procedural Coincidence Theorem 8.4.2 is comparable to the effort necessary
for checking the premises of their intraprocedural counterparts (cf. Section
2.2.4). In fact, only the return functions R(n), n € N}, must additionally
be investigated.

Conventions. In the following we consider s-monotonicity and s-distributi-
vity generalizations of the usual monotonicity and distributivity by identi-
fying lattice elements with their unique representations as one-entry stacks.
Moreover, we extend the meet operation [ 1 to work on stacks in the following
way:

VSTK C STACK. '1STK =4 newstack(l {top(stk)|stk € STK})

Thus, the meet over a set of stacks is the one-entry stack containing the meet
of all the top entries in its single entry.

4 Note that C x C is a lattice, whenever C is.
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8.3 Global Abstract Semantics

The global abstract semantics of an interprocedural flow graph G* and its
underlying flow graph system S results from the interprocedural extensions
of the meet over all paths approach and the maximal fixed point approach,
respectively.

8.3.1 The Interprocedural Meet Over All Paths Approach

Like its intraprocedural counterpart, the interprocedural meet over all paths
(IMOP) solution records the effect of all possible program executions reaching
a particular program point. To this end the local abstract semantics [ ]

must be extended to cover finite interprocedural paths. For every path p €
IP[m,n], we define [p]* : STACK — STACK by

[[ ]]*7 IdsTack if p=e¢
P =y [p[2, Ap] ["o[p1]" otherwise

Considering an interprocedural path p € IP[s*,n] and a DFA-stack stk €
STACK, it is important to note that the data flow information, which is rel-
evant for node n after executing p, is given by the element top([p]*(stk)).
In fact, all other entries of [p]*(stk) correspond to activation records which
are invisible after p. Identifying one-entry stacks with the content of their sin-

gle entry, the interprocedural meet over all paths solution is formally defined
by:®

Definition 8.3.1 (The IMOP-Solution).
Given an interprocedural flow graph G*, a complete semi-lattice C, a local
abstract semantics [ ]', and a return functional R, the IMOP-solution is
defined by:°

Ves € C Vo€ N* . IMOP ([ §+ ) (n)

=af N-IMOP ([ 1+ .y (n), X—IMOP([[ ]]*705)(71) )
where
N-IMOP({ - c.\(m)=sy T1{ [ p]" (newstack(c.)) | pIP[s",n[}
X-IMOP( 1 .y (n)=as T 1{ [ p ] (newstack(cs)) | peIP[s*,n] }

Identifying a node n € NY with the set of nodes {nc(:) |t € callee(n) },
Definition 8.3.1 yields:

N-[MOP([[ ]]*’Clsll(n)

=ar | [ p]"(newstack(cs)) | peIP[s*, nc(t)| A L€ callee(n) }

5 As in the intraprocedural case, “N” and “X” stand for entry and exit of a node

n.
% Recall that C, [ ]’, and R induce the local semantic functional [ ]*.
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X—IMOP([[ Il*’cls_ll(n) .
=4 | {[p] (newstack(cs)) | peIP[s*,nc(t)] A L€ callee(n) }

This is important for nodes of N?c, particularly, when dealing with back-
ward analyses, which are treated essentially by inverting the flow of control
in our framework (cf. Section 8.7).

8.3.2 The Interprocedural Maximal Fixed Point Approach

In contrast to a flow graph of Chapter 2, which represents a single procedure
without procedure calls, a flow graph system, which represents a complete
program with procedures and procedure calls, needs a preprocess for de-
termining the meaning of call nodes in terms of the meaning of the called
procedures. This requires the introduction of an auxiliary semantic functional
[ T, which gives meaning to whole flow graphs. Intuitively, [[n] transforms
data flow information, which is assumed to be valid at the entry of the pro-
cedure containing n, into the corresponding data flow information, which
is valid before an execution of n. The function [e;] is then the meaning
function of the i-th procedure.” Formally, the full preprocess for determining
the meaning [n] of call nodes n € N is characterized by:

Definition 8.3.2 (Global Semantics of Flow Graphs).
I7:N°—(STACK — STACK) and [ ]:N° — (STACK — STACK) are

defined as the greatest solution of the equation system given by:

[[[n]]]{ Il_cliSTACK ifne{so,...,sk}
{ImJolm]|m € predsym)(n)}  otherwise
and
01 ={ Bl : if n € NEANG
[nr(t)] oend(t)Jo[nc(e)]” | t€callee(n) } otherwise

where IdsTackx denotes the identity on STACK, and [ the “component-
wise” meet operation on Fo.8

Intuitively, the semantics of a procedure call node n € N? is the meet over
the effects of all procedures in callee(n). For a single procedure ¢ € callee(n)
the effect of calling ¢ is computed in three steps, which reflect the three
phases of executing ¢

" Recall that [e;]'=4r Idc. Thus, we have: [e;]Jo[e;]=[e:]-

8Yf, f € Fo.ff =a f € Fo withV stk € STACK .top(f" (stk)) = top(f(stk))N
top(f’'(stk)). As usual, “r” induces an inclusion relation “C"” on Fo by: f C f
i Ff = f.
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— Entering the called procedure: [nc(t)]" creates a new activation record
by transforming the content of the top entry of the stack according to the
semantics of the call node and by pushing it onto the stack. — Usually, the
semantics of call nodes reflects the parameter transfer.

— Evaluating the call: [ end(t)]] computes the effect of the procedure body.
Note that this affects the top entry of the argument stack only.

— Leaving the called procedure: [ng(t)]* removes the activation record of
the current procedure call by popping the top entry from the stack, and
replacing its subsequent entry by the data flow information representing
the effect of the procedure call relatively to its call site.

Applying Lemma 8.2.2, we obtain:
Lemma 8.3.1. VneN* [n], [n]€Fo

After fixing the meaning of call nodes, the functional | ] plays essentially
the same role as the local (abstract) semantic functional of Section 2.2.3.
Formally, the interprocedural maximal fixed point approach is characterized
by Equation System 8.3.3. Similar to its intraprocedural counterpart, this
approach labels every node n of N° with a pre-information pre(n) and a
post-information post(n), whose top entries are the greatest solution of this
equation system with respect to a start information cs € C.

Equation System 8.3.3.

newstack(cs) if n =8
oreny — 4 THImo(g(m) " (pre(m) |
m € caller(fg(n))} if n € {so,82,...,8k}

[1{post(m)|m € predy,)(n)} otherwise

post(n) = [n](pre(n))

Identifying stacks with a single entry only with the content of this entry, and
denoting the greatest solution of Equation System 8.3.3 with respect to the
start information ¢s by pre. and post, , respectively, we define analogously
to the intraprocedural case: '

Definition 8.3.4 (The IMFP-Solution).
Given a flow graph system S, a complete semi-lattice C, a local abstract
semantics [ ', and a return functional R, the IMFP-solution is defined by:°
Ves €CVne NS,
IMFE( 1 ey (n) =ar (N-IMFP([ - ) (n), X-IMFF( 1 c,)(n))
where
N—IMFP([[ 1%.ce) (n):df pre., (n) and X—IMFP([[ ]]*,cs)(n):df pOStCS (n)

9 Recall that C, [ ], and R induce the local semantic functional [ ]*.
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Remark 8.5.1 (Limited Stack Size in the IMFP-Approach).

Equation System 8.3.3 shows that the IMFP-solution is based on a one-
entry stack attached to the start node s; of the argument program. This is
important because together with Lemma 8.3.1, this guarantees that all stacks
occurring during the iterative computation of the IMFP-solution have at
most two entries (cf. Algorithm 8.5.2). This allows us to prove termination in
the usual way. It also dramatically contrasts the IMOP-approach defining the
specifying solution of an IDFA-problem. The size of DFA-stacks contributing
to the IMOP-solution is not limited in general.

In analogy to the intraprocedural case, we consider the IMOP-approach as a
means for the direct specification of an IDFA, and the IMFP-approach as its
algorithmic realization. Consequently, this rises the questions of correctness
and precision, which are answered by means of the Interprocedural Correct-
ness Theorem 8.4.1 and the Interprocedural Coincidence Theorem 8.4.2.

8.4 IMOP-Correctness and IMOP-Precision

In this section we present the interprocedural versions of the Correctness and
the Coincidence Theorem 2.2.1 and 2.2.2. In analogy to their intraprocedural
counterparts, the Interprocedural Correctness Theorem 8.4.1 and the Inter-
procedural Coincidence Theorem 8.4.2 give sufficient conditions for the cor-
rectness and the precision of the IMFP-solution with respect to the IMOP-
solution, respectively. Central for proving these theorems is the Main Lemma
8.4.3, which is presented in the following section.

8.4.1 The Main Lemma

Throughout this section we assume that the semantic functions [ |*, n € N*,
are s-monotonic or s-distributive. Obviously, the composition and the meet of
s-monotonic (s-distributive) functions is again s-monotonic (s-distributive).
Thus we have:

Lemma 8.4.1. The semantic functions [n] and [n], n € N9, are s-
monotonic (s-distributive) iff the semantic functions [m]*, m € N*, are
s-monotonic (s-distributive).

Next we define for every node n of G* amapping imop,, : STACK — STACK
by

imon. — IdsTack if ne {SS,...,SZ}
Pn=df [{[p]"|p € CIP[start(fg(n)),n]} otherwise
We have:

Lemma 8.4.2. For all n € N, we have, if the semantic functions [m]",
m € N*, are
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1. s-monotonic: [n] E imop,,
2. s-distributive: [[n] = imop,

Proof.  The first part of Lemma 8.4.2, [n] C imop,, is an immediate
consequence of the formula

(x) VneN%Vpe CIP[start(fg(n)),n[. [n] C [p]"

which we prove by induction on the length k of path p. Paths of length 0
only reach nodes in {sg,si,...,s;} for which (x) is trivial. Moreover, paths
of length 0 are the only complete interprocedural paths ending in a node
s € {so,s1,...,8}. Thus, let n € N%\{sq,s1,...,s¢} such that there is a
path p € CIP[start(fg(n)),n[ with 0 < A, < k. Then we must show

[p]" 2 [n]

under the induction hypothesis

(IH) Vm € N° (Vq € CIP[start(fg(m)),m[. 0 < X\, <k). [q]" 2 [m]
Let m € pred*(n) and p’ € IP[start(fg(n)), m[ such that p=p';(m). If m €
N*\(NfUN), we have m ¢ NJ, and p’ € CIP[start(fg(n)), m[. Therefore,
we obtain as desired:

* *

o

[r]
(m ¢ N7)

(TH, s-monotonicity)

(Definition 8.3.2 and n ¢ {so,S1,...,Sk})

On the other hand, m € N} cannot occur because this would imply n €
{s0,81,...,8k} in contradiction to the choice of n. Thus we are left with the
case m € N;, which is problematic because here m is not the predecessor of
n in N¥, rather it is the return node mz(:) for some node m € predy,(,)(n)
with ¢ € callee(m). This situation, which does not allow the direct application
of the induction hypothesis, can be pictured as follows:

m] o [p' ]
m]o[p' ]’
m]ofm]

I
Jo
Jo
I

Iy
== T |

G* S
TN
] |
mc(b)|:| J: I——'—| start (L) m
T : » ‘
m=rmmpg(t) . :L I:| end ()

Figure 8.4.1.
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Identifying in the situation of Figure 8.4.1 the nodes mc(t) and m and
considering the decomposition of path p with

p = p;(mc(v)); (start(r)), ..., end()); (Mr(1))
we obtain by means of Lemma 7.2.2

P € CIP[start(fg(n)), m|

and
(start(t),...,end(r)) € CIP[start(c), end(t)]

The first inclusion can therefore be completed by:'°

Ip]” = [[’ﬁLR(L)]]IO[[(Sta’l‘t(l,),...,end(b)*) ]]*o[[iﬁc(L)]]*o[[ﬁ]]*
(IH, smon.) 3 [mgr()] ofend(t)Jo[mc(t)] o[P]

(Def. 8.3.2) 23 [m]o[p]”

(IH, ssmon.) I [m]om]

(Def. 832) 2 [n]

In order to prove the second part of Lemma 8.4.2, we anticipate Algorithm
8.5.1 and Theorem 8.5.1. This, however, does not cause any subleties as they
are independent of the results of Section 8.4. The second part of Lemma 8.4.2,
[n] 3 imop,, is then a consequence of

(+%) Vk>0VYne N2 (1)imop, C gtr*[n] and (2) [n] C Itrf[n]

which is proved by (simultaneous) induction on the number k of times the
while-loop in Algorithm 8.5.1 is executed.!?

The induction base is an immediate consequence of the initialization part
of the algorithm. Thus let k>0, and let us consider the k-th iteration of the
while-loop under the induction hypothesis (IH) that (xx) holds before the k-
th execution of the while-loop. To show (1), we only need to consider the node
n € N°, which belongs to the workset entry (n, f) being processed in the
k-th iteration because the gtr-information associated with all the other nodes
remains unchanged in this iteration and therefore satisfies (x%) according to

(IH).
If n=s€e{so,...,s;}, we have f=Idsrack, since
{ (s, Idstack)|s€ {so,...,sk} }
is initially a subset of the workset and nodes in {sg,...,sk } are never added

again to the workset. Thus, we have as desired
imop, = Idsrack = gtr*[s]

10 Remember that [ end(e) | = Idstack.
' We remark that ltr*[n] and gtr®[n] denote the values of ltr[n] and gtr[n] after
the k-th execution of the while-loop of Algorithm 8.5.1, respectively.
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This leaves us with the case n € N¥\{so,...,s;}. Thus there exists m € N*
and k>1[ > 0 such that the pair

(n.f) = (n,ltr'[m] o gtr'[m])

was added in the [-th iteration to the workset.!? This allows us to deduce
imop,, C f by investigating the following two cases:

Case 1. m ¢ N?
Here we have:

imop,, = [H[p]"|p e CIP[start(fg(n)),n]}

(m ¢ N7) C TH[m] o[p]"|p € CIP[start(fg(n)),m[}
(s-distributivity) = [m] ol H[p]"|p€ CIP[start(fg(n)), m[}
(Def. imop,,) = [m]* oimop,,

(IH, s-monotonicity) T  [m]" o gtr![m]

(m ¢ NZ) = lr'[m]ogtr'm] = f

Case 2. m € NJ
In this case we obtain by means of the s-distributivity and the s-monotonicity:'3

[ [p]"|p € CIP[start(fg(n)),n[ }

imop,, =
(m € N?) C TH{Imr@ 1"l 1"o[me@ ] o [p]
| ¢ € callee(m),p’ € CIP[start(c), end(r)],
p € CIP[start(fg(m)), m[}
(IH) C [ [mgr()] o gtr'[end(s)] o [mec(r) ] o gtri[m]
|t € callee(m) }
(Prop. 8.5.1(3)) = ltr'[m]ogtrlm] = f

Thus, in both cases we uniformly have imop,, C f. Together with the induc-
tion hypothesis this yields inclusion

(1) imop,, T gtr*=t[n]n f = gtr¥[n).

Also the remaining inclusion
(2) [»'] C ¥, n’ e N®

requires the investigation of two cases depending on the nature of the node
n € N¥ being processed in the k-th iteration.

Case 1. n ¢ {eo,...,er}. This guarantees that ltr remains unchanged in
the k-th iteration of the while-loop. Thus [n'] T itr*[n/], n' € N5, is a
direct consequence of the induction hypothesis.

12 1 =0 means that (n,f) was added during the initialization of the workset.
3 Recall that [e] = Idstack for all nodes e € {eo,...,ex}.
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Case 2. n € {eg,...,ex}. In this case we have
il = { 1 Ly ()] o gt nlo e (fg () 173t 1 € catler(fg(n)
ItrE =1 1] otherwise

Thus [n'] C itr*[n'] is a direct consequence of the previously proved inclu-
sion imop,, C gtr¥[n], Definition 8.3.2, and the induction hypothesis.

O
By means of Lemma 8.4.2 we can now prove the Main Lemma 8.4.3, which
is central for proving the Interprocedural Correctness Theorem 8.4.1 and the
Interprocedural Coincidence Theorem 8.4.2 (cf. Section 8.4.2 and 8.4.3). In
fact, by means of the Main Lemma 8.4.3 their proofs proceed straightforward
almost as in the intraprocedural case (cf. [Kil, Ki2]).

Lemma 8.4.3 (The Main Lemma).
For all n € N3, we have, if the semantic functions [m]*, me N*, are

[H{[p]" |t € callee(n), p € CIP[nc(1), (L)]}}

1. s-monotonic: [n] nRr
TH{[p]" |t € callee(n), p € CIP[nc (1), ngr(t)]

2. s-distributive: [n]

1M

Proof. Let n € N¥. The first part of Lemma 8.4.3 follows from the subse-
quent sequence of inequations:

T [p]" |t € callee(n), p € CIP[nc(1),nr(t)] }
T [p] | peCIPnc(t),nr()] } |t € callee(n) }

(s-mon.) Q_ T [nr(1)] ol { [p]"| pe CIP|[start (1), en|d(L)] }3£[n?<3)}ﬂ*
L € caltee(n

(L.8.4.2(1)) I TH[nr()] oend(t)]o[nc()]" |t € callee(n)}

(Def. 8.3.2) = [n]

The second part of Lemma 8.4.3 can be proved analogously:

TH{Ip]" | L*E callee(n), p € CIP[nc(t),ng(t)] }

T [p]"|peCIPnc(t),nr(:)] } |t € callee(n) }

(s-distr.) = [ [nr()] ol I [p]"| p€ CIP[start(.), 67Ld|([,)] }og[zzc((L;]]}*
L € callee(n

(L.8.4.2(2) = TH[nr()] oend(t)]o[nc()]" |t € callee(n)}

(Def. 8.3.2) [n]

8.4.2 The Interprocedural Correctness Theorem

Similar to its intraprocedural counterpart, the IMFP-solution is a correct ap-
proximation of the IMOP-solution, whenever all the local abstract semantic
functions are s-monotonic:
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Theorem 8.4.1 (Interprocedural Corrrectness Theorem).

Given a flow graph system S={(Go,G1,...,Gk) and its derived interproce-
dural flow graph G*=(N*,E* s* e*), the IMFP-solution is a correct ap-
prozimation of the IMOP-solution, i.e.,

Ve, €CYn € N5 IMFP ([ .y (n) C IMOP ( 1+ . (n)

if all the semantic functions [n]*, n € N*, are s-monotonic.

Proof. In order to prove Theorem 8.4.1, it is sufficient to prove for all ¢; € C
and n € N¥ the inclusion

N—IMFP([[ ]]*705)(71) C N—IMOP([[ ]]*,cs)(n) (8.1)
because the validity of the second inclusion

follows immediately from (8.1), Definition 8.3.2, Equation System 8.3.3, and
the Main Lemma 8.4.3(1).

Throughout the proof we abbreviate N-IMFP [ 1+ .,) by N-IMFP.,, and
prove (8.1) by equivalently showing for all ¢, € C:

(¥) VneNSVpclIP[s*,n[l. N-IMFP. (n) C [p]*(newstack(cs))

Formula () is now proved by induction on the length k of path p. The case
k = 0 follows from the sequence of equations

[p]" (newstack(cs)) = [e]" (newstack(cs)) = newstack(cs) = pre,_(s1)
Hence, let £>0 and assume that (x) holds for all paths ¢ with A\, <k, i.e.,
(IH) VneNSVqeIP[s*,n[.0 <\, <k)N-IMFP,_(n)C [q]" (newstack(cs))

Now, given a node n € N, it is sufficient to show for each path p € IP[s*,n|
with A, =k:
N-IMFP. (n) C [p]" (newstack(cs))

Without loss of generality, we can thus assume that there is such a path p,
which obviously can be rewritten as p=p’;(m) for some m € pred*(n) and
p’ € IP[s*, m[. Moreover, for m ¢ N we have by induction hypothesis

N-IMFP. (m) C [p']" (newstack(cs))

We are now left with the investigation of three cases in order to complete the
proof of formula (x).

Case 1. m € N*\(N UN})
In this case we succeed straightforward by considering the following inclusions
resulting from Equation System 8.3.3:
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N-IMFP,._(n) = [1{post, (D) |1 € predgymy(n) }
(m e predfg(n)( n) T post, (m)
(m ¢ NZ) = [m] (N-IMFP (m))
(IH, s- monoton1c1ty) C [m] (2] (newstack(cs)))
(p=p;(m)) = [p]"(newstack(c,))
Case 2. m € N}
In this case we have n € {so,...,sx}, and the existence of a node m € N?

corresponding to m=mc(fg(n)) in S. Thus we obtain as above:

N-IMFP,(n) = T [ic(fy(n) ["(pre. (1) |1 € caller(fg(n))}
(m & caller(fg(n)) & [mc(fg(n)) ] (pre, (m))

= [mo(fa(n) | (N-IVFP,, (m)
(TH, s-monotonicity) C [[mc*( g(n)) ] ([ 1" (newstack(cs)))
(p=p';(m)) = [p] (newstack(c))

Case 3. m € N
Here, there exists a predecessor m € NCS of n in S corresponding to m,
i.e., mg(fg(m))=m. Considering now the following decomposition of path p

p = p; (mo(fg(m)); (start(fg(m)), ..., end(fg(m))); (mr(fg(m)))
and identifying m and mc(fg(m)), the induction hypothesis yields:*
N-IMFP,, (e (fg(m))) T [5]" (newstack(c,))
Thus, together with Equation System 8.3.3 we obtain as desired:

N-IMFP._(n) [{post._ (1) |1 € predyym)(n) }

(m € predgyuy(n)) T post, (m)
= [ [(N-IMEP,, (mc (fg(m)
(IH, s-monot.) C [[ﬁl]]([[ﬁj newstack(cs)))
(M.L. 8.4.3(1)) C THPT([p] (newstack(cs)))|
v’ € CIP[mc(fg(m)), mr(fg(m))]}
(omnn722) € [mnllge) (1 ear(s(m), ... cndls(m)

([m NI (T (newstack(c.))))

This completes the proof of the Intraprocedural Correctness Theorem 8.4.1.
O

8.4.3 The Interprocedural Coincidence Theorem

Like its intraprocedural counterpart, the IMFP-solution is precise for the
IMOP-solution, whenever the local abstract semantic functions are s-distribu-

tive:

1 The situation is illustrated in Figure 8.4.1.
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Theorem 8.4.2 (Interprocedural Coincidence Theorem).

Given a flow graph system S={(Go,G1,...,Gk) and its derived interproce-
dural flow graph G* = (N*, E* s* e*), the IMFP-solution is precise for the
IMOP-solution, i.e.,

Ves € C Ve NS IMEP ([ - .y (n) = IMOP ([ - .\ (n)

if all the semantic functions [n]", n € N*, are s-distributive.

Proof. The first inclusion, “ C 7, is a consequence of the Interprocedural
Correctness Theorem 8.4.1. In order to prove the second inclusion, “ 37, we
have to show for all ¢, € C and n € N° the following two inclusions:

X-IMFP([[ ﬂ*’cs)(n) | X—IMOP([[ ]]*’CS)(TL) (84)

In order to prove (8.3) and (8.4) we anticipate Algorithm 8.5.2 and Theo-
rem 8.5.2. This does not cause any problems because they do not rely on
the results of Section 8.4. Moreover, we abbreviate N-IMOP ([} ..) and
X-IMOP [ 1+ c,y(n) throughout the proof by N-IMOP., and X-IMOP., in
order to simplify the notation. Now (8.3) and (8.4) will be proved by proving
by induction on k the equivalent formulas:'®

Vk>0VYne NS N-IMOP. (n) C pre*[n] (8.5)
Vk>0VYne NS X-IMOP. (n) C postt[n] (8.6)

Actually, it is even sufficient to prove (8.5) because of the following two facts.
First, for every node n € N we have:

X-IMOP, (n)
= [H[p]" (newstack(c,))|p € IP[s*,n] }
I ][ p] (newstack(c,))) |p € TP[s*, n[}
= [n](THIpI" (newstack(cs)) |p € IP[s", n[})
= [n](N-IMOP.,(n))

Second, an investigation of Algorithm 8.5.2 yields:

(Definition 8.3.1

(Def. 8.3.2, M.L.8.4.3(2)
(Lemma 8.4.1
(Definition 8.3.1

)
)
)
)

Vk>0VYne NS post*[n]=[n](pre*[n])

Combining these facts with the distributivity of the local semantic functions,
(8.5) implies (8.6) as desired.

15 We remark that pre®[n] and post*[n] denote the values of pre[n] and post[n]
after the k-th execution of the while-loop of Algorithm 8.5.2, respectively.
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In the proof of (8.5) the case k = 0 is trivial according to the initial-
ization of pre[n], n € N, with newstack(T). Thus let k>0, and let us
consider the k-th iteration of the while-loop under the induction hypothesis
(IH) that (8.5) holds before the k-th execution of the while-loop. Then we
only need to consider the node n € N¥, which belongs to the workset en-
try (n, stk) which is processed in the k-th iteration because the information
associated with all the other nodes remains unchanged in this iteration and
therefore satisfies (8.5) according to the induction hypothesis (IH). If n=s;,
we have stk = newstack(cs), since (s, newstack(cs)) is initially contained in
the workset, and s; occurs only once in the workset. In this case we obtain

N-IMOP. (s*) C [e]"(newstack(cs)) = newstack(cs) = pre[s]

This leaves us with the case n € N¥\{s;}, which yields the existence of a
node m € N, whose execution in the I-th iteration caused (n,stk) to be
added to the workset. Thus we have:'6

_ [ Imc(fgn) 1" (pre'lm]) if n € {so,s2,....s1}
sth = { [m](pret[m]) otherwise

Now the inclusion N-IMOP. (n) T stk is proved by investigating three
cases:

Case 1. m € predy(,)(n)\NJ
Here we succeed straightforward:

N-IMOP.,(n) = [H[p]" (newstack(cs))|p € IP[s*,n[}

(m € predy(y(n)\N2) T [K[m]"([p]" (newstack(cs)))|p € IP[s*, m[}
(s-distributivity) = [m] T H[p] (newstack(cs))|p € TP[s*, m[})
(Definition of N-IMOP) = [m]"(N-IMOP._(m))

(m ¢ N7) = [m](N-IMOP, ()

(TH, s-monotonicity) C [m](prelm]) = stk

Case 2. m € predgy(,) (n) NNS
Here we obtain as required:

= ﬂ{[[p]]i(newitack(cs)) |p € IP[s*,n[}
C TH[pI ([p] (newstack(cs))) | p € IP[s*,m[ A

L € callee(m), p € CIP[mec(), mp(e)] }
M1 (TH [p]" (newstack(cs)) | p € IP[s*,m[}) |

L € callee(m), p € CIP[m¢c(), mp(e)] }
(Def. N-IMOP) = TH[p]"(N-IMOP, (m))]

¢ € callee(m), p € CIP[mc(t), mgr(e)]}

(M.L. 8.4.3(2)) = [m](N-IMOP. (m))
(TH, s-mon.) C  [m](pre[m]) = stk

N-IMOP,, (n)

(s-distr.)

16 1 =0 means that m was processed during the initialization part of Algorithm

8.5.2.
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Case 3. m ¢ predy(y)(n)
In this case we have m € caller(fg(n)) and n € {sq,...,s;}. Identifying the
nodes m and mc(fg(n)) we obtain as desired:

N-IMOP,,(n) [H{[p]" (newstack(cs)) |p € IP[s*,n[}

1

[ [me(fg(n) " ([p]" (newstack(c,))) |
p € IP[s*, mc(fg(n))[ }
(s-distr.) = [mc(fg) " (TH{ [p]" (newstack(cs)) |
p € IP[s*,mc(fg(n))[})
(Def. N-IMOP) = [mc(fg ())]]*( -IMOP...(m))
(IH, s-mon.) C  [mc(fgn) ] (pret[m]) = stk

Thus, together with the induction hypothesis, we uniformly have in all three
cases as required:

N-IMOP,._(n) T pre*=Y[n] N stk = pre*[n]

This completes the proof of the Interprocedural Coincidence Theorem 8.4.2.
O

It is worth noting that Lemma 8.2.3 allows us to check the s-monotonicity
and s-distributivity of the semantic functions [n]", which are the premises
of the Interprocedural Correctness Theorem 8.4.1 and the Interprocedural
Coincidence Theorem 8.4.2, simply by checking these properties for the se-
mantic functions [n ]  and the return functions R(n). Thus, in comparison
to the intraprocedural setting the only additional effort arises from check-
ing the return functions, which is important for applying the framework in
practice.

8.5 The Interprocedural Generic Fixed Point
Algorithms

Like its intraprocedural counterpart, the IMFP-approach is practically rel-
evant because it induces an iterative procedure for computing the IMFP-
solution. Interprocedurally, however, the computation proceeds in two steps.
First, a preprocess computing the semantics of procedure call nodes, which
is described in Section 8.5.1, and second, the main process computing then
essentially as in the intraprocedural case the IMFP-solution as described in
Section 8.5.2. Section 8.5.3, subsequently, presents an alternative algorithm
for the main process, which is more efficient in practice.

8.5.1 Computing the Semantics of Procedures

In this section we present a generic algorithm, which computes the semantics
of flow graphs according to Definition 8.3.2.



8.5 The Generic Fixed Point Algorithms 127

Algorithm 8.5.1 (Computing the Semantic Functionals [ ] and [ ]).

Input: A flow graph system S=(Gy,G1,...,Gk), a complete semi-lattice
C, a local semantic functional [ | : N* — (C—C) with [n] = Ide for all
ne{ start(G), end(G)| G€S }, and a return functional R : N — (CxC —C).

Output: An annotation of S with functions [n] : STACK — STACK
(stored in gtr, which stands for global transformation), and [n]: STACK —
STACK (stored in ltr, which stands for local transformation) representing
the greatest solution of the equation system of Definition 8.3.2.

Remark: The lattice C, the semantic functions [n], n € N*, and
the return functions R(n), n € N, induce the local semantic functions
[n]*, n € N*, working on stacks of C. Tz, : STACK — STACK € Fo
denotes the “universal” function which is assumed to “contain” every func-
tion f € Fo, and Idsrack denotes the identity on STACK. The variable
workset controls the iterative process. Its elements are pairs, whose first com-
ponents are nodes m € N° of the flow graph system S, and whose second
components are functions f : STACK — STACK € Fo, which specify a new
approximation for the function [[m] of the node of the first component.
Note that due to the mutual dependence of the definitions of [[ ] and [ |
the iterative approximation of [ ] is superposed by an interprocedural iter-
ation step, which updates the semantics | | of call nodes.

(Initialization of the annotation arrays gtr and ltr and the variable workset)
FORALL m € N° DO
gtrim]:=T £,;
IF m e NS
THEN ltr[m]:=H{[mgr()] o Txr, o[mc(t)] |t € callee(m) }
ELSE ltr[m]:=[m]"
FI
OD;
workset = { (s, Idstack)|s € {so,...,sk} } U
{(n, )| n € succyymy(m) A f = ltrim]ogtrim] C T £, }

(lterative fixed point computation )
WHILE workset # ) DO
LET (m, f) € workset
BEGIN
workset := workset\{ (m, f) };
IF gtrim] O gtrjm] N f
THEN
gtr(m] = gtrm| N f;
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IF me {e;]ie€{0,...,k}}
THEN
FORALL [ € caller(fg(m)) DO
trll) = ) 1 [ (m) 1 o grlm] o Lo (m) 1%
workset := workset U{(n, ltr[l] o gtr[l]) | n € succyyy(l) }
oD
ELSE
workset := workset U
{ (n, ltrfm]ogtr[m]) | n € succpy(m)(m) }
FI
FI
END
OD.

In order to formulate the central property of this algorithm, we denote the
values of the variables workset, ltr[n] and gtrin] after the k-th execution
of the while-loop by workset®, ltr" [n] and gtr¥[n], respectively. We have:

Proposition 8.5.1. If the semantic functions [n]*, n € N*, are s-
monotonic, we have:

1. Vn e N° Yk € IN. ltrkin] € Fo A gtrfn] € Fo

2. ¥n e N3 Yk e IN. (tr*n), gtr*+1n)) C (itr*n ] trk[n ])
[ [nr()] o gtr” [end(b) o[nc()]"|
3. YneNSVYke IN. ltr*[n] = L € callee(n) } 1fneNc
[n]" otherwise

The first part of Proposition 8.5.1 is a direct consequence of Lemma 8.2.2.
The second part follows from the s-monotonicity of the semantic functions
[n]*, n € N*, and the third part can straightforward be proved by an
induction on the number k of iterations of the while-loop of Algorithm 8.5.1
(cf. proof of Theorem 8.5.1). By means of Proposition 8.5.1 we can now prove
the central result concerning Algorithm 8.5.1:

Theorem 8.5.1 (Algorithm 8.5.1).
If the semantic functions [n]*, n € N*, are s-monotonic, we have:

1. If [C—C] satisfies the descending chain condition, there is a ko € IN
with

Yk > ko Vn e NS, (gtrk[n], ltr®[n])) = (gtr* [n], ltr* [n))

2.¥ne N5 ([n],[n (MY gtr*[n] | k > 0}, T {ltrn] |k > 0})

Proof. The first part of Theorem 8.5.1 follows easily by means of Proposition
8.5.1(2). In order to prove the second part, let fiz-gtr and fiz-ltr denote an
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arbitrary solution of the equation system of Definition 8.3.2 for [[ ]| and [ ],
respectively. Then the central step is to prove the following four invariants of
Algorithm 8.5.1, which we simultaneously prove by induction on the number
k of iterations of the while-loop:

1. Vk € IN Vn e N5, (fiz-gtr[n], fia-ltrn]) © (gtr*[n], itr*[n)])
2. VkeINVn e NS, gir![n] 1T 1{ f | (n, f) € workset™ } =

Idstack if n € {so,...,sk}
[ itr®[m] o gtr*[m] | m € predymy(n) }  otherwise

3. VkeINVn e NS, ltrf[n] =

{ [{[nr(t)]" o gtr¥[end(1)] o [nc(t) ||t € callee(n)} if n € N¥
[n]* otherwise

4. Y (m, f) € workset®. fiz-gtr{m] C f

For k=0, we obtain by investigating the initialization part of Algorithm
8.5.1:

(a) VneNS gtr’n]=Tx,
(b) VneNS. itr’n]=
{ |[[_|{]][LTLR(L) 1" o gtr®lend(:)] o [nc () | | ¢ € callee(n) } if}ZL € NS
n otherwise
(¢)  workset® ={ (s, Idspack)|s € {so,--.,sx} }U
{(n, f) | minsucegymy(M)Af = ltr’[m] o gtr[m] T T £, }

Hence, invariant (1) is an immediate consequence of (a), (b), and Definition
8.3.2; invariant (2) holds because of (a) and (c); invariant (3) is a con-
sequence of (b), and invariant (4), finally, holds because of (c), Definition
8.3.2, and the choice of fiz-gtr.

For the induction step let k>0 and let (m,f) be the element currently
chosen from the workset. Obviously, we have:

k] — gtr*=tn)n f i n=m A gtr*n] 3 gtrFtn] N f
(d) gtr¥[n]= { gtr*=1[n] otherwise

it n] N [ng(fg(m))]" o gtr*[m] o [nc(fo(m)) 1"
if n € caller(fg(m)) A m € {eg,...,ex} A
gtr®[m] © gtr*=1[m]
Itr¥ =1 [n] otherwise

(e) Utr*n]=
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Moreover, the induction hypothesis yields:

(i)  Vne N5 (fi-gtr[n], fia-ltrn]) © (gtr*=1n], tr*[n])
(i4)  fix-gtrim] C f and
(i17) Vne NS itk [ ]
[ [nr() ] o gtr*end(1)] o [nc(t) " |t € callee(n) }
if n e N?
[n]” otherwise

Together this directly proves invariants (1) and (3).
During the induction step for the remaining two invariants (2) and (4),
we can assume

gtrk[m] = gtrk_l[m] nfc gtrk_l[m]

because otherwise, they trivially hold by induction hypothesis.

Considering invariant (2) first, the induction step is an immediate con-
sequence of (d) and the induction hypothesis, if n=m. On the other hand,
if m € {eo,...,ex} and n € [J{succyq)(l)|l € caller(fg(m))}, or if
n € SUCCsg(m) (M )7 invariant (2) follows from the induction hypothesis and
the update of the workset during the k — th iteration of the while-loop. For
the remaining nodes invariant (2) is a trivial consequence of the induction
hypothesis.

This leaves us with proving the induction step for invariant (4). Here we
have to investigate two cases. If m & { ey, ..., e, }, we have to show

(¥) Vn € succsy(m)(m). fiz-gtrin] C 1tr* [m] o gtr*[m]
and if m € {eo,...,e; }, we have to show
(#%) V1 € caller(fg(m)) ¥Yn € succyyq)(l). fiz-gtrin] C 1tk (1] o gtr* 1]

According to the choice of fiz-gtr and fiz-ltr and Definition 8.3.2, we have
in the first case

Vn € succy(m)(m). fiz-gtrin] C fiz-ltrim] o fiz-gtrim]

and in the second one

Vi€ caller(fg(m)) Vn € succyyqy(l). fiz-gtrin] C fiz-itr{l] o fiz-gtr{i]

Thus, (%) and (#x) follow immediately from invariant (1) and the s-
monotonicity of all semantic functions. This completes the proof of the re-
maining invariant (4).

Having now proved all four invariants, the second part of Theorem 8.5.1 is
a consequence of Proposition 8.5.1(2), the invariants (1), (2), and (3), and
the equations

M {gtr*[n] |k >0} = T1{f1k>0 A (n, f) € workset"}
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and

ﬂ{ltrk[n] |k >0} =

{ [ [nr()]" o gtrFlend(1)] o [nc(t) ]" |t € callee(n)} if n € N?
[n]” otherwise

which hold due to the commutativity and associativity of . O

As a corollary of Theorem 8.5.1 we get:

Corollary 8.5.1 (Algorithm 8.5.1).
If the semantic functions [n]", n € N*, are s-monotonic, we have:

1. Algorithm 8.5.1 terminates, if [C—C| satisfies the descending chain
condition.

2. After the termination of Algorithm 8.5.1 holds:
Vne N5 ([n].[n]) = (gtr[n], itr[n])

8.5.2 Computing the IMFP-Solution

In this section we present a generic algorithm which computes the IMFP-
solution. It is based on the output of Algorithm 8.5.1.

Algorithm 8.5.2 (Computing the IMFP-Solution).

Input: A flow graph system S=(Gp,G1,...,Gk), a complete semi-lattice
C, the local semantic functional [ =4 ltr with respect to C (computed by
Algorithm 8.5.1), for every node m € N¥ the functions [mc(e)]’, ¢ €
callee(m), and a start information ¢; € C.

Output: An annotation of S with data flow informations, i.e., an annotation
with pre-informations (stored in pre) and post-informations (stored in post)
of one-entry stacks which characterize valid data flow information at the entry
and at the exit of every node, respectively.

Remark: The lattice C and the semantic functions [mc(¢)]" induce the
semantic functions [mc(t)]* working on DFA-stacks. newstack(T) denotes
the “universal” data flow information, which is assumed to “contain” every
data flow information. The variable workset controls the iterative process.
Its elements are pairs, whose first components are nodes m € N of the
flow graph system S, and whose second components are elements of STACK
specifying a new approximation for the pre-information of the node of the
first component. Recall that s; denotes the start node of the main procedure.
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(Initialization of the annotation arrays pre and post, and the variable workset )
FORALL m € N° DO
(pre[m], post[m]) := ( newstack(T), [ m ]|(newstack(T))) OD;
workset = { (s1, newstack(cs)) } U
{(n,stk)|n € succg(m)(m) A stk = post[m] C newstack(T) } U
{ (n, stk)|m € NJ A v € callee(m) A n=start(t) A
stk = [mc(2) ] (pre[m]) C newstack(T) };

(lterative fixed point computation )
WHILE workset # ) DO
LET (m, stk) € workset
BEGIN
workset := workset\{ (m, stk) };
IF pre[m] 3 pre[m] M stk
THEN
prelm| := pre[m] M stk;
post[m] = [m ] (pre[m]);
workset := workset U { (n, post[m]) |n € succsym)(m) };
IF m € N?
THEN
workset :== workset U
{(start(r), [ mc(c) |"(pre[m])) | ¢ € callee(m) }
FI
FI
END
OD.

As in the previous section, we denote the values of the variables workset,
pre[n], and post[n] after the k-th execution of the while-loop by workset®,
pre®[n], and post¥[n], respectively. In analogy to Proposition 8.5.1 and The-
orem 8.5.1 we can prove:

Proposition 8.5.2. If the semantic functions [n], n € N%, and [mc(2)]",
m € N5 1 € callee(m), are s-monotonic, we have:

1. Vn € N% Yk € IN. pop(pre¥[n]) = emptystack A
pop(post*[n]) = emptystack
2. Vn € N° Yk € IN. (pre**i[n], post**1[n]) C (pre®[n], post®[n])

Intuitively, the first part of Proposition 8.5.2 states that the DFA-stacks
stored in the variables pre[n] and post[n], n € N¥, always have a single
entry only; the second part states that these values decrease monotonicly.

Together, this allows us to prove:
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Theorem 8.5.2 (Algorithm 8.5.2).
If the semantic functions [n], n € N¥, and [mc(t)]", m € NZ and
¢ € callee(m), are s-monotonic, we have:

1. If C satisfies the descending chain condition, there is a ko € IN with
Yk > ko Vn € NS, (pre¥[n], post®[n]) = (pre*[n], post*[n])

2. Vn € NS IMFP( |+ . (n) = (T {pre¥[n] [k > 0},T {post[n] | k > 0})

Proof. The first part of Theorem 8.5.2 is a simple consequence of Proposition
8.5.2(2). Thus, we are left with proving the second part. To this end let
fix-pre and fiz-post denote an arbitrary solution of Equation System 8.3.3
with respect to newstack(cs) € STACK. As in the proof of Theorem 8.5.1(2),
the essential step is to prove a number of invariants for Algorithm 8.5.2 by
simultaneous induction on the number k of iterations of the while-loop.

1. Vk € IN ¥Yn € N, (fiz-pre[n], fiz-postin]) C (pre*[n], post*[n])
2. Vk e INVn e NS preb[n) I stk | (n, stk) € workset® } =

newstack(cs) if n=s7
[ [me(fg(n) 1" (pre®[m]) [ m € caller(fg(n)) }  if n€ {so,s2, ..., 81}
[ post*[m] | m € predgy ) (n) } otherwise

3. Vk € INVn € N post®[n] =[n](pre*[n)])
4. Y (m, stk) € workset®. fiz-pre[m] C stk

For k=0, the investigation of the initialization part of Algorithm 8.5.2 yields:

(a) Vn e N5 (pre®[n], post®[n]) = (newstack(T), [ n ] (newstack(T)) ) and
(b)  workset® =
{ (s1, newstack(cs)) } U
{ (n,stk)|n € succrym)(m) A stk = post®[m] C newstack(T)} U
{(n,stk)|m € N5 A ¢ € callee(m) A n=start(t) A
stk = [mc(0) |"(pre[m]) C newstack(T) }

Thus, invariant (1) is an immediate consequence of (a) and Equation System
8.3.3; invariant (2) follows from (a) and (b); invariant (3) holds because
of (a); invariant (4), finally, because of (b), Equation System 8.3.3, and the
choice of fiz-pre.

In order to prove the induction step let k>0 and let (m, stk) be the element
currently chosen from the workset. Obviously, we have

k—1 . o k1 o1
(c) prefln]= { pre [ Msth if n=m A pre®=Hn] 3 pre®=[n] M stk

preF~1[n) otherwise

wi1_J [nl(pre®n]) if n=m A pre*=t[n] 2 pref=1[n] N stk
(d) post [n]—{ post*~1[n]  otherwise



134 8. Abstract Interpretation

Moreover, the induction hypothesis yields:

(i)  Vn € N5. (fiv-pre[n), fir-post[n]) T (pre*~1[n], post*~1[n])
(i1)  fix-prelm] C stk and
(iii) ¥n € N9. postt=1[n] =[n](pre*—1[n])

Together this proves immediately the induction step for the invariants (1)
and (3).

For the proof of the induction step of the remaining two invariants (2)
and (4), we can assume

(pre*m], post*[m]) = (pre*=1[m] M stk, [m ](pre*=1[m] M stk))
C (pre*=1[m], post*~1[m])

because otherwise they would simply hold by induction hypothesis. Starting
with invariant (2), we obtain the induction step in case of n=m as an
immediate consequence of (¢) and the induction hypothesis. Otherwise, if
n € sucCpy(m)(m), or if m € N2 and n= start(.) for some ¢ € callee(m),
invariant (2) follows from the induction hypothesis and the update of the
workset during the k — th iteration of the while-loop. For the remaining
nodes invariant (2) is a trivial consequence of the induction hypothesis.

We are thus left with proving the induction step for invariant (4). Here
we have to show

() Vn € succyy(m)(m). fiz-pre[n] T post*[m]
and, in case of m € Nf , additionally
(+5) ¥ € callee(m). fia-prelstart(t)] € [mo () 1" (pret(m])
According to the choice of fiz-pre and Equation System 8.3.3, we have
Vn € succsg(m)(m). fiz-pre[n] C fiz-post[m]
and in case of m € NCS , additionally
Vi € callee(m). fiz-pre[start(t)] C [ me(v) ] (fiz-pre[m)])

Thus, (*) and (xx) follow immediately from invariant (1) and the s-
monotonicity of all semantic functions. This completes the proof of the re-
maining invariant (4).

The second part of Theorem 8.5.2 is now a consequence of Proposition
8.5.2(2), the previously proved invariants (1) and (2), and equation

M{prefn] [k >0} =[1{c|k>0 A (n,c) € workset” }

which holds due to the commutativity and associativity of . |
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As a corollary of Theorem 8.5.2 we obtain:

Corollary 8.5.2 (Algorithm 8.5.2).
If the semantic functions [n], n € N¥, and [mc(t)]", m € NY and
¢ € callee(m), are s-monotonic, we have:

1. Algorithm 8.5.2 terminates, if C satisfies the descending chain condition.

2. After the termination of Algorithm 8.5.2 holds:
Vn € N IMFP( - ..)(n) = (pre[n], post[n])

8.5.3 An Efficient Variant for Computing the IMFP-Solution

In this section we present an alternative algorithm for computing the IMFP-
solution, which is more efficient than Algorithm 8.5.2 because only the start
nodes of the procedures of a program take part in the fixed point itera-
tion. After the fixed point is reached, the data flow information of each of
the remaining nodes n € N°\{ start(G)|G € S} is computed in a single
step by applying the semantic function [[n] to the data flow information
pre[start(fg(n))] valid at the entry of the start node of the procedure con-
taining m. Thus, the global chain lengths, which determine the worst-case
time complexities of Algorithm 8.5.3 and Algorithm 8.5.2, can be estimated
by O(p*1+n) and O(n#*1), respectively, where p and n denote the number
of procedures and statements in a program, and 1 the length of a maximal
chain in C.

Algorithm 8.5.3 (Computing the IMFP-Solution Efficiently).

Input: A flow graph system S={(Go,G1,...,Gk), a complete semi-lattice
C, and the semantic functionals [ [=af gtr and [ ]=q ltr with respect
to C (computed by Algorithm 8.5.1), a local semantic functional [ ]’
N* - (C—C), and a return functional R. Additionally, for every node
m € NY the functions [mc(e)], ¢ € callee(m), and a start information
cs €C.

Output: An annotation of S with data flow informations, i.e., an annotation
with pre-informations (stored in pre) and post-informations (stored in post)
of one-entry stacks which characterize valid data flow information at the entry
and at the exit of every node, respectively.

Remark: The lattice C, and the semantic functions [mc(c)]" induce the
semantic functions [mc(r)]". newstack(T) denotes the “universal” data
flow information, which is assumed to “contain” every data flow information.
The variable workset controls the iterative process, and the variable A is
a temporary storing the most recent approximation. Recall that s; denotes
the start node of the main procedure.
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(Initialization of the annotation arrays pre and post, and the variable workset )
FORALL s € {s;|i € {0,...,k}} DO

IF s=s; THEN pre[s|:= newstack(cs) ELSE pre[s] := newstack(T)
FI OD:
workset := {s; |1 € {0,2,...,k}};

(Iterative fixed point computation)
WHILE workset # ) DO
LET s € workset
BEGIN
workset := workset\{s};
A= pre[s] N
[ nc(fy(s) Iolln D (pre[start(fg(n)]) | n € caller(fy(s)) };
IF pre[s| O A
THEN
pre[s| := A;
workset := workset U
{start(callee(n))|n € N5. fg(n)=fg(s)}
FI
END
OD;
( Postprocess)
FORALL n € N°\{s;|i € {0,...,k}} DO
preln]:= [n J(prelstart(fg(n)]) OD;
FORALL n € N° DO post[n]:= [n](pre[n]) OD.

Denoting the values of workset, pre[n], and post[n] after the k-th execution
of the while-loop by workset", pre®[n], and post*[n], respectively, we obtain
similar to Proposition 8.5.2, Theorem 8.5.2, and Corollary 8.5.2:

Proposition 8.5.3. If the semantic functions [n] and [n], n € N,
and [mc(1) ", m € NS and ¢ € callee(m), are s-monotonic, we have:

1. Vn € N° Yk € IN. pop(pre¥[n]) = emptystack A
pop(post*[n]) = emptystack
2. ¥n € NS Vk € IN. (preF*1[n], post**1[n]) C (pre¥[n], post*[n])

Theorem 8.5.3 (Algorithm 8.5.3).
If the semantic functions [n] and [n], n € N°, and [mc(2)]", m € NJ
and ¢ € callee(m), are s-monotonic, we have:

1. If C satisfies the descending chain condition, there is a ko € IN with
Yk > ko Vn e N°. (pre¥[n], post®[n]) = (pre*[n], post*[n)])
2. Vn € NS IMFP - c.y(n) = (I {pre*[n] | k > 0}, {post*[n] | k > 0})
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Corollary 8.5.3 (Algorithm 8.5.3).
If the semantic functions [n] and [n], n € N°, and [mc()]", m € NJ
and ¢ € callee(m), are s-monotonic, we have:

1. Algorithm 8.5.8 terminates, if C satisfies the descending chain condition.

2. After the termination of Algorithm 8.5.8 holds:
Vn € N%. IMFP( y+ .)(n) = (pre[n], post[n])

8.6 Formal Specification of IDFA-Algorithms

Summarizing the presentation of the previous sections, an IDFA A is specified
by a quadruple consisting of a lattice C, a local semantic functional [ ]]/,
a return functional R, and a start information c;. In comparison to the
intraprocedural setting only the return functional is new. Moreover, it is
important that the specification of an IDFA A can directly be fed into the
generic Algorithms 8.5.1 and 8.5.2, which yields the pair of IDFA-algorithms
for the preprocess and the main process of computing the IMFP-solution
induced by A.

Definition 8.6.1 (Specification of an IDFA-Algorithm).
The specification of an IDFA A is a quadruple (C,[ ', R,cs), where

1. C=(C,M,E, L, T) is a complete semi-lattice,
2.[]: N* = (C—C) alocal semantic functional,
3. R:N—(CxC—C) a return functional, and
4. ¢s € C a start information.

The pair of IDFA-algorithms induced by A results from instantiating the
generic Algorithms 8.5.1 and 8.5.2 with (C,[ ]',R) and (C,Utr,[ ]'|n=), re-
spectively, where ltr results from Algorithm 8.5.1. The induced pair of IDFA-
algorithms is denoted by Alg(A)=q (Alg,(A), Algy(A)). The IMOP-solution
of A and the IMFP-solution of Alg(A) are the specifying and the algorith-
mic solution of A, respectively.t”

As in the intraprocedural case the gap between an IDFA A, which expresses
the information of interest in terms of lattice elements, and a program prop-
erty (, which is a Boolean predicate, is closed by means of an interpretation
function, which interprets the lattice elements in the set of Boolean truth
values. This leads to the interprocedural versions of @-correctness and -
precision.

Definition 8.6.2 (p-Correctness and p-Precision of an IDFA).
Let ¢ be a program property, A=(C,[]',R,cs) an IDFA, and Int:C— B
an interpretation of C in B. Then A is

7 Recall that C, [ ]’, and R induce the local semantic functional [ ]*.
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1. p-correct if and only if (i) Into N-IMOP 1+ .y = N-p
(ZZ) Into X—IMOP([[ IF.cs) = X—(p

2. -precise if and only if (i) Into N-IMOP [ 1+ ..y <= N-p
(ii) Into X-IMOP ([ 1# c.) == X

The notions of ¢-correctness and ¢-precision relate the specifying solution
of an IDFA to a specific program property . In order to close the gap be-
tween the algorithmic solution of A and ¢, we introduce the interprocedural
versions of MOP-correctness and MOP-precision, which like their intrapro-
cedural counterparts relate the algorithmic solution to the specifying solution
of A. Additionally, we also introduce the notion of a terminating IDFA. To-
gether, this allows us to prove the algorithmic solution of an IDFA A to
be precise (correct) for a property ¢ essentially as in the intraprocedural
case: the proof reduces to checking the premises of the Interprocedural Co-
incidence Theorem 8.4.2 (Interprocedural Correctness Theorem 8.4.1) and
of the termination of A. This is important because the proof of precision
does not require any knowledge about the generic algorithms computing the
IMFP-solution.

Definition 8.6.3 (IMOP-Correctness, IMOP-Precision, Termination).

An IDFA A=(C,[ ], R,cs) is

1. IMOP-correct if and only if IMFP [ 1+ ..y E IMOP [ 1+ c,)
2. IMOP-precise if and only if IMFP [ = ¢,y =IMOP [ J* ..)
3. terminating, if its induced pair of IDFA-algorithms Alg(A) terminates.

As in the intraprocedural case, IMOP-correctness, IMOP-precision, and ter-
mination of an IDFA can usually be proved straightforward by a few substeps.
This is a consequence of Theorem 8.6.1, which follows from Lemma 8.2.3, the
Interprocedural Correctness Theorem 8.4.1, the Interprocedural Coincidence
Theorem 8.4.2, Corollary 8.5.1 and Corollary 8.5.2, and gives sufficient con-
ditions guaranteeing these properties of an IDFA.

Theorem 8.6.1 (IMOP-Correctness, IMOP-Precision, Termination).

An IDFA A=(C,[ ], R,cs) is

1. IMOP-correct, if all semantic functions [[n]]/, n € N*, and all return
functions R(n), n € N}, are monotonic.
2. IMOP-precise, if all semantic functions [n], n € N*, and all return
functions R(n), n € N}, are distributive.
3. terminating, if (i) [C—C] satisfies the descending chain condition,
(ii) all semantic functions [n]’, n € N*, are mono-
tonic,
(#1) all return functions R(n), n € N}

~, are momnotonic.
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Note that for C itself the descending chain condition, though belonging to
the premises of Corollary 8.5.2, need not explicitly be checked because of:

Lemma 8.6.1. If [C—C] satisfies the descending chain condition, then C
satisfies the descending chain condition as well.

Note that the converse implication of Lemma 8.6.1 is in general invalid. For
convenience we introduce as in the intraprocedural setting a notion which
expresses both the termination of an IDFA and its ¢-correctness (p-precision)
for a given program property ¢.

Definition 8.6.4 (Correctness and Precision of an IDFA).

Let ¢ be a program property and A an IDFA. Then A is called correct
(precise) for ¢ if and only if A is (i) terminating and (i) @-correct (¢-
precise).

8.7 Forward, Backward, and Bidirectional
IDFA-Algorithms

Like their intraprocedural counterparts, also interprocedural DFA-algorithms
can be grouped into forward, backward, and bidirectional analyses according
to the direction of information flow (cf. Section 2.2.7). In this chapter we
developed our framework for interprocedural abstract interpretation for for-
ward analyses. Backward analyses, however, can be dealt with by forward
analyses like in the intraprocedural counterpart of our framework essentially
after inverting the flow of control. Central is to identify the set of nodes
N® of S with the set of nodes N*\N; of G*, and to identify every node
n € N]Sc’c with the set of nodes {nc(v)|e € callee(n) }. As a consequence of
inverting the flow of control, the return functions must be associated with call
nodes instead of return nodes. Bidirectional problems are in contrast to for-
ward and backward problems more difficult to handle because of the lack of
a natural operational (or IMOP-) interpretation. As in the intraprocedural
case this problem can elegantly be overcome by decomposing bidirectional
analyses into sequences of unidirectional ones. In Chapter 10 we illustrate
this by means of the interprocedural extensions of the computationally and
lifetime optimal algorithms for busy and lazy code motion of Chapter 3. The
interprocedural algorithm for busy code motion decomposes the originally
bidirectional flow of data flow information (cf. [Mo, MR2]) into a sequence of
a backward analysis followed by a forward analysis. Though computationally
optimal results are in general impossible in the interprocedural setting, we
show that it generates interprocedurally computationally optimal programs if
it is canonic. Moreover, like its intraprocedural counterpart the algorithm can
then be extended to achieve interprocedurally computationally and lifetime



140 8. Abstract Interpretation

optimal results. This requires only two further unidirectional analyses. The
resulting algorithm for lazy interprocedural code motion is the first algorithm
which meets these optimality criteria.



9. A Cookbook for Optimal Interprocedural
Program Optimization

In this chapter we present the interprocedural counterpart of the intrapro-
cedural cookbook for program optimization. To this end we summarize the
presentation of the Chapters 5, 6, 7, and 8 for constructing an interprocedural
program optimization from the designer’s point of view. As in the intrapro-
cedural setting, the point is to provide the designer of a program optimiza-
tion with concise guidelines which structure and simplify the construction
process, and simultaneously hide all details of the framework which are irrel-
evant for its application. Following the guidelines the construction and the
corresponding optimality and precision proofs of the transformations and the
IDFA-algorithms, respectively, can be done like in the intraprocedural setting
in a cookbook style.

9.1 Optimal Interprocedural Program Optimization

9.1.1 Fixing the Program Transformations and the Optimality
Criterion

According to the interprocedural version of our two-step approach to optimal
program optimization (cf. Section 7.3.1), we first have to fix the class of pro-
gram transformations and the optimality criterion of interest. This requires:

Define ...

1. a set of appropriate program properties @

2. the class of program transformations 7 of interest in terms of a
subset ¢ C P

3. a relation <7 C S7 x S7,! which induces the optimality criterion
of interest

The optimality criterion induced by <7 is the criterion of O« -optimality
in the sense of Definition 7.3.1, i.e.:

A transformation Tr € T is O<,-optimal, if for all Tr’ € T holds:
ST’(‘ <r STT’

! In general, <7 will be a pre-order.

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 141-144, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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9.1.2 Fixing the Optimal Program Transformation

Next, the (optimal) program transformation of interest must be defined. Sim-
ilar to the class of program transformations 7, it is defined in terms of a
subset of the properties of @, i.e.:

Define ...

4. the program transformation 7r,,: of interest in terms of a subset
dr C P

Like in the intraprocedural case, we have to prove that the transformation
Tropt is a member of the transformation class under consideration and satis-
fies the optimality criterion of interest. Thus, we have to prove the following
two steps:

Prove ...

5. Tropt cT
6. Trope is O<,-optimal

9.2 Precise Interprocedural Data Flow Analysis

After proving the optimality of 7r,,., we must define for every property
¢ € @7 involved in the definition of Tr,, an IDFA A, whose induced
IDFA-algorithms compute the set of program points enjoying . Without
loss of generality, we thus consider an arbitrary, but fixed property ¢ of @
in the following.

9.2.1 Specifying the IDFA A,

According to Section 8.6 the specification of the IDFA A, and the proof of
its (p-precision requires the following components:

Specify ...

7. a complete semi-lattice (C,M,C, 1, T)
8. a local semantic functional [ ] : N* — (C —C)
9. a return functional R : N} — (C x C—C)

10. a start information ¢ € C

11. an interpretation Int:C— B
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As in the intraprocedural case, the lattice C represents the data flow informa-
tion of interest, the local semantic functional gives meaning to the elementary
statements of the argument program, and the start information ¢, represents
the data flow information which is assumed to be valid immediately before
the execution of the argument program starts. New is the return functional,
which is the handle to properly deal with local variables and value parame-
ters of recursive procedures. The function Int, finally, interprets like in the
intraprocedural case the elements of C as Boolean truth values, and there-
fore, closes the gap between the data flow information computed and the
program property ¢ of interest.

Handling Backward Analyses. We recall that in our framework backward
analyses can be dealt with by means of forward analyses after inverting the
flow of control (cf. Section 8.7). The role of call nodes and return nodes is then
interchanged. Hence, for backward analyses the functionality of the return
functional is R : N} — (C x C — (). This is demonstrated in the applications
of Section 11.1 and Section 11.4.

9.2.2 Proving Precision of A,

Next, we have to show that A, is precise for ¢ in the sense of Definition
8.6.2. According to Theorem 8.6.1 the following proof steps are sufficient:

Prove ...

12. the function lattice [C — C] satisfies the descending chain condition
13. the local semantic functions [n]’, n € N*, are distributive
14. the return functions R(n), n € N}, are distributive
15. the specifying solution of A, is ¢-precise, i.e.:
(i) Into N-IMOP ([ 1* ¢,y <= N-p
(ii) Into X-IMOP ([ 1* o,y <= X-p

Combining Definition 8.6.2, Theorem 8.6.1, and and the propositions of the
steps 12, 13, 14, and 15 we obtain the desired precision result:

Theorem 9.2.1 (A,-Precision).
A, is precise for ¢, i.e., A, is terminating and p-precise.

After proving Theorem 9.2.1 for all IDFAs Ay, ¢ € @7, we obtain that the
transformation Trp: and the transformation Tr(4,|,ecs.) induced by the
algorithmic solutions of the IDFA-algorithms A, ¢ € @, coincide. Hence,
we have the desired optimality result:

Theorem 9.2.2 (O-Optimality).
The transformation Tria,|eoeasy 8 O<,-optimal.
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Monotonic IDFA-Problems: Additional Proof Obligations. For a
monotonic IDFA-problem, i.e., an IDFA, whose local semantic and return
functions are monotonic (but not distributive), the Interprocedural Correct-
ness Theorem 8.4.1 still guarantees IMOP-correctness of A,. Combining this
with the proposition of step 15, this even implies ¢-correctness of A,. In gen-
eral, however, this is not sufficient in order to guarantee that the program
STria, | pcapy resulting from the transformation Tria, |pepr) is correct or
even O<,-optimal. Similarly, this holds if in step 15 only ¢-correctness of
the specifying solution of A, could be proved instead of (-precision. In both
cases the following two proof obligations must additionally be verified in or-
der to guarantee correctness and profitability of the induced transformation:

Prove ...

16. TT{AV, |pedr} € T
17. STT{AwwefﬁT} <75

Application: Interprocedural Code Motion. Similar to Section 2.3, we
conclude this chapter with an outlook to the application considered in Chap-
ter 10, interprocedural code motion. Like for its intraprocedural counterpart,
the set of program properties @ required is basically given by the interproce-
dural predicates for safety, correctness, down-safety, earliestness, latestness,
and isolation. The class of program transformations 7 is given by the set of
interprocedurally admissible code motion transformations, which are defined
in terms of the interprocedural predicates for safety and correctness. Under
a natural side-condition, the interprocedural predicates for down-safety and
earliestness specify the computationally optimal transformation of interpro-
cedural busy code motion, and the interprocedural predicates for latestness
and isolation the computationally and lifetime optimal transformation of in-
terprocedural lazy code motion.



10. Optimal Interprocedural Code Motion:
The Transformations

In this chapter we illustrate our two-step approach for optimal interproce-
dural program optimization considering interprocedural code motion as ap-
plication. At first sight, the very same strategies as in the intraprocedural
setting seem to apply in order to avoid unnecessary recomputations of val-
ues. However, as we are going to show there is a fundamental difference to
the intraprocedural setting: computationally optimal results are in general
impossible. Consequently, every code motion transformation must fail for
some programs to yield computationally optimal results. Intraprocedurally
successful strategies, however, can even exhibit severe anomalies interproce-
durally. This applies to the interprocedural counterparts of busy and lazy code
motion, too. In the interprocedural setting, the strategies of placing compu-
tations as early as possible or as late as possible, which are the guarantors of
computationally and lifetime optimal results in the intraprocedural setting,
can fail to be strict in the sense of [CLZ], and thus fail to guarantee even
profitability. In essence, this is caused by the failure of an intraprocedural de-
composition theorem for safety (cf. Safety Lemma 3.2.1). As a consequence,
the conjunction of down-safety and earliestness does not imply profitability
of an insertion. Insertions at down-safe earliest program points can even fail
to cover any original computation.

Revealing these differences and demonstrating their impact onto interpro-
cedural code motion is a major contribution of this chapter. Going beyond,
we additionally propose a natural constraint, which is sufficient in order to
guarantee the computational and lifetime optimality of the interprocedural
counterparts of busy and lazy code motion, denoted as IBCM- and ILCM-
transformation, for a large class of programs.

The constraint, we propose, is canonicity (cf. Definition 3.2.3): when-
ever the IBCM-transformation is canonic for a program, its result is com-
putationally optimal, and the result of the IL CM -transformation is lifetime
optimal. Intuitively, this constraint means that every insertion of the IBCM-
transformation is required, i.e., it is used on every program continuation
without a preceding modification or insertion of the computation under con-
sideration. This is quite a natural requirement for an optimization based on
code motion. In fact, in the intraprocedural setting, it is even necessary for
computational optimality (cf. Theorem 3.2.1).

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 147-207, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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Moreover, the introduction of this constraint allows us to capture the
primary goal of this chapter: illustrating the two-step approach of our frame-
work for optimal interprocedural program optimization, and showing how to
apply the cookbook of Chapter 9. In fact, one should note that the problems
encountered in interprocedural code motion are not caused by the underly-
ing data flow analyses. These can rather straightforward be deduced from
their intraprocedural counterparts in order to compute the interprocedural
versions of the properties their intraprocedural counterparts are designed for.
The subtleties encountered in interprocedural code motion are caused by the
optimization itself.

In Section 10.1 we investigate and illustrate the essential differences be-
tween the intraprocedural and interprocedural setting concerning code mo-
tion. Subsequently, we informally propose canonicity as a natural sufficient
constraint for the computational and liftetime optimality of the IBCM- and
ILCM-transformation. Afterwards, we introduce in Sections 10.2 and 10.3 the
basic definitions required for defining interprocedural code motion transfor-
mations together with some technical lemmas simplifying the reasoning about
their properties. Central is then Section 10.4, in which we present the specifi-
cation of the IBCM -transformation together with its proof of interprocedural
computational optimality under the premise of its canonicity for the program
under consideration. Under the same premise, we subsequently present in
Section 10.5 the specification of the IL CM-transformation together with its
proof of interprocedural lifetime optimality. It turns out that both optimality
results can be proved by means of the same techniques as in the intrapro-
cedural case (cf. [KRS2]). Only the treatment of local variables and formal
parameters of recursive procedures requires some technical refinements. In
the absence of procedures, the interprocedural transformations of busy and
lazy code motion reduce to their intraprocedural counterparts of Chapter 3.

10.1 Essential Differences to the Intraprocedural Setting

10.1.1 Computational Optimality

In the intraprocedural setting, every program has a computationally optimal
counterpart. Moreover, canonicity is necessary for computational optimality,
i.e., computationally optimal transformations are always canonic. Both facts
do not carry over to the interprocedural setting as illustrated by the examples
of Figure 10.1 and Figure 10.5.

In the example of Figure 10.1, the computations of a + b at the nodes 12
and 24 are partially redundant with respect to the computations of a + b at
the nodes 7 and 23.

Investigating this example in more detail reveals that there are only two
admissible code motion transformations eliminating some of these redundan-
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Fig. 10.1. The original program II;

cies and generating a “significantly” different and computationally better
program than II;. Their results are shown in Figure 10.2 and Figure 10.3.
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Fig. 10.2. H{: computationally minimal, but not computationally optimal
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Fig. 10.3. IT 1/: computationally minimal, but not computationally optimal

Note that Hi and Hf are both computationally better than II7, but
are themselves incomparable with respect to this relation; a fact, which can
easily be checked by means of the subsequent table summarizing the number
of computations executed in IT, IT 1, and IT f, respectively.

paths via o paths via my
Program
“left” path | “right” path || “left” path | “right” path
11 2 1 3 2
11, 1 1 2 2
I, 2 1 2 1

Calling procedure w3 via mo in IT i, there is a single computation of a+b
on every program path; calling it via 74, there are two computations of a+b
on each path. This contrasts with IT il, where independently of calling w3 via
mo or my, there is a path containing two computations of a + b and another
one containing only one. Hence, both programs are computationally better
than II;. However, as one can easily see, there is no computationally optimal
counterpart of IT;.

Consider next the program of Figure 10.5. It shows the result of an ad-
missible code motion transformation applied to the program of Figure 10.4.
Note that the program of Figure 10.5 is computationally optimal. However,
it is not canonic because the insertion at node 8 is not used along program
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continuations passing nodes 9 and 22. In fact, computationally optimal re-
sults can only be achieved for this example if one is prepared for dropping the
request for canonicity. The result of any canonic code motion transformation
for the program of Figure 10.4 is computationally worse than the program of
Figure 10.5.

ﬁl:a,b,x,y m,

22

23| x:=ath 28

26

]
-
wlymam] B[
]
]

A

Fig. 10.4. The original program I1»
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Fig. 10.5. Transf. program H;: computationally optimal, but not canonic

As a consequence of these examples we have:

Theorem 10.1.1 (Computational Optimality).
In the interprocedural setting,

1. computational optimality is in general impossible,
2. canonicity is not necessary for computational optimality.
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10.1.2 Safety

In the intraprocedural setting, safety can be decomposed into up-safety and
down-safety: a program point, which is safe, is always up-safe or down-safe. In
the interprocedural setting, safety cannot be decomposed this way in general.
Program points can be safe, though they are neither up-safe nor down-safe.
This is demonstrated by the program of Figure 10.6. All nodes of procedure
o are safe, but none of them is up-safe or down-safe with respect to the
computation of a + b.

nlzab,x T,

1 JERE
— — Down-Safe
2 _ 4 8 — Up—Safe 10 - Up_Safe
x = atb ‘ cdl m, ‘ ‘ Safe | pown-safe Safe | . pown-Safe

— Up-Sdfe 1| ge | Up-Sdafe

5 — 9
call T, ‘ X = arb‘ ‘ Safe . Down-Safe — Down-Safe

— Up-Safe
6 12
|:| Safe | . pown-Safe

Fig. 10.6. Safe though neither up-safe nor down-safe

Figure 10.7 shows the interprocedural flow graph of the program of Figure
10.6, and illustrates the difference to the intraprocedural setting in more
detail. The point of this example is that all interprocedurally valid paths
passing a node of 7y satisfy that a + b has been computed before entering
mo or that it will be computed after leaving it. Together, this implies safety
of all program points of mo. In fact, all paths of the interprocedural flow
graph lacking a computation of a + b are interprocedurally invalid because
they do not respect the call/return-behaviour of procedure calls, and thus do
not represent legal program paths as illustrated by the highlighted paths in
Figure 10.7. Intraprocedurally, i.e., considering the graph of Figure 10.7 an
intraprocedural flow graph, the highlighted paths would be valid excluding
safety for any of the nodes 7 to 12. Thus, in contrast to the intraprocedural
setting we have:

Theorem 10.1.2 (Safety).
In the interprocedural setting, the disjunction of up-safety and down-safety
is not necessary for safety.
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Trlza,b,x

Not a valid
inter procedural path!

Fig. 10.7. Interprocedural flow graph of the program of Figure 10.6

10.1.3 Down-Safety

In the intraprocedural setting, down-safe program points are always candi-
dates of a “canonic” insertion. This means, whenever a program point n is
down-safe, there is an admissible code motion transformation inserting at n,
and the value computed and stored at n reaches on every program continu-
ation a use site without an intervening modification of any of the operands
of the computation under consideration or an insertion of the same value.
Moreover, every node lying on a path from a down-safe node to a node con-
taining an original computation without an intervening modification of one
of its operands is down-safe, too. Both facts do not carry over to the inter-
procedural setting as illustrated by the example of Figure 10.8.

Note that the computation of @ + b at node 10 is down-safe. Nonetheless,
there is no admissible code motion transformation inserting a computation
at node 10, such that this value can be used on some program continuation
for replacing an original computation. In essence, this is a consequence of the
interplay of the call site of o at node 4, and the assignment to a at node 25
modifying the value of a 4+ b. Together this prevents the insertion of a + b at
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node 26. Moreover, note that every program path from node 10 to node 23
or node 19, passes node 21 or 32, respectively, containing a computation of
a + b. Nonetheless, neither node 21 nor node 32 are down-safe.

Summarizing, we therefore have:

Theorem 10.1.3 (Down-Safety).

In the interprocedural setting,

1. down-safety of a program point n does not imply the existence of a canonic
code motion transformation inserting at n, such that the temporary ini-
tialized at n reaches on every program continuation a use site,

2. nodes lying on a path from a down-safe node to a node containing an
original computation are not necessarily down-safe, even if there is no
intervening modification of any of its operands.
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Figure 10.9 illustrates the impact of Theorem 10.1.3. It shows a program,
which is only slightly different from the program of Figure 10.8. Though
node 8 is down-safe (and even earliest), a temporary initialized at node 8
cannot contribute to the elimination of any (partially) redundant computa-
tion. This is an important difference to the intraprocedural setting, where
down-safe earliest program points are the insertion points of the computa-
tionally optimal BCM -transformation.

r[l:a,b,x,y,h

Fig. 10.9. Down-safe and earliest, but unusable
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10.1.4 Canonicity: The Key to Computational and Lifetime
Optimality

Theorem 10.1.1 excludes computational optimality in general. The failure
of the decomposability of safety into up-safety and down-safety, the back-
bone of computationally and lifetime optimal intraprocedural code motion,
turns out to be the source of placing anomalies showing up when adapting
intraprocedural placing strategies interprocedurally. This applies to the as-
early-as-possible and as-late-as-possible placing strategies underlying busy
and lazy code motion, too.

However, as we are going to show, under the premise of canonicity the
interprocedural counterpart of busy code motion is computationally optimal,
and the interprocedural counterpart of lazy code motion is computationally
and lifetime optimal. Moreover, as in the intraprocedural setting, the latter
transformation is unique in satisfying both optimality criteria. Canonicity is
a natural constraint as it requires that insertions are used on every program
continuation. It can easily be checked, and characterizes for a large class
of interprocedural programs a situation where there is no difference to the
intraprocedural setting.

This is illustrated by the example of Figure 10.10. It shows a program,
for which the IBCM-transformation is canonic as shown in Figure 10.11,
where for convenience the set of interprocedurally down-safe and earliest
program points are highlighted. Note that the program of Figure 10.11 is
indeed computationally optimal.

10.2 Preliminaries

After the introductory discussion of the previous section on interprocedu-
ral code motion, we now present the basic definitions required for a for-
mal treatment. As in the intraprocedural setting we develop the IBCM-
and ILCM -transformation with respect to an arbitrary, but fixed pair of
a program II € Prog and a program term ¢ € T allowing a simpler and
unparameterized notation. We denote the flow graph system and the inter-
procedural flow graph representing II by S and G*, respectively. Without
loss of generality, we can dispense with reference parameters, which according
to Chapter 6 can be considered parameterless formal procedure parameters.
This allows us to compute alias-information for reference parameters which
can subsequently be used in a block-box fashion along the lines of [KRS4]
for code motion (cf. Section 12.2.2). In the following we thus assume that
II is free of reference parameters. If II contains formal procedure calls and
satisfies the sfmr-property, we assume that it was analyzed by means of the
HO-DFA of Chapter 6. We thus assume that the function callee yields for

! Recall that the sfmr-property is decidable. In particular, it holds for all programs
being free of formal procedure calls, or of statically nested procedures.
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moiabxy,z T, 3 Ta

z‘callnz‘ 3‘ ‘ 4‘cal|n4‘ 7‘06“113‘

Fig. 10.10. The original program I3

nlzab,x,y,z T,

D D Safe
. Earl i est

Fig. 10.11. Canonic and hence comp. optimal result of the IBCM-transf.

every (formal) procedure call the set of procedures it can potentially call. If
the sfmr-property is violated, formal procedure calls are treated like exter-
nal procedure calls. Without loss of generality, we finally assume that every
formal procedure call node n has a unique predecessor and successor. If nec-
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essary, this situation can easily be achieved by appropriately inserting a new
predecessor p and successor s of n as illustrated in Figure 10.12.

\ -/
v/ |
n| cal @(-) /\ﬁ n | cal o(.-)

TN\ =
7N\

Fig. 10.12. Unique predecessors (successors) of formal procedure call nodes

As in the intraprocedural case, the process of code motion can be blocked
in completely arbitrary graph structures. The flow graph system S must
therefore slightly be modified in order to avoid any blocking (cf. Section
3.1). In a first step, every formal procedure call node n with | callee(n)| >
2 is replaced by a set of nodes M=4 {n(m) |7 € callee(n)} representing
pairwise disjoint ordinary procedure calls of a procedure m € callee(n), and
having all the same predecessor and successor as n. After this modification,
every procedure call node m in S represents an ordinary procedure call, and
satisfies | callee(m)| =1 as illustrated in Figure 10.13.

n(nl) call nl(---)‘ n(nz)‘ call %(...)‘ n(rrj)

Fig. 10.13. “Unfolding” formal procedure calls
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In a second step, all edges in S (and hence also in G* except for edges
starting in nodes of NZ) leading to a node with more than one incoming
edge are split by inserting a synthetic node. Figure 10.14 illustrates this
transformation for the program fragment of Figure 10.13.

M: n(m)| calm () n(m)| cal ()| n(n]) cal . ()

e

Fig. 10.14. Splitting of edges

As in the intraprocedural case, the splitting of edges and the replacing
of formal procedure calls by their associated sets of ordinary procedure calls
excludes any blocking of the process of code motion. In addition, it simplifies
this process because computations can uniformly be moved to node entries
(cf. Section 3.1). On the other hand, it enlarges the argument program. Thus,
it is worth to be noted that formal procedure calls are reestablished after the
code motion transformation. Analogously, synthetic nodes, which are not
used for an insertion of the code motion transformation under consideration,
are removed afterwards, too.

10.2.1 Basic Definitions

Global and Local Variables, and the Polymorphic Function Var.
For every procedure 7w € I1, let LocVar(mw) denote the set of local variables
and value parameters of T

V€ II. LocVar(m)=qf Iil,v,vp (m)

Analogously, let GlobVar(m) denote the set of variables which are global for

m
Ve Il. GlobVar(m)=a Extv (II) UI%V’VP(StatPred""(ﬂ))

In addition, let Var be an abbreviation of Zyy vp in the following.
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Range of Terms. Given a term t', its range is the set of nodes, where
all variables of Var(t') are bound according to the binding rules of Prog.
Intuitively, the range of ' is the set of all program points where a placement
of t' can safely be placed with respect to the static semantics of Prog. For
example, in the program of Figure 7.1 the range of the terms a+b and z;3+e
are the nodes 9,...,16 and 17,...,23, respectively. We define:

Vit € T. Range(t')=qr {n € N* | Vv € Var(t'). decl(v) € StatPred*(fg(n)) }

The function fg is here extended to nodes of N} and N according to the
following convention:

o _ | fa(ns) if ne NS
Vn e (NS UN). fg(n)=q { fg(pfed*(n)) if ne Ny

We recall that ng denotes the procedure call node of S corresponding to n
(cf. Section 7.2.2).

Incarnations of Variables and Terms. Interprocedurally, there are po-
tentially infinitely many incarnations of local variables of recursive proce-
dures. In order to formally deal with this phenomenon, we define for every
occurrence of a node m on a path p € IP[s*,n], n € N*, two functions
RhsLev, and LhsLev,, which map every variable to a natural number giv-
ing the nesting level of its right-hand side incarnation and its left-hand side
incarnation, respectively, when m is reached on p. Right-hand side and left-
hand side here refer to the “sides” of an assignment statement. For every
p € J{IP[s*,n] | n € N*}, we define the function

RhsLevy : {1,...,A\p} — (Var(IT) — INp)
by
Vie{l,..., \p} Yo € Var(Il). RhsLev,(i)=af

1 if i=1 A v e Exty(IT) U LocVar(my)

0 if i=1 A v € LocVar(IT\{m})
RhsLevy,(i — 1) + 1 if p; = start(decl(v))

RhsLev,(i — 1) — 1 if p; € succ*(N;) A pi—g = end(decl(v))
RhsLev, (i — 1) otherwise

Intuitively, RhsLev; (i) =0 means that currently there is no storage allocated
for v. By means of RhsLev, we can now analogously define the function

LhsLevy, : {1,...,A\p} — (Var(IT) — INy)
by
Vie{l,..., \p} Yv € Var(Il). LhsLev, (i)=af
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RhsLev, (i) +1 if p; € NI A succ*(p;) = start(decl(v))
RhsLev,(i) otherwise

The notion of an incarnation of a variable carries over to terms: whenever a
new incarnation of a variable is generated, simultaneously a new incarnation
of all terms is created containing this variable as an operand. For interpro-
cedural code motion it is necessary to distinguish the incarnations of terms
being valid at different points of a program path (see e.g., Definition 10.4.1).
Considering the term ¢, which we have fixed as code motion candidate, this
is conveniently achieved by means of the predicate Samelnc defined below.
Intuitively, for p € [J{IP[s*,n] |n € N*}, and 1 <i < j < )\, the predi-
cate Samelncyli, j] indicates, whether the same incarnation of the term ¢ is
involved at the nodes p; and p; on p.

Samelncyi, j]  =af RhsLevV‘"(t)(‘) _ thLevVar(t)( A

Vi<k<j. RhstVaT(t)( ) < RhSLEUVaT(t)(k)
Samelncy(i, j| =af RhsLevV‘"(t)( ):RhsLevVar(t)( A

Vi< k<j. RhSLevvm(t)( ) < RhsLevvar(t)(k)
Samelncpli, j[  =ar thLevV‘" t)( )= RhsLeyV‘”(t)( ) A

Vi<k<j. RhsLevV”(t)( ) < RhsLevV‘”’(t)(k)

We remark that
RhsLev;/aT'(t) (1)= thLevXar(t) (j) and RhsLevXar(t) (i)= RhsLevXar(t) ()
are used as abbreviations of
Vo € Var(t). RhsLev, (i) = LhsLev,(j)

and
Vo € Var(t). RhsLev, (i) = RhsLev,(j)

respectively.

Local Predicates Comp* and Transp*, and the Function ModLev. The
predicates Comp* and Transp™ are the counterparts of the intraprocedural
predicates Comp and Transp. They are the basic properties for the specifi-
cation of the IBCM- and ILCM -transformation, and their definitions reflect
the existence of different, potentially even infinitely many incarnations of the
code motion candidate ¢ in the interprocedural setting. In fact, the incarna-
tion of the term ¢, which is computed or modified by a node n, depends on
the context of the program execution n occurs in. This is in contrast to the
intraprocedural setting, where only a single incarnation of every term exists.
As a consequence, one does not need to deal with incarnation information
intraprocedurally. For every path p € IP[s*,e*| we define:
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Comp* (, 1y (pj)=ar Comp (p;) N\ Samelncyli, j]

and

Vargwsvar(p,) (1) . Varwsvar(p;)(t) , .
Tmné’p*(p,i)(pj):df RhsLevp LhsV: (])( )<Z) # thLevp LhsV: (J)( )(]) v

Ji <1< j 3veVar(t). RhsLevy(l) < RhsLev, (i)

where

Varyhsvar(p; . Varywsvar(p; .
RhsLev, ™ 20 (i) # LhsLev, ™ J)(t)(])

is a shorthand for

Vv € Var phsvar(p;)(t). RhsLev, (i) # LhsLev,(j)

Intuitively, the predicate Comp™, ; (p;) holds if and only if ¢ is computed
in p; (ie., Comp(p;)), and if the incarnation of ¢ valid in p; on p is
the same, which is valid at p; (i.e., Samelncp[i, j[). Similarly, the predicate
Transp* ,, ;(p;) is true if the variables of ¢ modified by p; concern other

incarnations of these variables than those, which are valid at p; on p (i.e.,
VarLnsvar(p,) () VarLhsvar(p;) () , .

RhsLeuv,, (i) # LhsLevy (7)), or if the incarnation of
t valid at p; is not valid at p;, and will never become valid again (i.e.,
3i <1< j3v e Var(t). RhsLev,(l) < RhsLev,(i) ).

By means of the definitions of Comp* and Transp*, we obtain immedi-
ately:

Lemma 10.2.1.

1. Vp e IP[s*,e*] V1 <i < \,. Comp*(,, ;) (pi) <= Comp (p;)
2. VpelIP[s*,e*| V1 <i< )\, Vi<j<A\, Transp(p;) = Transp*(%i)(pj)

In addition to the predicates Comp* and Transp®, the specification of the
IDFA-algorithms involved in the IBCM-transformation requires the function
ModLev : N* — N, which stands for modified level. Here, N'=gr IN U {c0}
denotes the disjoint union of IN and {oo}, which forms together with the
minimum function as meet-operation the chain-like lattice INoo of natural
numbers with least element 0 and greatest element oo:

]]VOO:df (N, Min, <, 0, OO)

Intuitively, ModLev(n) yields of all variables of ¢ which are modified by n
the lowest of the statical levels some of these variables are declared on, i.e.,
ModLev(n) yields the statical level of those variables of ¢ modified by n,
which are “most globally” declared.

ModLev: N* — N defined by
Vn € N*. ModLev(n)=a4 Min({ StatLevel(v) |v € Var phsvarm)(t) })
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where the function StatLevel : V — IN is assumed to map its arguments to
the statical level they are declared on.

Convention: For a predicate Predicate and an interprocedural path p €
IP[m,n] of G*, we introduce in analogy to the intraprocedural setting the
following abbreviations (cf. Section 3.1):

— Predicate” (p) <= V1 <i<\,. Predicate(p;)
— Predicate®(p) <= 31 <i< )\ Predicate(p;)
)

Note that —Predicate” (p) and —Predicate?(p) are then abbreviations of the
formulas 31 < ¢ < X,. = Predicate(p;) and V1 < i < \,. =Predicate(p;),
respectively.

Global Transparency. Based on the predicate Transp®, we additionally
introduce the predicate GlobTransp, which generalizes the notion of trans-
parency uniformly to all nodes of the flow graph system S.

Vn € N5, GlobTransp(n)=gq

Transp (n) if n € NS\N?J
Vp € IP[s*,e*| Vi € callee(n) Vi, j.
(pi=nc(t) A pj=ngr(t) A pli,jl€ CIP[pit1,pj-1])
= Tmnsp*(vp’i) (pli, 7)) otherwise

10.2.2 First Results

In this section we present some technical and easily to prove lemmas,
which are helpful for establishing the optimality of the IBCM- and ILCM-
transformation.

The first lemma follows from the fact that all edges in S leading to nodes
with more than one incoming edge have been split by inserting a synthethic
node. This holds analogously for the corresponding edges of G*. For the
remaining edges of G* starting in nodes of N} the lemma is trivial because
the start node of the called procedure is their unique successor.

Lemma 10.2.2 (Interprocedural Control Flow).

1. a) ¥ne N, | predg(ny(n) | > 2 = succyy(n) (predsgmy(n)) =
b) Vn e N |succryny(n)| =2 = predfg(n)(succfg(n) (n))=
2. a) Yne N*. |pred*(n)| > 2 = succ*(pred*(n))={n}
b) YVne N*. |succ*(n)| > 2 = pred*(succ*(n))={n}

{n}
{n}

Synthetic nodes represent the empty statement “skip”. Thus, as a corollary
of the Control Flow Lemma 10.2.2 we get:
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Corollary 10.2.1.

1. Vn e N, |predpy(n)| =2 =
predgyn)(n) € NS\NS A 11 Transp (m)
mepredeg(n)(n)

2. Vn € N*\{start(G)| G € S}.
|pred*(n)| > 2 = pred*(n) C N*\N} A II Transp (m)
mepred* (n)

The next two lemmas follow by means of the definitions of RhsLev and
LhsLev.

Lemma 10.2.3. Let p € IP[s*,e*], and i € {1,...,\,}. We have:

1. p; € N*\(N; UN;) = RhsLev)® ™) (i) = RhsLev, " (i + 1)
2. pi € N; = Vv € Var(ll). RhsLev,(i)=
RhsLev,(i+1) —1 if v € LocVar(fg(succ*(pi)))
{ RhsLev pi+1) otherwise
3. pi € N} = Vv e Var(ll ) RhsLev, (i) =
RhsLev,(i+ 1)+ 1 if v € LocVar(fg(pred*(p;)))
{ RhsLev) (i + 1) otherwise

SRS AN

Lemma 10.2.4. Let p € IP[s*,e*], and i € {1,...,\,}. We have:
1. pi€ N*\N} = RhsLev:,/‘"(H) (i)= thLev;/‘”(H) (1)
2. p; € N = Vv € Var(Il).

. LhsLev, (i) — 1 if v € LocVar(fg(succ*(p;)))
_ p
RhsLev, (i) { LhsLev, (i) otherwise

The call nodes and return nodes of G* modify the local variables and value
parameters of the called procedure. Thus, we have:

Lemma 10.2.5.

1. ¥Vn € NZf. Transp (n) <= Var(t) N LocVar(fg(succ*(n))) =10
2. ¥n € N}. Transp (n) <= Var(t) N LocVar(fg(pred*(n))) =0

The following lemma is essentially a consequence of the fact that intervals of
call nodes and return nodes on interprocedural paths are either disjoint or
one is included in the other (cf. Lemma 7.2.1).

Lemma 10.2.6. Let p € IP[s*,e*], and i,j € {1,...,A\,} such that p; €
N} and p; € N} are a pair of matching call and return nodes of p. We
have:
1. Vi<l <. RhsLevﬁoeVW(fg(succ*(pi)))(i) < RhsLevﬁoeVW(fg(succ*(pi)))(l)
2. RhsLev;/ar(H) (1) = RhsLev:,/‘"(H) (J+1)



166 10. Interprocedural Code Motion

Recalling that ¢ is the fixed program term under consideration, we obtain by
means of Lemma 10.2.6 and the definition of Comp*:

Lemma 10.2.7. Let p € IP[s*,e*], and i,j € {1,...,\,} such that p; €
NZ and p; € N are a pair of matching call and return nodes of p. Then
we have:

Var(t) Z GlobVar(fy(suce*(p;))) =

(Vi<l<j. ~Comp*,;(p1) N —Samelncyli,l[)

10.3 Interprocedural Code Motion Transformations

In essence, and quite similar to the intraprocedural case an interprocedural
code motion transformation is characterized by a three-step procedure:

1. Declare a new temporary h in the statically most deeply nested proce-
dure of IT containing a defining occurrence of a variable of Var(t), or in
the main procedure of I7, if all variables of Var(t) are free in II.

2. Insert assignments of the form h:=t at some nodes in Range(t).

3. Replace some of the original computations of ¢ by h.

Note that the first step is commonly shared by all interprocedural code mo-
tion transformations. Thus, the specification of a specific interprocedural
code motion transformation ICM can be completed by defining two predi-
cates Insert;cy and Replace;q,,, which denote the sets of program points
where an initialization must be inserted and an original computation must
be replaced. As in the intraprocedural setting, we assume that Replace;qy,
implies Comp, and that the conjunction of Insert;cps and Comp implies
Replacejqy,. This avoids transformations keeping an original computation
even after an insertion into the node it occurs in making it locally redun-
dant. Obviously, this does not impose any restrictions to our approach.

o Declare a new temporary h in procedure w: m is the statically most
deeply nested procedure of II containing a defining occurrence of a
variable of Var(t), or the main procedure of II, if all variables of
Var(t) are free in II.

e [Insert at the entry of every node satisfying Inserticn the assignment
h:=1t.

e Replace every original computation of t in mnodes satisfying
Replace;oy, by h.

Table 10.1: Scheme of interprocedural code motion transformations
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Note that the static semantics of Prog requires that the predicate Insert;on
obeys the following implication:

Vn € N Insertron(n) = n € Range(t)

In the following we denote the set of all interprocedural code motion trans-
formations with respect to t, i.e., the set of all transformations matching the
scheme of Table 10.1, by ZCM.

10.3.1 Admissible Transformations

A code motion transformation ICM is admissible, if it preserves the seman-
tics of its argument program. Intuitively, this requires that ICM is safe and
correct. “Safe” means that there is no program path, on which the com-
putation of a new value is introduced, and “correct” means that h always
represents the same value as ¢, when it is replaced by h. This is reflected in
the following definition, which defines when inserting and replacing a com-
putation of ¢ is interprocedurally safe and correct in a node n € N*. Ad-
ditionally, it introduces the notion of strongly safe program points, which
we are going to show reveals an important difference to the intraprocedural
setting.

Definition 10.3.1 (Safety and Correctness).
For all nodes n € N* we define:

1. Safety: Safe(n) <=4
Vp e IP[s*,e*] Vi. (pi=n) =
a) 3j < i. Comp (p;) A Samelncy|j, i[ A Tmnsp*(vp’j)(p[j,i[) Y
b) 35 > i. Comp* (p.3) (pj) A Tmnsp*(vp’i) (pli, 4]
2. Strong Safety: S-Safe(n) <=4 N-USafe* (n) vV N-DSafe* (n), where
a) N-USafe* (n) <=q4f
Vp e IP[s*,e*] Vi. (p;=n) =
37 <i. Comp (p;) A Samelncy|j, i[ A Transp*\{pd)(p[j, i[)
b) N-DSafe* (n) <
Vp e IP[s*,e*] Vi. (pi=n) =
3j > i. Comp*, ;) (p;) A Transp*{,,  (pli, 5])
3. Correctness: Let ICM € ICM. Then:
Correcticm (n) <—ar

Vp € IP[s*,n| i.Insertronm (pi) A Samelney [, Ap[ A Tmnsp*(v%i) (pl, Ap))

Obviously, we have:
Lemma 10.3.1.
Vn e N*. Safe(n) = n € Range(t)

By means of the predicates of safety and correctness we can now define the
set of admissible interprocedural code motion transformations.
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Definition 10.3.2 (Admissible Interprocedural Code Motion).
An interprocedural code motion transformation ICM € ICM is admissible
if and only if every node n € N¥ satisfies the following two conditions:

1. Insertiom(n) = Safe(n)

2. Replacerqy(n) = Correction (n)

We denote the set of all admissible interprocedural code motion transforma-
tions by ZCM agm .
For admissible code motion transformations we can prove:

Lemma 10.3.2 (Correctness Lemma).

VICM € ICM aqm Y1 € N*. Correcticp (n) = Safe(n)

Proof. Let ICM € ICM pgqm, and n € N* satisfying Correctiops. Then
the following sequence of implications proves Lemma 10.3.2, where the last
one follows easily by means of Definition 10.3.1(1) and a case analysis on j:

Correction (n)
(Def. 10.3.1(3)) = VpeIP[s* e"]VEk. py=n.3i<k.
Insertiom (pi) A Samelncepli, k[ A Tmnsp*\(fp@ (pli, k])
(ICM €ZCMagm) = VpelIP[s*,e"|VEk. pr=n.3i<k.
Safe(p;) N Samelncy[i, k[ A Tmnsp*(vp’i) (pli, k[)
(Def. 10.3.1(1)) = VpelIP[s*,e"|Vk. pr=n.3i<k.
(3j < i.Comp (pj) A Samelncy[j,i[ A Tmnsp*\{pw (pl4,4))
V (3 = i. Comp* (,4(p;) A Transp*(, » (pli. j[) ) A
Samelncyi, k[ A Tmnsp*(vp’i) (pli, k[))
(Def. 10.3.1(1)) = Safe(n)
O
Up to now, the analogy to the intraprocedural setting seems to be complete
at first sight. However, there is an essential difference between safety and
strong safety interprocedurally. Whereas intraprocedurally both properties

are equivalent (cf. Lemma 3.2.1), interprocedurally only the (trivial) impli-
cation posed by Lemma 10.3.3 holds.

Lemma 10.3.3 (Interprocedural Safety).
Vn € N*. S-Safe(n) = Safe(n)
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nl:a,b,x m,

— S-Sofe| Sdfe
X :=atb cal m, — SSafe| Sdfe Safe | — S-Sofe
‘ call nz‘ ‘ x::a+b‘ — SSdfe| gofe Sdfe | — S-Sde

— S-Sofe| Safe

Fig. 10.15. Safety does not imply strong safety

The backward implication of Lemma 10.3.3 is in fact in general invalid as
already previously illustrated by the program fragment of Figure 10.6. For
convenience, Figure 10.15 recalls the essential part of this example. Note
that all nodes of procedure w5 are safe, though none of them is up-safe or
down-safe.

Thus, the interprocedural version of the correctness lemma is weaker than
its intraprocedural counterpart because intraprocedurally safety and strong
safety coincide. In fact, the stronger implication

Correction (n) = S-Safe(n)

is in general invalid. This can be proved by means of Figure 10.15, too. Note
that the start node of procedure 7y is safe. After inserting an initialization
at this node all nodes of my satisfy the predicate Correct without that any of
these nodes is strongly safe.

In the following we focus on canonic code motion transformations. Canon-
icity is sufficient for the computational optimality of the IBCM -transforma-
tion.

Definition 10.3.3 (Canonic Transformations).

An admissible interprocedural code motion transformation ICM € ICM agm
is canonic if and only if for every node n € N° the following condition
holds:
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Insertionm (n) =

Vp e IP[s*,e*|Vk.py=n. Tk <i < \,. Samelncy[k,i[ A Replace;cp (pi) A

(Vk+1<j<i. Inserticm(pj)= —Samelncylk, j[)

We denote the set of all canonic interprocedural code motion transformations
by ICM can. A program resulting from a transformation of ZCM can will be
called canonic, too.

10.3.2 Computationally Optimal Transformations

Technically, the intraprocedural criterion of computational optimality can
easily be extended to the interprocedural setting: a code motion transfor-
mation ICM € ICM gy is computationally better? than a code motion
transformation ICM’ € ICM aqy, if and only if

vV p eIP[s", e [ {i| Comp jon(pi)} | < [ {i] Comp jonr (pi)} |

Note that Comp ;o denotes a local predicate, which is true for nodes con-
taining a computation of ¢t after applying the code motion transformation it
is annotated with, i.e.:

Comp roas (n)=ar Insert o (n) V (Comp (n) A —Replace;cps (n))
This allows us to define:

Definition 10.3.4 (Comp. Optimal Interprocedural Code Motion).

An admissible interprocedural code motion transformation ICM € ICM agm
is computationally optimal if and only if it is computationally better than
any other admissible interprocedural code motion transformation. We denote
the set of all computationally optimal interprocedural code motion transfor-
mations by ICM cmpopt -

Intraprocedurally, ZCM cpmpop: is never empty: each program has a compu-
tationally (and even a lifetime) optimal counterpart (cf. Corollary 3.4.1).
Moreover, canonicity is necessary for computational optimality (cf. Theorem
3.2.1). As shown in Section 10.1.1, these theorems do not carry over to the
interprocedural setting (cf. Theorem 10.1.1). We have:

Theorem 10.3.1 (InterproceduralComp.OptimalityandCanonicity).
1. There are programs, for which ICM cmpopt is empty.
2. In general, ICM cmpopt 15 not a subset of TCM can -

2 Note that this relation is reflexive like its intraprocedural counterpart.
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10.3.3 Lifetime Optimal Transformations

In this section we extend the notion of lifetime optimality to the interpro-
cedural setting. Central is the introduction of the interprocedural notion of
a lifetime range. In essence, interprocedural lifetime ranges are like their in-
traprocedural counterparts paths from insertion to replacement points. How-
ever, we have to take different incarnations of terms into account: nodes where
relatively to the insertion point n a different incarnation of the term under
consideration is valid, do not belong to a lifetime range starting in n, and
must be excluded from the underlying path. Technically, this is accomplished
by defining the set of (maximal) segments of a path, which are characterized
by the fact that at all nodes of the segments the same incarnation of ¢ is
valid.

Definition 10.3.5 (Interprocedural Path Segments).
We define:

VpelIP[s*, e V1 <i<j<A,.
Segments; ;(p)=ar { Pli', §']| (i <" < j" < j) A
(Vi <1< 5. Samelney[i,1[) A
(i'>1 = ~Samelncp[i,i' — 1) A
(j'<j = —Samelncyli,j" +1[) }

This allows us to introduce the definition of interprocedural lifetime ranges.

Definition 10.3.6 (Interprocedural Lifetime Ranges).
Let ICM € ICM agqm. We define:

Lth (ICM):df
{Segments; ;) (p)| p € IP[s*,e*] A
1<i<j<M\,. Inserticm(pi) A Samelney[i, j| A Replace;cy (ps) A
Vi<l <j. Inserticm(pr) = —~Samelncy[i, [ }

By means of interprocedural lifetime ranges we can now define the inter-
procedural variant of the relation “lifetime better”. An interprocedural code
motion transformation ICM € ZCM a4y, is lifetime better than an interpro-
cedural code motion transformation ICM' € ZCM g4, if and only if

VP e LtRg(ICM) 3Q € LtRg(ICM'). P T Q

where C denotes the inclusion relation on sets of paths (cf. Section 2.1.1).

Summarizing, we define:

Definition 10.3.7 (Lifetime Optimal Interprocedural Code Motion).
A computationally optimal interprocedural code motion transformation ICM €
ICM cmpopt 1 lifetime optimal if and only if it is lifetime better than any
other computationally optimal interprocedural code motion transformation.
We denote the set of all lifetime optimal interprocedural code motion trans-
formations by ICM piopt-
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Obviously, we have (cf. Theorem 10.3.1(1)):

Theorem 10.3.2 (Interprocedural Lifetime Optimality).
There are programs, for which ZCM top: is empty.

This is in contrast to the intraprocedural case. However, the following
facts carry over to the interprocedural setting: if ZCM cmpopr # 0, then
there is usually more than one computationally optimal transformation, i.e.,
| ZCM cmpopt | > 1. Lifetime optimality, however, can at most be achieved
by a single transformation (cf. Section 3.2.3). Note that the corresponding
theorem relies only on properties of lifetime ranges and of computational
optimality. Canonicity is not required.

Theorem 10.3.3 (Uniqueness of Lifetime Optimal Interproc. CM).
| ZCM ptopt | <1

Proof. Let ICM,ICM’ € ICM t0pt- Then we have to prove two equiva-
lences:
Vn e NS, Insertion (n) <= Inserton (n) (10.1)

Vn € N%. Replace;cy(n) <= Replace;qyy (1) (10.2)

For symmetry reasons it is sufficient to prove only one direction of these
equivalences. Starting with (10.1), the computational optimality of ICM
guarantees

Vn e NS, Insertienm(n) =
Im € N° 3p € IP[s*, e*] 34, 5.
pi=n A pj=m A Segments; ;(p) € LtRg(ICM)
Moreover, the lifetime optimality of ICM yields that there are indexes i’
and j' with
i <i<j<y

and
Segments ; ;y(p) C Segments ;s i (p) € LtRg(ICM’)

Suppose i’ <i. Since ICM' is also lifetime optimal, there must be indexes
-1/

¢ and j7” with
i <it<i<j <y <"

and
Segments; ;) (p) & Segments ;s i (p) C Segments ;» ;i (p) € LtRg(ICM)
In particular, we have

Segments; ;(p), Segments ;i i\ (p) € LtRg(ICM)
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and
Segments; ;) (p) & Segments ;i ;) (p)

Hence, Definition 10.3.6 delivers
—Insertjon (n)

This, however, is a contradiction to the premise of the implication under
consideration. Thus, we have as desired Insert;cp (n).

In order to prove (10.2), let n € N°. Then (10.2) is a consequence of the
following chain of implications:

Replacercyr(n)
(ICM € ICM pam)

=
(10.1) = Comp (n) A Correctrcp (n)
(ICM'" € ICM cmpopt) =

Comp (n) A Correctyon (n)

Replacercpr (n)

O
Continuing the analogy to the intraprocedural setting, we introduce next the
notion of interprocedural first-use-lifetime ranges, which is important for the
optimality proofs of the IBCM- and ILCM-transformation.

Definition 10.3.8 (Interprocedural First-Use-Lifetime Ranges).
Let ICM € ICM a4y We define

FU-LtRg(ICM)=g4 {P € LtRg(ICM) |VQ € LtRg(ICM).Q C P=Q =P}

We have:

Lemma 10.3.4 (Interprocedural First-Use-Lifetime Range Lemma).

Let ICM € ICM gaqm, p € IP[s*,e*], and Q1,Q2 € FU-LtRg(ICM) with
Q1 Ep and Q2 C p. Then either

—Q1=Q2 or
— Q1 and Qs are disjoint, i.e., they do mot have any node occurrence in
common.

10.4 The [IBCM-Transformation

In this section we present the interprocedural version of the busy code motion
transformation called IBCM -transformation. Like its intraprocedural coun-
terpart, it is based on the properties of down-safety and earliestness. We will
prove that it is always admissible, and that it is computationally optimal,
whenever it is canonic for the program under consideration.
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10.4.1 Specification

Intuitively, a node n is interprocedurally down-safe at its entry, if on ev-
ery terminating program path starting in n the first modification of t is
preceded by a computation of ¢. Analogously, it is interprocedurally down-
safe at its exit, if on every terminating path starting in a successor of n
the first modification of ¢ is preceded by a computation of t. Note that the
definition of the corresponding intraprocedural property relies on the same
intuition. However, the definition of interprocedural down-safety must be re-
fined in order take care of the fact that there are different incarnations of ¢
(cf. Definition 3.3.1).

Definition 10.4.1 (Interprocedural Down-Safety).
Let n € N*. n is interprocedurally

1. entry-down-safe [in signs: N-DSafe* (n)] <—gr
Vp e IP[s*,e*] Vi. pi=n =
Fi < j < Ap. Comp™(, 1(ps) N Tmnsp*(vp,i) (pli, 5[)
2. exit-down-safe [in signs: X-DSafe* (n)] <=gf
Vp e IP[s*, e*] Vi. p;=n =
di<j < Ap. Comp(p;) N Samelncyi, j[ A Tmnsp*(vp,ﬂrl)(p]i,j[)

Note that the program point, which corresponds to the entry of a return node
n of G* in S, is the entry point of the unique successor of n. This implies
that the entry of a return node of G* must not be an insertion point of any
interprocedural code motion transformation. This is automatically taken care
of by the IDFA-algorithms of the IBCM-transformation. The specification
here, however, requires a slightly modified version of the predicate N-DSafe*
denoted by I-DSafe. A node n € N* is interprocedurally down-safe, if it
satisfies the predicate I-DSafe defined by

N-DSafe* (n) if n¢ N

¥n & N*. I-DSafe(n)=q { N-DSafe* (pred*(n)) otherwise

Considering a return node n, the predicates I-DSafe and N-DSafe* coincide
if all “siblings” of n have the same truth value. Using [-DSafe instead of
N-DSafe* guarantees that return nodes never satisfy the predicate “earliest”,
and therefore do not occur as insertion points of the IBCM -transformation.

Definition 10.4.2 (Interprocedural Earliestness).
Let n € Range(t). n is interprocedurally

1. entry-earliest [in signs: N-Earliest* (n)] <=gr
dp € IP[s*,n] V1 <i<\,. I-DSafe(p;) A Samelncy[i, \p[ =

= Tmnsp*(vp,i) (pli, Apl)
2. exit-earliest [in signs: X-Earliest* (n)] <=4
dp € IP[s*,n] V1 <i < \,. I-DSafe(p;) A Samelncy[i, \p] =

~Transp* (. ;) (pli, Ap))
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Abbreviating N-FEarliest* by I-Farliest, Lemma 10.4.1 yields that the
IBCM -transformation does not insert a computation into a return node or
into the fictious procedure Gy representing the external procedures of the
program under consideration. This lemma follows immediately from the defi-
nition of the predicate I-DSafe and the local abstract semantics of end nodes
and return nodes being a successor of the end node of Gy.? A dual lemma
holds for the ILCM-transformation. For the IBCM -transformation it is as
follows:

Lemma 10.4.1. Vn € N*. I-DSafe(n) A I-Earliest(n) =
n e N* \(Nr* U {So,’ﬂo,eo})

Table 10.2 now presents the definitions of the predicates Insertipoy and
Replacerp s, which define the IBCM-transformation.

e Vn € N°. Insertigom (n)=q4r I-DSafe(n) A I-Earliest (n)
e Vn € N°. Replace gy (n)=ar Comp (n)

Table 10.2: The IBCM -transformation

The IBCM -transformation is admissible. We prove this property next, though
it requires to anticipate the second part of the IBCM-Lemma 10.4.2. How-
ever, this does not cause any subtleties as it is independent of the admissibility
theorem. We have:

Theorem 10.4.1 (IBCM-Admissibility).

IBCM € ICM aqm

Proof. In order to prove IBCM € ZCM 4g4m, we must show that all insertions
and replacements are safe and correct, respectively. The safety of insertions
is a consequence of:

Insertipom
(Def. Insert;pop) = I-DSafe
(Def. I-DSafe) = N-DSafe*
(Def. S-Safe) = S-Safe
(Lemma 10.3.3) = Safe

The correctness of replacements follows from:

3 Recall that nodes e € {eo,e1,...,e,} represent the empty statement “skip”.
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Replacergony
(Def. Replacergeops) = Comp
(Def. N-DSafe*) = N-DSafe*
(Def. S-Safe) = S-Safe
(Lemma 10.3.3) = Safe
(Lemma 10.4.2(2)) = Correctipom

O

Reestablishing Formal Procedure Calls. In this section we discuss how
to reestablish the formal procedure callsin S after the IBCM -transformation,
a step, which is necessary because formal procedure calls have been unfolded
before the transformation (cf. Section 10.2). We illustrate this procedure by
means of Figure 10.14. In order to fix the setting, let M=g4 {n(m)|7 €
callee(n) } be the set of nodes introduced for replacing a formal procedure
call node n, and let M'=q {n'(7) |7 € callee(n)} be the set of immediate
successors of nodes of M. According to the splitting of edges leading to nodes
with more than one predecessor, all nodes of M’ are synthetic and represent
the empty statement “skip”. In particular, for every « € callee(n), we assume
that n/(7) denotes the unique successor of n(w), and n(w) the unique prede-
cessor of n'(m). Moreover, we have | predyy(M)| = | succyyary(M') | =1.
In this situation the formal procedure call is reestablished as displayed in
Figure 10.16: the sets M and M’ of nodes are replaced by the original
node n and a new node n’, respectively. Correspondingly, the set of edges
reaching a node in M is replaced by a single edge from the unique prede-
cessor p of the nodes of M to n, and the set of edges leaving a node of
M is replaced by a single edge from n to n'. Moreover, the set of edges
leaving a node of M’ is replaced by a single edge from n’ to the unique
successor s of the nodes of M’ (cf. Figure 10.16(a)). Having settled the
graph structure, we are left with fixing the predicates Insert and Replace
for n and n’ with respect to the predicate values applying to nodes of
M and M’. Starting with the predicate Insert, this is straightforward, if
all or if none of the nodes of M and M’, respectively, satisfy the pred-
icate Insertigom, i.e., if the following equalities |{ Insertipom (n(m))|m €
callee(n) } | = | { Insertipep (' (w)) | m € callee(n) } | =1 hold. In these cases
we define

I  Insertipem(n(m)) if m=n
m€Ecallee(n)

Insertipem (m)=as 11 Insertipop (0 (w)) if m=n’

wEcallee(n)

The remaining cases are slightly more complicated:

It |{Insertipem(n(m)) |7 € callee(n)}| = 2, a new edge must be intro-
duced between n and its unique predecessor p, which is split by a new
node 7 as illustrated in Figure 10.16(b). In this case, Insertipom(n) is set
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to false and Insertipom () to true. Note that the new branch in p is
deterministic, i.e., the branch to 7 is taken if and only if the argument pro-
cedure bound to the parameter procedure of node n is an element of {7 €
callee(n) | Insertigenm (n(m)) }. Analogously, a new branch must be inserted
at the end of node n’ in case of |{ Insertipon (n' (7)) |7 € callee(n) } | =2.

? & \/

=1

I

g
igH

5>

-

7\

Fig. 10.16. Reestablishing formal procedure calls after the IBCM-transf.

Finally, the predicates Replace;gopy (n) and Replace;gopy (n') have to be
set as follows:*

II  Replace;geps(n(m)) if m=n

Replacegops(m)=qr { m€callee(n)
false if m=n'

Note that the number of computations on a program path of IP[s*, e*]
is invariant under the restoration of formal procedure calls. Without loss of
generality we can thus prove the computational optimality of the IBCM-
transformation before their reconstruction.

Checking Canonicity. The IBCM-transformation is always admissible (cf.
Theorem 10.4.1). Under the premise of canonicity it is also computationally
optimal; a condition, which can easily be checked by investigating the in-
sertion points. For a specific insertion this can be accomplished in time lin-
ear to the number of nodes of the program by a simple marking algorithm,

4 Note that n’ represents the empty statement “skip”, which implies =Comp (n').
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which, starting at the insertion point under consideration, recursively marks
all nodes reachable from it until it either stops at a use site or a reinsertion of
the computation under consideration of the same incarnation. The insertion
is canonic, if the marking stops at use sites only. Note that even in the pres-
ence of recursive procedure calls the algorithm does not have to visit nodes
twice: if the term contains a variable being local to the callee, the call can
simply be skipped as entering the callee activates a new incarnation of the
term. Thus, as a consequence of the down-safety of the insertion point under
consideration, we obtain that the use site justifying down-safety follows the
recursive call. Alternatively and more efficiently, canonicity of the IBCM-
transformation can also be checked in the style of the “unusability” analysis
of Section 10.5.1 using the dual version of this property.

10.4.2 Proving Computational Optimality

In this section we assume that the IBCM -transformation is canonic for the
program under consideration. Under this premise, we will prove that it is
interprocedurally computationally optimal (cf. IBCM-Optimality Theorem
10.4.2). In essence, this can be proved as in the intraprocedural case. Central
is the IBCM-Lemma 10.4.2. Note that only its third part, which intuitively
states that every insertion of the IBCM-insertion is used on every program
continuation without a preceding modification or reinsertion, relies on the
canonicity of the IBCM -transformation. This, in fact, is crucial for the proof
of computational optimality.

Lemma 10.4.2 (/IBCM-Lemma).

1. Vn € N°. Insertipcy(n) <= S-Safe(n) A

—Transp (m¢) if n€{s1,...,sK}
me caller(fg(n))
I1 (= GlobTransp(m) V —Safe(m))
mepredgg(n)(n)
if 0 # predgm)(n) CN9\NZ v
(predgy(ny(n) = {m} € NZ A
Var(t) € GlobVar(callee(m)))
(=~ GlobTransp(m) V —Safe(m)) A
—Safe(end(callee(m))) if predsy(n)(n)={m} C N2 A
Var(t) C GlobVar(callee(m))

2. Vn € N°. Correctigor(n) <= Safe(n)
8. If IBCM € ICM ¢an, then we have:

Vp € IP[s*, e*] Vi. Insertigom (pi) =
3j > i. Segments; ;(p) € FU-LtRg(IBCM)
4. VICM €ICM 44V p€IP[s*, e*|(V i, j. Segments; ;(p) € LtRg(IBCM)).
—Replacercy (pj) V i <1< j. Insertiom(pi) A (pi) £ Segments; ;(p)
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Proof. Part 1). Starting with the proof of the first implication, “=", we have
that Insert;pcy implies I-DSafe, and I-DSafe implies S-Safe. Thus, we
are left with showing the implication

Insertipon (n) =
—Transp (m¢) if ne{sy,...,s}
mecaller(fg(n))
11 (= GlobTransp(m) V —Safe(m))
mepredeg(n)(n)
if 0+ predy(ny(n) € NS\N5 v

(predgy(n)(n) ={m} C N5 A (10.3)

Var(t) € GlobVar(callee(m)))
(= GlobTransp(m) V —=Safe(m)) A
—Safe(end(callee(m)))

if predgy(n)(n)={m} C NJ A
Var(t) C GlobVar(callee(m))

As the main procedure cannot be called, we have caller(fg(s;))=0. This
directly implies the validity of implication (10.3) for n=s;. Next, let n €
{s2,...,sk}, and assume that

H —Transp (mc)
mecaller(fg(n))
is invalid. As all procedure calls in S are ordinary, this assumption implies
H Transp (m¢)
mecaller(fg(n))

which yields
Vp € IP[s",n]. Samelncy[A, — 1, Ap[

Combining this with I-DSafe (n) we get
11 I-DSafe (m)

mecaller(fg(n))

and therefore by means of Definition 10.4.2 —I-Earliest (n), which is a con-
tradiction to Insertpen(n).

We are now left with proving implication (10.3) for n € N%\{sy,...,s.}.
First, we show that n has a unique predecessor, which is accomplished by
proving the contrapositive of

Vn e N¥\{s1,...,s;}. Insertipom(n) = |predgyny(n)| =1 (10.4)

Thus, let n € N¥\{sy,...,s.}, and suppose that | predgg(ny(n)| > 2. Lemma
10.2.2(1a) and Corollary 10.2.1(1) then yield

suCCs(n) (Predegmy(n)) ={n} A H Transp (m)

mepredeg(n)(n)
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Moreover, we have
Vp € IP[s*,n|. Samelncy[A, — 1, Ap|
Hence, I-DSafe(n) implies

H I-DSafe (m) (10.5)

mepredig (n) (n)
By means of (10.5), Definition 10.4.2 yields
—I-Earliest (n)

This directly implies —Insert;gom(n) as desired. Thus, n has a unique pre-
decessor, which we denote by m.

In order to complete the proof of implication (10.3), we must investigate
three cases. Without loss of generality we can assume that m satisfies the
predicate GlobTransp(m).

Case 1. m € N¥\N?J

In this case GlobTransp(m) is equivalent to Transp (m). Moreover, for all
p € IP[s*,n] we have Samelncp[A, — 1, A\,[. Suppose that m satisfies the
predicate Safe. According to Definition 10.3.1 this implies

Vp € IP[s*,e*] Vi. (p;=m) =
a) 35 < i. Comp (p;) A Samelncy[j, 1] A Transp*(vpd) (plg,i) v (10.6)
b) 35 > 1. Comp* () (pj) A Tmnsp*(vm) (pli, 4]

The proof proceeds now by showing that I-Farliest (n) does not hold, which
as desired yields a contradiction to Insertipon (n). This can be achieved by
considering each path passing node n separately. Thus, let p € IP[s*, e*]
and let ¢ € {1,...,A,} with p;=mn. If there is an index j < ¢ satisfying
condition a) of (10.6), i.e., in case of a)

35 <i. Comp (p;) A Samelncy|j, [ A Tmnsp*(vp’j)(p[j,i[)
we immediately get the equivalent formula
34 <i. I-DSafe (p;) A Samelnc,|j, i[ A Tmnsp*\{pw (pl4,4])

According to Definition 10.4.2, p cannot be used for justifying the predicate
I-Earliest (n). Thus, we are left with the case of condition b), i.e.,

35 > 1. Comp* (9,3) (pj) A Tmnsp*(vp’i) (pli, 4]
Without loss of generality we can assume
Vi <i. Comp(p) = —(Samelncy[l,i[ A Transp*(vm) (p[l,4])) (10.7)

because otherwise we succeed as above. Moreover, without loss of generality
we can additionally assume that
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Vi < i. I-DSafe (p;) = —(Samelncy[l, i[ A Tmnsp*(vp’l)(p[l,i[)) (10.8)

because the existence of an index [ violating (10.8) would exclude according to
Definition 10.4.2 the usage of p for justifying I-Farliest (n). Together, (10.7)
and (10.8), however, imply the existence of a path p passing node m violating
both constraint a) and b) of (10.6). This, however, is a contradiction to the
safety of m, which finishes the proof of Case 1.

Case 2. m € NZ A Var(t) € GlobVar(callee(m))

In this case Lemma 10.2.6(2) yields for all paths p € IP[s*,n] with

pli, Ap — 2] € CIP[start(callee(m)), end(callee(m))]

that the predicate Samelncy[i—1, Ap[ is satisfied. Additionally, GlobTransp(m)
implies

Tmnsp*\(fp,iq)(p[i — 1,00
Thus, as in Case 1, the assumption that m satisfies the predicate Safe, im-
plies —I-Earliest (n), and therefore a contradiction to Insertpcn (n), which
completes the proof of Case 2.

Case 3. m € NJ A Var(t) C GlobVar(callee(m))
Here we have to prove the conjunction

—Safe(m) A —Safe(end(callee(m)))

Clearly, —Safe(m) holds for the same reasons as in Case 2. Thus, we are left
with showing —Safe(end(callee(m))). Suppose that end(callee(m)) satisfies
the predicate Safe. This yields

Vp € IP[s*, e*] Vi. (p; = end(callee(m))) =
a) 35 <i. Comp (p;) A\ Samelncy[j, i A Tmnsp*(vp’j) (plg,i[) Vv (10.9)

b) 3j > i. Comp*(, ;) (p;) A Transp*{,, » (pli, j[)

and the proof can now be completed as in Case 1 using end(callee(m))
instead of m.

The converse implication, “<”, is proved as follows. If n=s;, S-Safe(n)
is equivalent to N-DSafe* (n). This directly implies I-DSafe(n) and t €
Range(n). Moreover, Definition 10.4.2 yields N-FEarliest* (n), which is equiv-
alent to I-Earliest (n). Hence, we obtain as desired

Insertipen(s1)
Let now n € {sg,...,sg}. Then
H —Transp (m¢) (10.10)

me caller(fg(n))

yields
N-DSafe* (n)
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Since n € {sa,...,s;} this is equivalent to I-DSafe (n). Moreover, this yields
t € Range(n). Thus, we are left with showing that I-Farliest(n) holds, too.
Clearly, (10.10) yields

Vp e IP[s™,n] Vi< \,. nSamelncyli, \p|

Hence, applying Definition 10.4.2(1) we get as desired I-Farliest (n).

We are now left with the case n € N°\{sy,...,s;}. Similar to the first
implication, we prove that n has exactly one predecessor. This is done by
showing the contrapositive of

Vn e N°\{sy,...,sx}.
S-Safe(n) N 11 (=~ GlobTransp(m) V —Safe(m)) (
mepredeg(n)(n)
= |predym)(n)| =1

10.11)

To this end let n € N¥\{sy,...,s}, and suppose that

| predgyguy(n)| > 2
Lemma 10.2.2(1a) and Corollary 10.2.1(1) then yield
suCCsg(n) (Predegmy(n)) ={n} A H Transp (m)
mepredeg(n)(n)

In particular, we therefore have

H GlobTransp(m)

mepredeg(n)(n)
Without loss of generality we can assume (recall that n satisfies S-Safe)
N-USafe* (n) A —N-DSafe* (n) (10.12)

because N-DSafe* (n) and the transparency of n’s predecessors yield

H S-Safe(m)

mepredeg(n)(n)

This implies
H Safe(m)
mEpredeg(ny(n)
and therefore as desired the negation of the premise of (10.11). (10.12) now
implies
H N-USafe* (m) vV Comp (m)

mepredeg(n)(n)
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Clearly, Comp implies N-DSafe* . Hence, we obtain

11 N-USafe* (m) V N-DSafe* (m)

mepredeg(n)(n)

and therefore

H S-Safe(m)

mepredeg(n)(n)
implying

H Safe(m)

mepredeg(n) (1)

as well. This yields as desired the negation of the premise of (10.11). Hence, n
has a unique predecessor, which we denote by m. Next, we must investigate
the following three cases.

Case 1. m € N5\N¥
In this case the predicates GlobTransp and Transp are equivalent for m.
Additionally, we have:

Vp € IP[s",n]. Samelncy[A, — 1, Ap[ (10.13)
Moreover, we also have
N-USafe* (n) V N-DSafe* (n)
because n satisfies the predicate S-Safe. Suppose now that n satisfies
N-USafe* . Applying the definition of N-USafe* we obtain

Vp eIP[s*,n] 3j< .

. . ‘ 10.14
Comp (p;) N Samelncy[j, A\p[ A Transp (vp’j)(p[],)\p[) ( )

Together with (10.13) this implies Transp (m). Thus, by means of the premise
of “<” we get
—Safe(m) (10.15)

In particular, this yields —Comp (m). Hence, (10.14) is equivalent to

Vp € IP[s*, m]
dj <A, — 1. Comp (pj) N Samelncy[j, Ap — 1[ A Transp*¥p7j) (pld, Ap — 2])
which directly yields
N-USafe* (m)
and hence
Safe(m)

This, however, is a contradiction to (10.15). Thus, we have N-DSafe* (n), and
therefore also I-DSafe (n). Hence, we are left with showing I-Earliest(n). If
Transp (m) is invalid, I-Earliest(n) holds trivially by means of (10.13) and
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Definition 10.4.2(1). Otherwise, i.e., if Transp(m) and —Safe(m) hold, the
assumption —I-Farliest(n) implies N-USafe* (m). This, however, yields a
contradiction to the premise —Safe(m). Together, this implies Insertipcnr(n)
as desired.

Case 2. m € NJ A Var(t) € GlobVar(callee(m))
Suppose that S-Safe(n) does not imply N-DSafe* (n), i.e., suppose we have

N-USafe* (n) A —N-DSafe* (n)
Applying the definition of N-USafe* and Lemma 10.2.6(2) we obtain

VpeIP[s*,n] 35 <.

. . . 10.16
Comp (p;) N Samelncy[j, \p[ A Transp (Vp’j)(p[],)\p[) ( )

where p; is the matching call node to py,—1 on p. Together with Lemma
10.2.7 this delivers
N-USafe* (pi) vV Comp (pir)

Since Comp implies N-DSafe* we obtain
N-USafe* (pi) V. N-DSafe* (p;r)

Thus, we have

S-Safe(pir)
and therefore
S-Safe(m)
which implies
Safe(m)
Moreover, (10.16) yields directly
GlobTransp(m)

This, however, is a contradiction to the premise of “<”. Thus, we have
N-DSafe* (n), and therefore also I-DSafe(n). Now, I-Farliest(n) remains
to be verified. If GlobTransp(m) does not hold, I-Earliest(n) holds triv-
ially according to Definition 10.4.2(1). Otherwise, i.e., if GlobTransp(m) and
—Safe(m) hold, the assumption —I-Earliest (n) directly yields N-USafe* (m),
and therefore a contradiction to the premise —Safe(m). Thus, we obtain
Insertjpop(n) as desired.

Case 3. m € NJ A Var(t) C GlobVar(callee(m))
Similar to Case 2, the assumption

N-USafe* (n) A —N-DSafe* (n)

leads to a contradiction to the premise that end(callee(m)) does not sat-
isfy the predicate Safe. Thus, we have N-DSafe* (n), and therefore also
I-DSafe (n). Additionally, if

—Safe(end(callee(m))) A —GlobTransp(m)
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is satisfied, Definition 10.4.2(1) yields directly I-Farliest (n). Otherwise, i.e.,
if

—Safe(end(callee(m))) A —Safe(m)
holds, the assumption —I-Earliest(n) implies N-USafe* (end(callee(m))),
and therefore a contradiction to the premise —Safe(end(callee(m))). Hence,
in both cases we obtain as desired Insertipon (n).

Part 2). The first implication, “=", holds by means of the Correctness Lemma
10.3.2. Thus, we are left with showing the second implication, “<”,

Vn € N9, Safe(n) = Correctipon (n) (10.17)
This is equivalent to

(Vp e IP[s*, e*] Vi. (p;=n) =
a) 35 <i. Comp (pj) A Samelncy[j,i[ A Tmnsp*\{pw (pl4,4]) Vv
b) 37 = i. Comp* , 1 (ps) A Tmnsp*(vp’i) (pli, 3)))
= 31 <. Insertipem (pi) A Samelncp[l, i A Tmnsp*\(fp’l)(p[l,i[)

(10.18)

Implication (10.18) is now proved by investigating every path p separately
by a case analysis on the size of j. If there is an index j satisfying condition
a) of (10.18), condition a) is because of the fact that Comp implies I-DSafe
equivalent to

3j <i. I-DSafe(p;) A Samelncy|j, il A Transp*(, ; (plj, i)~ (10.19)
Thus, the index [,
lp=ar Min({ j | I-DSafe (p;) A Samelncy[j,i[ A Transp*¥p7j) (pl7,4))}) (10.20)
is well-defined. Together with Definition 10.4.2(1) we then obtain
I-DSafe(pi,) N I-Earliest(py,)

and therefore
Insertipom (pi,) (10.21)

Combining (10.20) and (10.21), we have:
Insertipon (pi,) A Samelncy[l,, Ay [ A Tmnsp*(vp’lp)(p[lp, i[)

Hence, Correctipon(n) holds on p as desired.

If there is no index j satisfying condition a) of (10.18), but condition b),
we obtain

I-DSafe (p;)
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and hence, as in the previous case, the index 1,
lp=ar Min({ j| I-DSafe (p;) A Samelncy[j,i[ A Tmnsp*\{pw (pl,4)}) (10.22)
is well-defined for path p. In particular, we have
I, <4

because [,,>% yields a contradiction to the safety of node n. Thus, the proof
can now be completed as in Case 1.

Part 3). Let p € IP[s*,e*] and i € {1,...,\,} with Insert;gcum (pi). Clearly,
we have p; € N*\N;. Moreover, we also have I-DSafe(p;), and therefore
N-DSafe* (p;) as well. This yields

i <j < Ay Comp®(, 5(pj) A Tmnsp*(vp@ (pli, 4] (10.23)

In particular,
J=ar Min({j 1§ < j < Ay Comp* . (py) A Transp' o (pliniD) )
is well-defined. Hence, the canonicity of IBCM yields
Vi<l < jp. Samelncyli,l] = —Insertigem (pr) (10.24)

and therefore
Segments; ; \(p) € FU-LtRg(IBCM )

as desired.

Part 4). Let ICM € ICMaim, p € IP[s*,e'], and Segments(; ;(p) €
LtRg(IBCM). Without loss of generality we can assume that the original
computation in p; is replaced, i.e., Replace;cy,(p;) holds. The admissibility

of ICM then guarantees
Correcticm (py) (10.25)

Moreover, Segments; ;(p) € LtRg(IBCM) yields Insertipcom(pi). Thus, by
means of Lemma 10.4.2(1) we have

—Transp (mc) if p; € {s1,...,sk}
me caller(fg(pi))
II (= GlobTransp(m) V —=Safe(m))
mepredeg(p,) (Pi)
if 0+ predyy,)(p;) € NS\N2 v

(pr(fdfg(pZ (pl) {m} - NS

Var(t) GlobVar(callee( )
(—~GlobTransp(m) V =Safe(m)) A
—Safe(end(callee(m))) if predy(,) (pi)={m} C N5 A

Var(t) C Gl obVar(callee( )
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The Correctness Lemma 10.3.2 now implies

(= Transp (mc)V-Correctron (me))if pi € {so,s1,...,8k}
mecaller(fg(pi))
(= GlobTransp(m) V = Correctiop (m))
mepredeg(p,) (pi)
if 0% predgy(p,)(pi) € NS\NJ v
(predgy(p,) (pi) = {m} € NZ A
Var(t) € GlobVar(callee(m)))
(= GlobTransp(m) V = Correctiop (m)) A
—Correctiop (end(callee(m))) if predgy ) (pi)={m} CNJ A
Var(t) C GlobVar(callee(m))

This yields
= Correctron (pi) V Insert jon (pi)

A straightforward induction now delivers the validity of the formula
i <1< Insertiom(p) A (pr) E Segments; ;y(p)

which completes the proof of part 4. |

Before proving the main result of this section, we demonstrate that canonic-
ity is indeed essential for the validity of the third part of the IBCM-Lemma
10.4.2. Tho this end we consider the example of Figure 10.17. It shows the
result of the IBCM-transformation for a program, whose original computa-
tions of a 4+ b have been replaced by h. Note that the insertion at node 6 is
perfectly down-safe because of the original computations of a4 b at the nodes
8,9, 14, and 15. Nonetheless, it is not used along the program continuation
passing node 12 of procedure 7. This can easily be verified by considering
the relevant lifetime ranges of this example, which, for convenience, are high-
lighted. Note that the light-shadowed lifetime range prefix starting in node
6 cannot be extended to a first-use-lifetime range because of the insertion at
node 13.

However, under the premise of canonicity of the IBCM-transformation, and
thus by means of the IBCM-Lemma 10.4.2 we can prove the main result of
this section:

Theorem 10.4.2 (IBCM-Optimality).
If the IBCM -transformation is canonic for the program under consideration,
then it is computationally optimal, i.e.,

IBCM € ICM ¢on = IBCM € ICM cmpopt
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T, rabxyh m, L

Fig. 10.17. The impact of canonicity on part 3 of IBCM-Lemma 10.4.2

Proof. The admissibility of the IBCM -transformation is guaranteed by The-
orem 10.4.1. Thus, we are left with showing its computational optimality, i.e.,
with proving IBCM € ZCM ¢mpope- To this end let ICM € ZCM ggm, and
p € IP[s*, e*]. Then we have as desired:

Comp IBCM(p)
(Def. IBCM ) = |{i|Insertisem (pi)} ]
(Canon., Lem. 10.3.4, 10.4.2(3)) = |[{7] Segments ; ;) (p)

€ FU-LtRg(IBCM)} |
(Lem. 10.4.2(4)) < |{i|Insertiom(pi)}| +
|{i| Comp (pi) A= Replace;cp; (pi)} |
= Comp jcp(p)

O

The IBCM-transformation is interprocedurally computationally optimal,
whenever it is canonic. The converse implication is in general invalid, i.e.,



10.5 The ILCM-Transformation 189

canonicity is not necessary for the computational optimality of the IBCM-
transformation. For a proof reconsider the program of Figure 10.5, which
shows the result of the IBCM -transformation for the program of Figure 10.4.
It is computationally optimal, but not canonic. Thus, we have:

Theorem 10.4.3 (Canonicity).

Canonicity of the IBCM -transformation for the program under consideration
is sufficient for its interprocedural computational optimality, but not neces-
sary.

For the example of Figure 10.5 the IBCM-transformation works perfectly
without being canonic. In general, however, if the IBCM -transformation fails
the canonicity constraint, it violates strictness in the sense of [CLZ], i.e.,
profitability is in general not guaranteed. An extreme example is displayed
in Figure 10.18. It shows a program, which is free of any partially redundant
computation. Hence, it is computationally optimal. Figure 10.19 shows the
result of the IBCM -transformation for this program. It inserts a computation
inside the loop impairing the program dramatically.

T[l:ab,x,y,z T, n s

o] o[ ] ) L] s ] =[] [*

Fig. 10.18. The original program Il4

10.5 The ILCM-Transformation

As in the previous section, we assume that the IBCM -transformation is
canonic for the program under consideration. According to the IBCM-
Optimality Theorem 10.4.2 it is thus computationally optimal. However, like
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o
13 a::j

14

D D Safe
. Earli est 19

Fig. 10.19. Failure of canonicity causes in general failure of strictness

its intraprocedural counterpart, it does not take the lifetimes of temporaries
into account. Lemma 10.5.2 yields that the lifetimes of temporaries intro-
duced by the IBCM-transformation are even maximal in this situation, a
fact, which can be proved by means of Lemma 10.5.1.

Lemma 10.5.1 (IBCM-First-Use-Lifetime Range Lemma).
Y ICM € TCM cmpopt ¥ p € TP[s*, e VI < A,
Comp ron(pr) = i <1< . (pi) © Segments; ;(p) € FU-LtRg(IBCM)

Proof. Let ICM € ZCM cmpopt, p € IP[s*,e*], and let | be an index with

Comp 1o (p1)
Suppose that
Vi<l <j. (p) E Segments; ;(p) ¢ FU-LtRg(IBCM)
Then we obtain according to the premise of the canonicity of the IBCM-

transformation the following sequence of inequations:

[{i]| Comp cpr(pi)} |
[{i] Segments ; ;) (p)
€ FU-LtRg(IBCM)} | +1
(Canon. & Lem. 10.3.4 & 10.4.2(3)) = |{i|Insertipem(pi)}| +1
)

(Lem. 10.3.4 & 10.4.2(4))

v

\%

| {i | Insertipom (pi)} |
| {i | Comp 1pcn (i)} |
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This, however, is a contradiction to the computational optimality of ICM
completing the proof of Lemma 10.5.1. O

Using this lemma we can now prove:

Lemma 10.5.2 (/BCM-Lifetime Range Lemma).
VICM € ICM cmpopt ¥V P € LtRg(ICM) 3Q € LtRg(IBCM). PC @

Proof. Let ICM € ICMcmpopt, p € IP[s*,e*], and Segments(; ;y(p) €
LtRg (ICM). By means of Definition 10.3.6 we obtain

Vi<l <jVqe Segments; ;y(p). (pi) E ¢ = —Inserticm (p1)

Additionally, we also have Replace;gcyy(pj). The IBCM-Lemma 10.4.2(4)
thus yields

Vi<l <jVq€ Segments(; ;y(p). (p1) E ¢ = —~Insertipem(pi)
Lemma 10.5.1 yields the existence of an index I’ with I’ <4 and
Segments: ;(p) E P’
for some P’ € FU-LtRg(IBCM). In particular, we therefore have
Insertigoy (prr) A Vi € {I' +1,...,i}. (pyr) C P’ = —Insertipon (pir)
Summarizing, we have as desired

Segments; ;(p) £ Segments ;(p) € LtRg(IBCM)

]

10.5.1 Specification

In this section we present the interprocedural extension of the LCM-transfor-
mation called ILCM-transformation. It enhances the IBCM -transformation
by minimizing the lifetimes of temporaries. Like its intraprocedural counter-
part, the ILCM-transformation is based on the properties of latestness and
isolation.

Definition 10.5.1 (Interprocedural Delayability).
Let n € N*. n is interprocedurally
1. entry-delayable [in signs: N-Delayable* (n)] <=4
Vp eIP[s*,n| 31 <i < \,. Insertigem (pi) A Samelncp[i, \p[ A

- Comp* (ap,i) (pli, Ap))-
2. exit-delayable [in signs: X-Delayable* (n)] <—=qgf
Vp eIP[s*,n] 31 <i<\,. Insertigem (pi) N Samelney[i, \p] A

= Comp*{,, 1 (pli, Ap)).-
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Interprocedural delayability induces the notion of interprocedurally latest
computation points. Intuitively, these are the “maximally delayed” pro-
gram points, which allow a computationally optimal placement of the pro-
gram term under consideration. The definition requires the function Nodes :
S — P(N?), which maps a flow graph G to its node set enlarged by the node
sets of flow graphs (indirectly) invoked by call statements of G. Formally, it
is defined by:

VG € S. Nodes(G)=4r No U|J{ Nodes(callee(n))|n € NS N Ng}

where Ng=4{n € N°|fg(n)=G} denotes the set of nodes of the flow
graph G.

Definition 10.5.2 (Interprocedural Latestness).
A node n € N° s interprocedurally latest, if it satisfies the predicate
I-Latest defined by

I-Latest (n)=q4r N-Delayable* (n) A ( Comp (n) V
- 1 N-Delayable* (m) if n € NS\N?J Vv (n € NS A
MESUCCeg(n) (1)

Var(t) € GlobVar(callee(n)))

—N-Delayable* (start(callee(n))) A
)

Required(start(callee(n)) otherwise

where

Required (start(callee(n)))=qr Z Comp (m)
m&€ Nodes(fg(start(callee(n))))

For nodes outside of N¥ the definition of latestness is straightforward and
coincides with its intraprocedural counterpart. For procedure call nodes, it
needs some more explanation.

If the term ¢ under consideration contains local variables of the called
procedure (i.e., Var(t) € GlobVar(callee(m))), the incarnation of ¢, which
is valid before entering the procedure is invalid as long as the call is not
finished because entering the procedure activates a new incarnation of t.
Hence, the original computations of ¢ having led to the insertions of the
IBCM -transformation, which are now responsible for the delayability of ¢ at
the entry of n, are located on program continuation parts starting at the exit
of n. As a side-effect we thus obtain that the called procedure is transparent
for ¢, i.e., it does not modify global variables of ¢, since otherwise the hoisting
of t across the call by the IBCM-transformation would have been blocked.
Together this implies that n blocks the sinking of ¢ only if it is passed as
a parameter, i.e., if Comp (n) holds. Thus, the call node can be treated like
an ordinary node in this case.
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In the remaining case, i.e., if all variables of ¢ are global for the procedure
called by n (i.e., Var(t) C GlobVar(callee(m))), latestness of n depends on
properties of the start node of the called procedure. The point here is that en-
tering the procedure does not activate a new incarnation of ¢. The start node,
therefore, takes the role of the successors of n in this case, which explains
the term —N-Delayable* (start(callee(n))) occurring in the definition of lat-
estness. However, this condition and entry-delayability of n are not sufficient
in order to imply latestness of n. In addition, this requires that the value of
t is required for capturing a use site of ¢ inside the called procedure, i.e.,
before finishing the call. This requirement, whose equivalent is automatically
satisfied for ordinary nodes and call nodes involving local variables, must
explicitly be checked. This is reflected by the predicate Required indicating
whether there is an occurrence of ¢ inside the called procedure. Checking this
predicate, which does not require a data flow analysis, is sufficient because
of the postulated canonicity of the IBCM -transformation.

After defining latestness, we introduce next the interprocedural version of
the predicate “unusable”. Like its intraprocedural counterpart, it indicates,
whether an initialization of h at a specific program point would be unus-
able because of the lack of a terminating program continuation containing a
further computation of the same incarnation of ¢ without a preceding reini-
tialization of the same incarnation of h.

Definition 10.5.3 (Interprocedural Unusability).
Let n € N*. n is interprocedurally

1. entry-unusable [in signs: N-Unusable® (n)] <=qr
Vp e IP[s*,e*] Vi.pi=n =
(Vi <j < Ap. Comp*, ) (pj) =
i <1 <j. I-Latest(p;) A Samelnc,[i,l]).
2. exit-unusable [in signs: X-Unusable* (n)] <=g4r
Vp e IP[s*,e*] Vi. pi=n =
(Vi<j < Ap. Comp(pj) N\ Samelncyli,j| =
i<l < j. I-Latest(p;) N Samelnc,i,l[).

Unusability allows us to identify isolated program points. Intuitively, a node
n is interprocedurally isolated, if a computation inserted at its entry could
only be used in n itself, i.e., for transferring the value to the statement of node
n. In essence, interprocedural isolation is therefore given by interprocedural
exit-unusability. However, similar to the definition of latestness procedure
call nodes require special care. For a procedure call node unusability after the
parameter transfer is decisive for the validity of the isolation property, i.e.,
exit-unusability at the node n¢. This node, however, is not included in the
set of nodes of the flow graph system, and hence, exit-unusability at nc is not
computed as a part of the IMFP-solution. Fortunately, this information can
easily be computed for every procedure call node after computing the IMFP-
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solution of the underlying data flow problem. Important are the semantic
functions computed in the preprocess of the fixed point approach:

Vn € NS, X-Unusable* (ng) =
top([ start(callee(n)) ]" o[ start(callee(n)) JJo[ ng " (X-Unusable* (n))))

In essence, the correctness of this step is a consequence of the Main Lemma
8.4.3, and the precision of the IMFP-solution of the IDFA-algorithm for un-
usability proved in the following chapter. Note also that the application of
[ start(callee(n)) " can actually be dropped here because of our assumption
that start nodes of procedures represent the empty statement “skip”. The
definition of interprocedural isolation is now as follows.

Definition 10.5.4 (Interprocedural Isolation).
A node n € N¥ is interprocedurally isolated, if it satisfies the predicate
I-Isolated defined by

X-Unusable* (n) if n € NS\N? Vv (n € N5 A
Vn € N9, Lisolated (n)=y Var(t) € GlobVar(callee(n)))

X-Unusable* (n¢) otherwise

By means of latestness and isolation we can now fix the insertion and replace-
ment points of the ILCM -transformation. Table 10.3 shows the definition of
the corresponding predicates Inserti,cym and Replacer,cps, which specify
the ILCM -transformation completely.

e Vn € N°. Inserti,conm(n)=qr I-Latest(n) A —I-Isolated (n)
e Vn € N Replaces, cpy(n)=a4r Comp (n) A
—( I-Latest(n) A I-Isolated (n))

Table 10.3: The ILCM-transformation

Reestablishing Formal Procedure Calls. In this section we discuss how
to reestablish formal procedure calls after the ILCM-transformation. In
essence, this can be done along the lines of Section 10.4.1. Thus, we only dis-
cuss a special case here, which does not occur for the IBCM -transformation.
This case is illustrated in Figure 10.20. It is characterized by the equa-
tion |{ Replace;,cpr(n(m)) |7 € callee(n) } | =2, where M=g {n(r)|m €
callee(n) } is the set of nodes introduced for replacing the formal procedure
call node n (cf. Section 10.2, Figure 10.14). As a consequence of the equality
[ { Replacer, oy (n(m)) |7 € callee(n) } | =2, we obtain

H Comp (nc(m))

wE callee(n)
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together with the existence of two procedures 7' and 7" in callee(n) such
that n(n’) and n(n") satisfy —Replace;;,op(n(n’)) and Replacer;, cp(n(m”)),
respectively. In particular, this means that n(7’) satisfies the conjunction
I-Latest A I-Isolated , whereas n(n"") does not. According to the construction
of S we have |predsy,)(M)| =1 (cf. Section 10.2, Figure 10.12). Together

with II  Comp(nec(rw)) and I-Latest(n(x')), this yields
wEcallee(n)

H I-Latest (n(m))

wEcallee(n)

Thus, n(n”) satisfies the predicate I-Latest, but not the predicate I-Isolated.
Consequently, node n is not isolated after coalescmg the nodes of M to n.
Therefore, we define

Insert o (n)=qr Replacerp o (n)=qs true

I-Latest A I-Latest A I-Latest N
— |-Isolated — |-Isolated |-Isolated

M: n(Tll) call 7, (- n(nz) cal ()| - - - n(m) | call T ()

$ ¢ |

M : n‘(nl) n‘(nz) L n(“,)

o
[\

Fig. 10.20. Reestablishing formal procedure calls after the ILCM-transf.

Note that reestablishing formal procedure calls does neither affect the number
of computations on a program path from s* to e€* nor the lifetimes of tempo-
raries except for the trivial lifetime ranges which are unavoidably introduced
for program continuations calling a procedure for which the computation was
isolated before coalescing the call nodes. Without loss of generality we can
therefore prove the lifetime optimality of the ILCM-transformation for the
program before the reconstruction of formal procedure calls.



196 10. Interprocedural Code Motion
10.5.2 Proving Lifetime Optimality

In this section we prove that the ILCM-transformation is (computationally
and) lifetime optimal (cf. ILCM-Optimality Theorem 10.5.1). Central for
proving this result is the following lemma, whose proof relies again on the
canonicity of the IBCM -transformation.

Lemma 10.5.3 (/LCM-Lemma).

1. ¥n € N*. N-Delayable* (n) = I-DSafe(n)
2. Vp € IP[s*,e*] V1. N-Delayable* (p;) 3i <1< j.
(p1) C Segments; ;(p) € FU-LtRg(IBCM)
. Vp € IP[s*,e*] V Segments; ;(p) € FU-LtRg(IBCM )
Ji <1< j. I-Latest(p) A (p1) C Segments; ;,(p)
. Vp € IP[s",e*| V Segments; ;(p) € LtRg(IBCM)
Vi <1<j. I-Latest(pi) A (p1) E Segments; ;)(p)
= (VI<l' <j. (prr) E Segments; ;(p)). ~N-Delayable* (pr)
. VICM € ICM cmpopt V1 € N°. Comp ;cps(n) = N-Delayable* (n)
. Vp € IP[s*,e*| V Segments; ;(p) € LtRg(ILCM).
p’ €IP[s*, e*|.p[l,i] =p'[1,i] A Fj>i. Segments

o

B

D O

i) (') € LtRg (ILCM)

Proof. Part 1). Let n € N* satisfying the predicate N-Delayable* . Then
we have

N-Delayable* (n)

(Def. 10.5.1(1)) = VpelIP[s*,n] 31 <i<\,. Insertirpom(pi) A

Samelncy[i, A\p[ A ~Comp* (Hm) (plé, Apl)

(Def. Insertipem) = Vp €IP[s",n] 31 <i < \,. I-DSafe(p;) A

Samelncyi, A\p[ A = Comp* (ap,i) (pli, Apl)
(pi € N*\N?) = VpelIP[s*,n] 31<i<\,. N-DSafe" (p;) A

Samelncy[i, A\p[ A ~Comp* (ap,i) (plé, Apl)
(Def. 10.3.1(2b)) = N-DSafe* (n)
= I-DSafe(n)

The last implication needs some explanation. If n € N*\NJ, it is triv-

ially satisfied. Otherwise, i.e., if n € N}, it follows from the validity of
N-DSafe* (n) and N-Delayable* (n), and the definition of I-DSafe.

Part 2). Let p € IP[s*,e*], and let [ be an index with N-Delayable* (p;).
Then Definition 10.5.1(1) guarantees the existence of an index 7 with

Insertipenm (pi) A Samelncyi, I A —\C’omp*(am) (p[e, 1) (10.26)
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By means of (10.26) the JBCM-Lemma 10.4.2(3) guarantees that there is an
index j with 7 > 1 and

(p1) € Segments; ;)(p) € FU-LtRg(IBCM)

which completes the proof of part 2.
Part 3). Let p € IP[s*,e*] and Segments(; ;(p) € FU-LtRg(IBCM). This

implies
Insertigem (pi) N Replaceigeas (D)
Additionally, Definition 10.5.1(1) and Replace;pop (p5) yield
N-Delayable* (p;)

and
Comp (py)

respectively. Thus,
U'=af Maz({l|i <1< j. N-Delayable* (p;)})

is well-defined. Moreover, by means of Definition 10.5.1(1) it can easily be
shown

pr € N*\N}
If I’ =7, Definition 10.5.2 directly yields
I-Latest (pr) N (pr) T Segments; ;,(p)

Otherwise, i.e., if I’ <j, I-Latest(py) is proved by a simple case analysis on
the type of node pp using Definition 10.5.1(1), Definition 10.5.2, and the
maximality of I’.

Part 4). Let p € IP[s*,e*], Segments; j(p) € LtRg(IBCM), and [ be an
index with I-Latest(p;) and (p;) © Segments; ;(p). In particular, this im-
plies p; € N*\N;. Without loss of generality we can assume [ < j. Definition
10.3.6 then yields

Vi<l <j. (pr) C Segments; ;) (p)). ~Insertipen (prr)
Let now [>I with
(p;) C Segments(; j(p) N VI<l" <l (p) Z Segments; ;)(p)
Then we obtain by means of Definition 10.5.1(1) and Definition 10.5.2
—~N-Delayable* (p;)

A straightforward induction now yields the desired result.
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Part 5). Let ICM € ZCM ¢mpopt and n € N¥ with

Comp e (1)

Then the following sequence of implications proves part 5:

Comp 1¢cp(n)
(Def. Comp ;0ps) = Comp(n) A —Replacejops (n) V Insertienr(n)
(Lemma 10.5.1) = VpelIP[s", e’ |VI<)\,.p=n
= Ji <1< j. (m) E Segments; ;)(p)
€ FU-LtRg(IBCM)
(Def. LtRg(IBCM)) = VpelIP[s", e’ |VI<)\,.p=n
= 3i <1< j. Insertigem (pi) N ﬁComp*(ap,i)(p]i,l[)
(Def. 10.5.1(1)) = N-Delayable* (n)

Part 6). Let p € IP[s*,e*], and let i be an index with Segments; ;(p) €
LtRg(ILCM). Thus, we have Insertrca(p;), and therefore

I-Latest (p;) N —I-Isolated (p;) (10.27)
Suppose now that
(Vp' € IP[s*, e"]. p[l,i] =p'[1,4]) Vj>i. Segments; ;,(p') ¢ LtRg(ILCM)
Then Definition 10.5.3(2) and Definition 10.5.4 yield
I-Isolated (p;)

This, however, is a contradiction to conjunction (10.27), which proves part 6.
O
This suffices to prove the central theorem of this section:

Theorem 10.5.1 (/ILCM-Optimality).
If the IBCM -transformation is canonic for the program under consideration,
the ILCM -transformation is computationally and lifetime optimal, i.e.,

IBCM € ICM ¢can = ILCM € ICM i0pt

Proof. The proof of Theorem 10.5.1 is decomposed into three steps. First,
proving that the ILCM -transformation is admissible; second, that it is com-
putationally optimal; and third, that it is lifetime optimal.

In order to prove ILCM € ITCM 44y, it must be shown that all insertions
and replacements are safe and correct, i.e., it must be shown

i) Inserti,om = Safe
ii) Replace;s, opr = Correctirom
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Insert oy is defined by
Vn € N°. Insertpcn(n)=a I-Latest (n) A =I-Isolated (n)
In order to prove i) we show even stronger
Vn e N9, I-Latest (n) = S-Safe(n)

Thus, let n € N° satisfying the predicate I-Latest. Definition 10.5.2 then
yields
N-Delayable* (n)

Hence, the first part of the ILCM-Lemma 10.5.3 delivers I-DSafe (n), which
implies N-DSafe* (n), and hence, S-Safe(n). By means of Definition 10.3.1,
we then obtain as desired

Safe(n)

In order to prove ii), consider a node n € N* satisfying Replace;cps (1)
Obviously, this guarantees Comp (n). In order to complete the proof, we must
investigate the following two cases.

Case 1. I-Latest(n)

In this case, we have —I-Isolated (n). This directly implies Inserti,ca(n).
Clearly, for all paths p € IP[s*,n] the predicate Samelncy[Ap, Ap[ is satis-
fied, and therefore Correctyron(n) holds trivially.

Case 2. —[-Latest(n)

Obviously, we have Correctigea(n) because the IBCM-transformation is
admissible. Moreover, we have —Insert;gen(n), since Insertipon (n) would
directly imply I-Latest(n) in contradiction to the premise of Case 2. Thus,
we have

VpeIP[s*, nH < A\,.Insert o (i) ASamelncy[i, Ap[A Tmnsp*(vp,i) (p[i, A\p])

In particular,
iy =df
Maz({i] i < MpAInsertipoa (ps)ASamelncy i, Ap[A Tmnsp*(vp,i) (pli, A1)

is well-defined. Moreover, the IBCM-Lemma 10.4.2(3) delivers the existence
of an index j, with

iy < G
such that
Segments; , ; y(p) € FU-LtRg(IBCM)

The ILCM-Lemma 10.5.3(3) now yields

iy <1< jp. I-Latest(p) N (p1) C Segments; , ,jp,)(p)
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Clearly, we have
<X

Thus, by means of Definition 10.5.3(2) and Definition 10.5.4 we obtain
—I-Isolated (p;)

and therefore also
Insertronm (1)

Hence, we have as desired
Insertionm(pr) A Samelneyll, Ap[ A Tmnsp*(vp,l)(p[l,/\p[)

which proves ii).
The second step, i.e., proving ILCM € ZCM cmpopt, is a consequence of
the following sequence of inequations, which guarantees that the ILCM-
transformation causes at most as many computations on a path p € IP[s*, e*]
during run-time as the computationally optimal IBCM -transformation (cf.
Theorem 10.4.2).

[{i| Comp rp.cn(pi)} |
(Def. Comp o) = |{i| Insertinom(pi)}| +
| {i| Comp (pi) N = Replace,cp (i) } |
| {i | I-Latest (p;) N\ —I-Isolated (p;)} | +
| {¢]| Comp (p;) A I-Latest (p;) A
I-Isolated (p;)} |

(Def. ILCM )

| {i | I-Latest (p:)} |
(Lem. 10.3.4, 10.5.3(2,4)) [{] Segments(i,j)(p) € FU-LtRg(IBCM) } |
(Canon. & Lem. 10.3.4) = |{i|Insertipem(pi)} |
(Def. IBCM ) = | {i| Comp rpens (01)} |

In order to prove the third step, i.e., in order to prove ILCM € ZCM pi0pt,
it must be shown

VICM € ICM cmpopt ¥ P € LtRg(ILCM) 3Q € LtRg(ICM). P C Q

Thus, let ICM € ICM cmpopt, p € IP[s*, €], and P=gs Segments; ;)(p) €
LtRg (ILCM). Obviously, we have

—I-Isolated (p;)

Thus, if i=j, Lemma 10.5.3(6) yields the existence of a path p’ € IP[s*, e*]
with p[l,i] =p'[1,] and of an index { with j <, and

Segments; ;) (p') T Segments; (p') € LtRg(ILCM)
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Without loss of generality we can thus assume that
1<jJ
Then we obtain as desired
P € LtRg(ILCM)
(Lemma 10.5.2) = 3Q € LtRg(IBCM). PC Q
(Lemma 10.5.3(4)) = (Vi< <j. (p)E P). =N-Delayable* (p;)
(1<j & Lemma 10.5.3(5)) = Vi<l <j. (p)C P). ~Insertiem(pr) A

(=Comp (p1) V Replace;cp(pr))
(ICM € TCMagm) = 3Q € LtRg(ICM). PC Q

O
As a corollary of Theorem 10.3.3 and Theorem 10.5.1 we get:

Corollary 10.5.1. IBCM € ICM can = ICM 10p1 ={ ILCM }

10.6 An Example

In this section we illustrate under the premise of canonicity the power of
the IBCM- and ILCM -transformation. To this end we consider the program
II of Figure 10.21, which is complex enough in order to illustrate the es-
sential features of the two transformations. Synthetic nodes, which are not
relevant for the transformations because they are not required for inserting
computations, are omitted in order to keep the example as small as possible.
Analogously, this holds for the formal procedure call at node 9, which is not
(explicitly) replaced by the set of ordinary procedure calls it can invoke.
Note that II is in Progg, o) ugpp, and satisfies the sfmr-property. Whereas
the first proposition is obvious, when inspecting the program of Figure 10.21,
the second proposition needs some more explanation because II is composed
of statically nested procedures. The point here is that the static predecessor
of all procedures, which are passed as an argument, is the main procedure
1.

Since II is of mode depth 2, we know that the set of formally reachable
procedures of IT is effectively computable by an algorithm of quadratic time
complexity [Ar3]. The algorithm yields:

fR(H):{WO,W17W11,7F111,7T12,7F13}

Moreover, IT is free of global procedure parameters. Thus, by means of Corol-
lary 6.4.1 and Theorem 6.4.3 we know that formal callability and potential
passability coincide on I, and can be computed by the algorithm of the HO-
DFA of Chapter 6, which is also of quadratic time complexity. Parameterized
with the set of formally reachable procedures of II, this algorithm yields:

PPrrr)(¢11) = { 12, m13 } = FC(¢11)
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”11( fll: : (pll) i bz rrm( fm: 1) :u T,

34(:«5\“110

4 23 32

5‘ ‘ 6‘ ‘ 24‘ ‘ 25‘b::a+b‘33‘

T[zed) | [@en )] | s ]

U
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9 [ call g o[ ] a7 | 28

11 LJ 12 call m, 29 ‘z:: a+b \ 30 \ u:= a+b\
]

13 [call m_(x::) 14 LJ‘ 31

T[13
15 16 37 [call m 38 ?

6
17 = b

18 ‘ a:= a+b‘ 19 ‘ ‘ 1

3
1

3

Fig. 10.21. A complex example: the interprocedural argument program

By means of the function callee the results of the HO-DFA are made avail-
able for the subsequent IDFAs. This implies that the IDFA-algorithms for
computing the program properties involved in the IBCM- and ILCM-
transformation treat the formal procedure call statement at node 9 as a
higher order branch statement, i.e., it is assumed to nondeterministically call
the procedures mo and 3.
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T[M( fn: : (pu) i bz nm( fm: ) :u m,

4 23 32

/N
7 ] cal m(atb: : T ) 26 |j l s
9[ cal g, 10 l 27 | | 28] ‘
11 12@n 29 [z:=a+b | 30 [u:=atb]

\ / Ty

13 [call m_(x::) 14 LJ 31 |:| 36

\

15 16 37 33?
9

17 = atb

I

18‘a;:a+b‘ 19‘ ‘ 1

20 121 y:=ath 2 | call m(a: M)
= [ -

3
D Down- Saf e . Earl i est

Fig. 10.22. Interprocedurally down-safe and earliest program points

After these preliminary considerations, Figure 10.22 shows the result of com-
puting the sets of interprocedurally down-safe and earliest program points.
They induce the insertion points of the IBCM -transformation, whose result
is shown in Figure 10.23. Note that the flow graph system of Figure 10.23 is
canonic. Hence, Theorem 10.4.2 is applicable and yields that the program of
Figure 10.23 is interprocedurally computationally optimal; a fact, which can
easily be checked by inspecting this program.
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Fig. 10.23. The result of the IBCM-transformation

N

The canonicity of the IBCM-transformation implies the computational and
lifetime optimality of the ILCM-transformation. Figure 10.24 and Figure
10.25 show the results of computing the sets of interprocedurally delayable
and latest, and of latest and isolated program points, respectively. Analo-
gously to the intraprocedural setting, the latest and isolated program points
induce the computation points of the interprocedural version of the lazy code
motion transformation, the IL CM-transformation. Figure 10.26 shows the re-
sult of this transformation.
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m.(f,i e, bz m,(frr)u m
R 23 32

cal m(atb:
11

1'[12)

9 [call g o[ ] aw[ ] 28

11 LJ 12 @ . 29 [z:=atb 30/’T;=a+b
Blalm(xi)| W[ | s ] 36

15 16 37 | call m, 38?
i

ls‘a;:a+b‘ 19\ \ 1

x

20 | | 21 [ y:=ath] 2 |cll m(a: @ m

N

[ ] Delayable I Latest

Fig. 10.24. Interprocedurally delayable and latest program points

Considering this example, the ILCM-transformation is exceptional because
it eliminates the partially redundant computations of a + b in the nodes 17,
18, 21, 29, and 30 by moving them to the nodes 16, 28, and 29, but it
does not touch the computations of @ + b in the nodes 7, 8, and 25, which
cannot be moved with run-time gain. This confirms that computations are
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only moved when it is profitable. In fact, the flow graph system of Figure
10.26 is interprocedurally computationally and lifetime optimal.

Note that no previously proposed transformation for interprocedural par-
tial redundancy elimination would succeed on this example.

(it ey) bz M, (i) P
R 23 32

7 | x:= a+b'

9 Ca” (pll ﬁ
11 12@ m |29 [zi=arb '30 u:= a+b]
13 [call m_(x:: ) 14 LJ 36
\ F\
9

T[13
17 | x:= at+b
T axy o[ ]

1

lB‘a;:a+b‘ 19‘ ‘ 1

20\ \ 21\ y::a+b‘ 2 jcal ma: : M)

[ ] Isolated B Latest

Fig. 10.25. Interprocedurally latest and isolated program points
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15

13

M axy ® ]

1

lBla::h] 19‘ ‘ 1|:|

20 | | 2 y=h ] 2 [call m(a:: m)

13

Fig. 10.26. The result of the ILCM-transformation



11. Optimal Interprocedural Code Motion:
The IDFA-Algorithms

In this chapter we present the interprocedural counterparts of the DFA-algor-
ithms of Chapter 4. For every program property involved in the IBCM-
transformation and ILCM -transformation we specify an IDFA-algorithm and
prove it to be precise for the respective property. The specifications and the
proofs of being precise follow the cookbook style of Section 9.2. Hence, the
specifications consist of a lattice of data flow information, a local semantic
functional, a return functional, a start information, and an interpretation of
the lattice elements in the set of Boolean truth values. The proofs of being
precise consist of four steps. Proving that the function lattice satisfies the
descending chain condition, that the local semantic functions and the return
functions are distributive, and finally, that the interprocedural meet over
all paths solution is precise for the program property under consideration.
All proofs are given in full detail in order to illustrate the similarities to
their intraprocedural counterparts. For convenience, we identify throughout
Chapter 11 the specification of an IDFA with the algorithm it induces (cf.
Definition 8.6.1).

11.1 IDFA-Algorithm A,,: Interprocedural Down-Safety

In this section we present the IDFA-algorithm Ays for computing the set
of interprocedurally down-safe program points.! The main result applying to
this algorithm is the Ags-Precision Theorem 11.1.2. It guarantees that Ay, is
precise for this property: it terminates with the set of program points, which
are interprocedurally down-safe in the sense of Definition 10.4.1.

We recall that the computation of interprocedurally down-safe program
points requires a backward analysis of S (cf. Section 8.7 and Section 9.2.1).
Thus, the roles of call nodes and return nodes in the definitions of the local
semantic functions (cf. Section 11.1.1) and the return functions (cf. Section
11.1.1) are interchanged. Similarly, the start information is attached to the
end node of the program (cf. Section 11.1.1).

! The index ds stands for down-safety.

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 209-248, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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11.1.1 Specification

Data Flow Information. The domain of data flow information of Ay, is
given by the lattice

(C,M,C, L, T)=ar (B x N, Min, <, (false,0), (true, o))

We recall that B denotes the set of Boolean truth values {true, false} with
false < true. New is the second component N. It denotes the set of natu-
ral numbers enriched by a new element oo, which is assumed to be the top
element of N with respect to the minimum function. The minimum func-
tion Min and the relation < are defined pointwise, where Min and < are
generalized to B in the natural way.

The structure of this lattice is more complicated than that of its intrapro-
cedural counterpart. This is necessary for being able of dealing with different
incarnations of a term during the analysis. Recall that in the intraprocedural
setting there exists only a single incarnation of each program term. Inter-
procedurally, however, there are potentially infinitely many incarnations of
a term in the presence of recursive procedures with local variables. This re-
quires the safety analysis to distinguish between modifications of global and
local variables. Technically, this is achieved by considering the product lattice
defined above as the domain of data-flow information. The first component
of a data-flow information attached to a program point expresses, whether
a placement of ¢ is interprocedurally down-safe at this point. The second
component keeps track on the static level of variables of ¢, which have been
modified in the current procedure call. Whenever an operand of ¢ is modified
by a statement, and the static level this operand is declared on is lower than
that of previously modified operands of ¢, the second component is updated
accordingly, i.e., with the level this operand is declared on. Intuitively, this
means that the second component always stores the static level of the “most
globally” declared variable which was modified in the most recent procedure
call. The special element oo expresses that in the call under consideration
no operands of ¢ have been modified.

For the effectivity of the analysis, it is important that for a fixed pro-
gram II € Prog only a finite subset of A is relevant for Ags, namely
Ni=a{0,..., Max({ StatLevel(r) |m € Il })} U {oo}, where Maz denotes
the maximum function. The finiteness of this subset guarantees the termina-
tion of Ags (cf. Section 11.1.2).

’

Local Semantic Functional. The local semantic functional [ ], : N* —
(BXN —=BxN) of Ags is defined by

Vne N* V(b z) € BxN. [n],b2)=aq 2
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where
b'=4r Comp (n) V (Transp (n) A D)

00 otherwise

dmy { Min({z, ModLev(n)}) if n€ N*\N}

Note that the functions [n ]]:is, n € N*, manipulate the two components of
an argument independently of each other. In particular, the first component
is treated as by the corresponding intraprocedural function. The treatment of
the second component reflects the bookkeeping on the static levels of variables
of ¢, which have been modified.

Return Functional. The return functional Rgs : NF — ((B x N)?2 — B x
N) of Ay, is defined by

Vn € N: V( (bl,Zl), (bQ,ZQ)) S (BXN)2 Rds(’ﬂ)( (bl,Zl), (bQ,ZQ) ):df (b/,Z/)

where

by if Var(t) C GlobVar(fg(succ*(n)))
b'=g ¢ Comp(n) V
(b1 A (z2 > StatLevel(fg(succ*(n))))) otherwise

2'=dqp Min({z1, z2})

Intuitively, if all variables of t are global with respect to the called proce-
dure, entering a procedure is essentially the same as traversing an ordinary
edge, i.e., t is down-safe before the call (i.e., b’ =true), if it is down-safe
immediately before entering the procedure (i.e., by = true). Otherwise, i.e., if
t contains local variables of the called procedure, it is down-safe before the
call, if it occurs as an actual parameter (i.e., Comp (n)), or if it is down-safe
after the call (i.e., by = true), and none of its operands, which are global for
the procedure called are modified by it (i.e., z2 > StatLevel(fg(succ*(n)))).

Start Information. The start information of Ags is given by the element
(false, ) € B x N

Recall that down-safety requires a backward analysis. Thus, the start infor-
mation is attached to the end node of S. Intuitively, the first component of
the start information expresses that ¢ cannot be used after the termination
of the argument program. Similarly, the second component expresses that no
variables of ¢ can be modified after the termination.

Interpretation. The interpretation of lattice elements in B is given by the
function Intg, : B x N'— B defined by

V(b,z) € BxN. Intys(b, z)=gs b
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11.1.2 Proving Precision

We first present two lemmas which simplify the proof of the ds-Precision
Theorem 11.1.1. The first one is essentially a consequence of Lemma 7.2.1,
which guarantees that the intervals of call nodes and return nodes on a pro-
gram path are either disjoint or one is included in the other. This lemma can
be proved by a straightforward induction on the length of program paths.
The second lemma is the interprocedural version of Lemma 4.1.3. It follows
from the definitions of the local semantic functional [ ]]:18 and the return
functional Rgs.

Lemma 11.1.1. Let p € IP[s*,e*], and i,j € {1,...,A\,} such that p; €
NZ and p; € N are a pair of matching call and return nodes of p. We
have:

Tmnsp*(vp’i) (pli, j]) =

—_~

top([ pli, Ap) 1, (newstack(false, 00))) |2 > StatLevel (fg(succ* (p;)))

Lemma 11.1.2.

1. Vne N*\N} Vstk € STACK.
a) Comp (n) = top([n ], (stk))|1 = true
b) =Comp (n) = (top([n];,(stk))|1 =true <
Transp (n) A top(stk)|i= true)
2. ¥Vn € N} Vstk € STACK >».
a) Comp (n) = top([n ], (stk))|1 = true

b) —Comp (n) = (top([n];,(stk))|1=true <
top(stk)|1 =true if Var(t) C GlobVar(fg(succ*(n)))

top(pop(stk))l1=true A
top(stk)|2 > StatLevel(fg(succ*(n))) otherwise

Descending Chain Condition. Note that neither the lattice BxN nor its
induced function lattice satisfies the descending chain condition. Fortunately,
however, only their finite sublattices BxN ;7 and [(BXN ) — (BxN )] are
relevant for Ags (cf. Section 11.1.1). This is important because the finiteness
of a lattice carries over to the corresponding function lattice. Thus, we have
the following lemma, which is sufficient for our application.

Lemma 11.1.3 (Descending Chain Condition).
The function lattice [(Bx Np)— (BXxN)] satisfies the descending chain
condition.
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Distributivity. We have:
Lemma 11.1.4 ([ ]]:iS,RdS-Distributivity).

1. The local semantic functions [n ]]lds, n € N*, are distributive.
2. The return functions Ras(n), n € NI, are distributive.

Proof. The first part of Lemma 11.1.4 is essentially a consequence of

its intraprocedural counterpart Lemma 4.1.5 because the functions [n ],,,
n € N*, treat the components of an argument independently of each other.
Hence, it suffices to show that the local semantic functions are distributive
in their second components, a fact, which follows immediately from the dis-
tributivity of Min. Thus, we are left with the second part of Lemma 11.1.4.
Abbreviating elements ( (b1, 21), (b2, 22)) of (BxN)? by s, we have to show

Yne N VS C(BxN) Ras(n)(MS)=
|_| {Rds(n)((blazl)? (bQ?ZQ)HS € S}
To this end let n € N*

* and S C (B x N)2 Then Equation 11.1 is proved
by investigating two cases.

Case 1. Var(t) C GlobVar(fg(succ*(n)))
In this case we obtain the following sequence of equalities proving Case 1.

(11.1)

Ras(n)(Min(S)
= Rus(n)(Min({
(Def. “meet” in (B x N)?) = Rds(n)((MmE

)
((b1,21), (b2,22))[s € S}))
{(blﬁzl) I s € S})’
Min({(b2, 22) |s € S})))
(Def. “meet” in B x N) = Ras(n)(
((Min({b1|s € S}), Min({z1|s € S})),
(Min({ba|s € S}), Min({22]s € S}))))
(Def. Ras(n)) = (Min({b2]s € S}),
Min({Min({z1 |s € S}),
Min({z2]s € S})}))

(Def. “meet” in N) = (Min({b2|s € S}),
Min({Min({z1, 22} [s € S})}))
(Def. “meet” in B x N) = Min({(ba, Min({z1,22}))|s € S})
(Def. Rgs(n)) = Min({Ras(n)( (b1, 21), (b2,22))|s € S})

Case 2. Var(t) € GlobVar(fg(succ*(n)))
Abbreviating StatLevel(fg(succ*(n))) by | we obtain:
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Ras(n)(Min(S))
= Ras(n)(Min({((b1,21), (b2,22))[s € 5}))
(Def. “meet” in (BxN)?) = Ras(n)((Min({(b1,21)|s € S}),
Min({(bs,22) |s € 5})))
(Def. “meet” in B x N) = Ras(n)(

((Min({b1|s € S}), Min({#1]|s € S})),
(Min({bs | € S}). Min({z |s € 5}))))
(Def. Rgs(n)) = (Comp(n)V (Min({b1|s € S}HA
Min({z2|s € S}) > 1),
Min({Min({z1|s € S}),
Min({z2|s € S})}))
(Def. “meet” in B) = (Comp (n)V Min({Min({b1|s € S}),
Min({z2|s € S}) > 1}),
Min({Min({z1,22]|s € S})}))

(Def. “meet” in ) = (Min({Comp (n)V (b1 A(z2 >1))|s € S}),
Min({Min({z1,22|s € S})}))
(Def. “meet” in B x N) = Min({(Comp (n)V Min({b1, z2 > 1}),
Min({z1,22})) |s € S})
(Def. Rgs(n)) = Min({Ras(n)( (b1, 21), (b2,22))|s € S})

This proves Case 2, and completes the proof of the second part of Lemma
11.1.4. O

ds-Precision. The last step, which is necessary in order to verify the preci-
sion of Ay, is to prove that it is ds-precise. This means that interprocedural
down-safety in the sense of Definition 10.4.1 coincides with the interproce-
dural meet over all paths solution of Ag4s. Without loss of generality, we will
only prove the first part of this theorem because it is the relevant one for
the definition of the IBCM -transformation. The second part can be proved
analogously.

Theorem 11.1.1 (ds-Precision).
For all nodes n € N* we have:

1. N-DSafe* (n) if and only if  Intas(X-IMOP ([ y=_ (faise,00)) (1))
2. X-DSafe* (n) if and only if  Intas(N-IMOP ([ 1:_ (false,00)) (1))

Proof. As mentioned above, we will only prove the first part of Theorem
11.1.1. For convenience, we use X-IMOP and stky as abbreviations of Intgso
X-IMOP ([ }%_ (false,o0)) and newstack(false,o0) throughout the proof.

The first implication, “=",

Vn e N*. N-DSafe* (n) = X-IMOP(n)
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is proved by showing the even stronger implication
VpelIP[s*,e*] Vi< A, pi=n =
(i < j < Ap. Comp* (,4(p;) A Transp*(,, » (pli, j)) (11.2)

—_~

= top([ pli, \p] [ g5 (stko)) |1 = true )

We prove this implication simultaneously for all nodes n € N* by induction
on the length k=g (A, — i + 1) of the postfix-paths p[i, Ap] for all paths
p € IP[s*, e*] and indexes i € {1,...,\,} satisfying

pi=n A 3i <j <N\, Comp*, 1 (pj) A Tmnsp*(vp,i)(p[i,j[) (11.3)

Obviously, the case k=0 does not occur, since we are dealing with inter-
procedural entry-down-safety. Thus, let p[i, Ap] be a postfix-path of length
k=1. This implies p[i, A\p] = (p;), p;=e€*, and therefore p; € N*\N}. In
this case, (11.3) yields

Comp™ (;, ;) (i)

Applying Lemma 10.2.1(1) this is equivalent to

Comp (pi)

Hence, Lemma 11.1.2(1a) yields as desired

—_~

top([ pli, Ap] I35 (stko)) L1 = top([ pi ] 3, (stko)) L1 = true

In order to prove the induction step, let k& > 1, and assume that (11.2) holds
for all postfix-paths q[i, \,] with Mg\, <Kk, ie.,

(IH) (Vq S IP[S*,Q*]. 1< Aq[i)\q] < k) ¢G=n =
(3i < j < Ag. Comp® (4 (g;) A Transp*(, ;(qli, j])

—~

= top([ qli, Ag) 1. (stko)) |1 = true)

It is sufficient to show that for every path p € IP[s*, e*] with p;=n and
Apli,n,] =k satisfying (11.3) holds

top([[p/[i—,\)\/p] 15 (stko)) |1 = true

Without loss of generality we can therefore assume that there is such
a postfix-path p[i, Ap], which can be rewritten as p[i, \y] = (p;);p’ with
p' =pli, Ap]. Next, we must investigate two cases depending on the type of
node p;.

Case 1. p; € N*\N}

If p; satisfies the predicate Comp, Lemma 11.1.2(1a) yields as desired

e~ —

top ([ pli, Ap] 1 (stho)) L1 = top ([ p: [, ([0 13, (stho))) L1 = true
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If p; does not satisfy the predicate Comp, (11.3) guarantees the existence
of an index j with ¢4+ 1 < j < A, such that

Comp™ ;) (p;) (11.4)
and
Tmnsp*(vp’i) (pli, 4]) (11.5)

are valid. Together with Lemma 10.2.4(1), (11.5) delivers
Transp (p;) (11.6)

Moreover, due to (11.6) and Lemma 10.2.5(2), the first and third part of
Lemma 10.2.3 yield

Var(t) =\ _ Var(t) (:
RhsLev, (i) = RhsLev, (1+1) (11.7)
Combining (11.4), (11.5), and (11.7), we obtain

Comp* (pyi+1) (pj) A Transp* \(fp,i+1) (pli, 51)

Hence, the induction hypothesis (IH) yields

top([p' 154 (stko)) |1 = true (11.8)

Combining (11.6) and (11.8), we obtain by means of Lemma 11.1.2(1b)

—~

top([ pli, Ap) 135 (sthko)) L1 = top([ pi 55 ([ P’ 1 (stko))) |1 = true

which completes the proof of Case 1.

Case 2. n; € N}
Similar to Case 1, we first assume that p; satisfies the predicate Comp. In
this case the desired sequence of equations

top( plis Ap) Is (5tho)) 11 = top([ pi I, (17 1 (stko))) 1 = true

is an immediate consequence of Lemma 11.1.2(2a). Thus, we are left with the
case that p; does not satisfy the predicate Comp. In this case we have to
distinguish, whether ¢ contains local variables of fg(succ*(p;)) or not. This
leads us to the following case analysis.

Case 2.1. Var(t) C GlobVar(fg(succ*(p;)))
In this case, Lemma 10.2.3(2) yields

RhsLev)* " (i) = RhsLev)* ") (i + 1) (11.9)

Moreover, as in the previous case, (11.3) guarantees the existence of an index
j with ¢ 4+1 < j < A, such that the conjunction

Comp* ,, 1y (p;) A Transp*(,  (pli, j]) (11.10)
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holds. From (11.9) and (11.10) we obtain

Comp* (p,i+1) (pj) A Transp* (vp,i+1) (pli, 31)

The induction hypothesis (IH) now yields

top([p' 15 (stko)) |1 = true (11.11)

By means of (11.11), Lemma 11.1.2(2b) yields now as desired

—~

top([ pli; Ap] 17, (stko)) 1 = top([ pi I, (10’ T34 (stko))) L1 = true
which completes the proof of Case 2.1.

Case 2.2. Var(t) € GlobVar(fg(succ*(p;)))
In this case, we obviously have

Var(t) N LocVar(fg(succ™ (p;))) # 0 (11.12)

Let now p;s be the matching return node of p; on p, i.e., p; € N, py € NJ,
and pli,i'[ € CIP[succ*(p;), pred*(py)]. Because of (11.12), Lemma 10.2.7
delivers
«3 .
~Comp 3, 4 (i, i]) (11.13)

Moreover, by means of (11.13) and (11.3) we obtain the existence of an index
J with ¢/ +1 < j <\, such that

Comp* .y (p;) A Transp*(, ; (pli, j[) (11.14)
holds. Additionally, Lemma 10.2.6(2) yields
RhsLevy™ ") (i) = RhsLevy™ (i’ 4 1) (11.15)
Together (11.14) and (11.15) imply
Comp* (. ir+1)(P5) A Tmnsp*(vp’iurl)(p]i’,j[) (11.16)
Abbreviating the path pli’, A\p] by p”, the induction hypothesis (IH) yields
top([ " 154 (stko)) |1 = true (11.17)
This implies

top(pop ([ T, (stk0))) = top([ 1" T (stho)) (11.18)

since intervals of call nodes and return nodes on interprocedural paths are
either disjoint or one is included in the other (cf. Lemma 7.2.1). Combining
(11.17) and (11.18) we get

top(pop([ p' 1. (sthko))) L1 = true (11.19)
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Moreover, by means of (11.14), Lemma 11.1.1 yields

top([ ' 15 (stko)) |2 > StatLevel(fg(succ*(p;))) (11.20)

Now, the desired sequence of equalities

top ([ plis o) T (5tK0)) 11 = top([ ps (L7 Tia(5tho))) 1 = true

follows from (11.19), (11.20), and Lemma 11.1.2(2b). This completes the proof
of the first implication.

The second implication, “<”,
Vn € N*. X-IMOP(n) = N-DSafe* (n)

is proved by showing the even stronger implication

—~

Vp € IP[s*, e Vi < \p. pi=n = (top([ pli, \p] |, (stho)) |1 = true

o v (1121
= 31 < j < Ay Comp® (p,3) (pj) A Tmnsp*(m) (pli, 4]

We prove this implication simultaneously for all nodes n € N* by induction
on the length k=g (A, — i + 1) of the postfix-paths p[i, Ap] for all paths
p € IP[s*, e*] and indexes i € {1,...,\,} satisfying

—_~

pi=n A top([ pli, \p] 15, (stko)) 1 = true (11.22)

Like in the proof of the first implication, the case k=0 does not oc-
cur, since we are dealing with interprocedural entry-down-safety. Thus, we
start with considering a postfix-path p[i, A,] of length k=1. This implies
pli, A\p] = (p;) = (e*), and therefore p; € N*\NZ. Moreover, (11.22) yields

top([ pli, Ap] I35 (stko)) L1 = top([ pi 3, (stko)) L1 = true

Additionally, we have
top(stko)l1 = false

Hence, by means of Lemma 11.1.2(1) we obtain
Comp (pi)
According to Lemma 10.2.1(1) this is equivalent to
Comp* (5, 1) (i)
Thus, the induction basis follows for j =i.

In order to prove the induction step, let k& > 1, and assume that (11.21) holds
for all postfix-paths q[i, \,] with Mg\, <k, i.e.,
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(IH) (Vg eIP[s*,e*]. 1 < Agpia,) <K). qi=n =
(top([ ali, Ag] 155 (stho)) L1 = true =
Fi<j <) Comp*(w) (gj) N Transp*\{w) (qli,4]))

It is sufficient to show that for every path p € IP[s*,e*] with p,=n and
Apli,n,] =k satisfying (11.22) holds

3i < j < Npe Comp® 5 (pj) A Transp*(, ;) (p[i. j)

Thus, without loss of generality we can assume that there is such a postfix-
path pli, Ap], which then can be rewritten as pi, Ap] = (p;);p” with p’ =pli, Ay].
Similar to the proof of the first implication we have to investigate two cases
depending on the type of node p;.

Case 1. p, € N*\N?

If p; satisfies the predicate Comp, the induction step follows immediately for
j=1i. Thus, we are left with the case that p; does not satisfy the predicate
Comp . In this case Lemma 11.1.2(1b) delivers

Transp (p;) A top([p' 154 (stko)) |1 = true (11.23)
Applying the induction hypothesis (IH) to p’ we obtain the existence of an
index j, with i4+1<j, <A, and
Comp* (p7i+1)(pjp,) A Tmnsp*(vp’i_kl)(p]i,jp/ D (11.24)
Moreover, due to Transp (p;), the first and third part of Lemma 10.2.3 imply
RhsLevy™ ™ (i) = RhsLevy® ") (i + 1) (11.25)
Combining (11.23), (11.24), (11.25), we obtain
Comp*(m) (pjp,) A Tmnsp*(vp’i) (ple, jpr 1)
Hence, the induction step follows for j=j, .

Case 2. p; € N}

Similar to Case 1, if p; satisfies the predicate Comp, the induction step
follows trivially for j=1. If p; does not satisfy the predicate Comp, we have
to distinguish, whether ¢ contains local variables of fg(succ*(p;)) or not.
This leads us to the following case analysis.

Case 2.1. Var(t) C GlobVar(fg(succ*(p;)))
In this case, we obtain by means of Lemma 11.1.2(2b)

top([p' 1, (stko)) L1 = true (11.26)
and additionally by means of Lemma 10.2.5(1)

Transp (pi)
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According to Lemma 10.2.1(2) Transp (p;) implies
Transp* , ;) (i) (11.27)

By means of (11.26) and the induction hypothesis (IH) we therefore obtain
the existence of an index j,» with ¢4+ 1 < j,» < A, such that

Comp* (p,yi+1) (pjp/ ) A Transp*(vp,i+1) (p]lv jp’ D (1128)
holds. Moreover, Lemma 10.2.3(2) yields

RhsLev)® " (i) = RhsLev)* ") (i + 1) (11.29)

Now, (11.27), (11.28) and (11.29) deliver

Comp* (, 1 (pjp,) A Tmnsp*(vp,i) (Pl jp 1)

Thus, the induction step follows for j=j, in Case 2.1.

Case 2.2. Var(t) € GlobVar(fg(succ*(p;)))
Here we have
Var(t) N LocVar(fg(succ*(p;))) # 0

Let pi; be the matching return node of p; on p, i.e, p; € N}, piy € NJ,
and pli,i'[ € CIP[succ*(p;), pred*(py)]. As a consequence of

—~

top([ pli, Ap) 17, (stho)) L1 = top([ pi 1 (19 1 (stho))) L1 = true

Lemma 11.1.2(2b) yields

top(pop([ 9’ 174 (stko))) 1 = true (11.30)

and
top([p' 1. (stko)) L2 > StatLevel(fg(succ*(pi))) (11.31)

Since intervals of call nodes and return nodes on interprocedural paths are
either disjoint or one is included in the other (cf. Lemma 7.2.1), we obtain
by means of (11.30)

top([ " 15 (stko)) |1 = true (11.32)

where p”=4r pli’, Ap]. The induction hypothesis (IH), therefore, yields the
existence of an index j,» with ¢/ +1 < j,» <\, and

Comp* (p,i’+1) (pjp// ) A Transp*(vp,i'+l) (p]Z/7 jp” D (1133)
Moreover, (11.31) and Lemma 11.1.1 deliver
Tmnsp*(vp,i) (pli, i) (11.34)

and Lemma 10.2.6(2) yields

RhsLevy* ") (i) = RhsLev, """ (i’ + 1) (11.35)
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Combining (11.33), (11.34), and (11.35), we now obtain

C’omp* (p,i) (pjp// ) A Transp*(vpj) (p[lv jp”])

Thus, the induction step follows for j=j,~. This completes the proof of the
second implication, and finishes the proof of the relevant part of Theorem
11.1.1. O

Combining Lemma 11.1.3, Lemma 11.1.4, and Theorem 11.1.1, we obtain the
central result of this section: Ay, is precise for interprocedural down-safety.
This guarantees that the IMFP-solution computed by Ags coincides with
the set of all program points which are interprocedurally down-safe in the
sense of Definition 10.4.1.

Theorem 11.1.2 (Ags-Precision).
Aqgs is precise for interprocedural down-safety, i.e., Aqs is terminating and
ds-precise.

11.2 IDFA-Algorithm A.,: Interprocedural Earliestness

In this section we present the IDFA-algorithm A, for computing the set
of interprocedurally earliest program points.? The main result of this sec-
tion, the A.q-Precision Theorem 11.2.2, guarantees that A., is precise for
this property: it terminates with the set of all program points, which are
interprocedurally earliest in the sense of Definition 10.4.2.

11.2.1 Specification

Data Flow Information. The domain of data flow information of A., is
given by the product lattice

(C,M,C, L, T)=g (B xN,(Max, Min), (>, <), (true,0), (false, c0) )

where Mazx denotes the maximum function, which on B corresponds to
the logical disjunction. In comparison to the down-safety analysis we use a
slightly different lattice for the earliestness analysis. This is caused by the fact
that the algorithms of Chapter 8.5 are tailored for computing the greatest
solution of an equation system, whereas the straightforward specification of
the earliestness analysis requires the computation of the least solution.
Intuitively, the first component of a data flow information, which is at-
tached to a program point indicates, whether a placement of ¢ is earliest at
this point. The second component has the same meaning as in the down-safety
analysis. It stores the static level of the “most globally” declared variable of

2 The index ea stands for earliestness.
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t, which has been modified in the current procedure call. Hence, like for the
down-safety analysis only the finite sublattice B x N 7 of B x N is relevant
for Ae,.

’

Local Semantic Functional. The local semantic functional [ ] , : N* —
(BxN—=BxN) of A, is defined by

Yne N* ¥(bz) € BxN. [n]., (b 2)=aq (', 2)

where

b'=g4r ~Transp (n) V (—I-DSafe(n) A b)

, { Min({z, ModLev(n)}) if n€ N*\N}
z =df .
00 otherwise

Return Functional. The return functional R, : N — ((B x N)? — B x
N') of Ae, is defined by

Vn € N: V( (bl,Zl), (bQ,ZQ)) S (BXN)2 Rea(n)( (bl,Zl), (bQ,ZQ) ):df (b/,Z/)

where

by A —I-DSafe (n) if Var(t) C GlobVar(fg(pred*(n)))
b'=gqr { (—I-DSafe(ns)Ab1) V
(z2 < StatLevel(fg(pred*(n)))) otherwise

Z'=ar Min({z1, 22})

We remark that the definitions of the functionals [ ]];a and R, rely on
essentially the same intuitions as the definitions of their counterparts of the

down-safety analysis.

Start Information. The start information of A, is given by the element
(s1 € Range(t),0) € Bx N

Intuitively, the first component of the start information expresses that t is
earliest at the beginning of the argument program if and only if the start
node of II belongs to the range of t. The second component reflects that no
variable of ¢ is assumed of having been modified before the execution of the
first statement of II.

Interpretation. The interpretation of lattice elements in B is given by the
function Inte, : B x N'— B defined by

V(b,z) € BxN. Inteq(b, z)=a5 b
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11.2.2 Proving Precision

Similar to Section 11.1.2, we first present two lemmas, which are useful for
the proof of the ea-Precision Theorem 11.2.1. Both lemmas can easily be

proved by means of the definitions of the functionals [ ]];a and Req.

Lemma 11.2.1. Let p € IP[s*,e*], and i,j € {1,...,\,} such that p; €
NZ and p; € NS are a pair of matching call and return nodes of p. We
have:

Transp*(, ;) (pli, 1)) <
top([[p[l,j[]]Za(newstack(sl € Range(t),0))) |2 > StatLevel(fg(pred*(p;)))
Lemma 11.2.2.

1. Vne N*\N} Vstk € STACK.
a) —~Transp (n) = top([n];,(stk))|1 = true
b) Transp(n) = (top([n].,(stk))|1=true <
—I-DSafe(n) A top(stk)|1=true)
2. ¥n € N} Vstk € STACK >».
a) —Transp (n) = (top([n].,(stk))|1=true <
((—I-DSafe (ng) = top(pop(stk))|1 = true) V

(top(stk)]a < StatLevel(fg(pred*(n))))))

b) Transp(n) = (top([n],(stk))|1=true <
—I-DSafe (n) A top(stk)|; = true)

It is worth noting that in the second part of Lemma 11.2.2 the premise
Transp implies that all variables occurring in ¢ are global with respect to
the procedure fg(pred*(n)). Correspondingly, —Transp(n) implies that ¢t
contains at least one local variable or formal value parameter of fg(pred*(n)).
In the context of interprocedural paths, —Transp(n) implies also that a
recursive procedure call is finished.

Descending Chain Condition. Like for Ay, also for A, only the finite
sublattices B x N and [(B X Npg)— (B xNp)] of Bx N and [(B x
N)— (BxN)] are relevant. Thus, we immediately get the following lemma,
which is sufficient for our application.

Lemma 11.2.3 (Descending Chain Condition).
The function lattice [(Bx Np)— (BXxN)] satisfies the descending chain
condition.

Distributivity. The distributivity of the local semantic functions and the

return functions for earliestness can be proved along the lines of Lemma
11.1.1. We have:
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’

Lemma 11.2.4 ([ ].,,;Req-Distributivity).

ea’

1. The local semantic functions [[n]];a, n € N*, are distributive.
2. The return functions Req(n), n € N, are distributive.

ea-Precision. Finally, we must prove the coincidence of interprocedural ear-
liestness in the sense of Definition 10.4.2 with the interprocedural meet over
all paths solution induced by A., as stated by Theorem 11.2.1. Without loss
of generality we only prove the first part of this theorem because it is the
relevant one for the definition of the IBCM -transformation. We remark that
the second part can be proved analogously. We have:

Theorem 11.2.1 (ea-Precision).
For all nodes n € N* we have:

1. N-Earliest* (n) if and only if Inteq(N-IMOP ([ 12 (s,€ Range(t),00)) (7))
2. X-Earliest* (n) if and only if ~ Inteq(X-IMOP ([ . (s,€ Range(t),00)) (7))

Proof.

As mentioned before, we will only consider the first part of Theorem 11.2.1 in
detail. For convenience, we abbreviate Inte, o N-IMOP ([ * (s,€Range(t),00))
and newstack (s, € Range(t),00) by N-IMOP and stk throughout the proof.

The first implication, “=",
Vn e N*. N-Earliest* (n) = N-IMOP(n)
is proved by equivalently showing

VpeIP[s*,n|. (VI<i<A,.
I-DSafe (p;) A Samelnc,li, \p| = ﬁTmnsp*(vp,i)(p[i,)\p[) (11.36)
= top([ p[1, Ap[ ]}, (stko)) |1 = true)

We prove (11.36) simultaneously for all nodes n € N* by induction on the
length % of path p[1,\,[ for all paths p € IP[s*, n] satisfying

V1 < i< \y.I-DSafe (p;)NSamelncyli, A, [é—'Tmnsp*(vp’i) (pli, Apl) (11.37)

If k=0, we obtain n=s* and p[1, \,[=¢. Moreover, combining (11.37) and
Lemma 10.3.1 we obtain n € Range(t). Hence, the desired sequence of equal-
ities

top([ p[1, Ap[ 15, (sthko)) |1 =top([ €], (stko)) |1 = stkol1 = true

holds trivially.
In order to prove the induction step, let k > 0, and assume that (11.36)
holds for all paths ¢ with Ay 5, [ <k, ie.,
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(IH) (Vq € IP[S*,n]. 0< )\q[l,)\q[ < k’)
(V1 <i< M\, I-DSafe(q;) N Samelneyli, Ag[ = ﬁTmnsp*(vq’i) (qi, N\g]))
= top([ q[1, N[ 1, (stho)) |1 = true)

Now it is sufficient to show that for every path p € IP[s*,n] with A\ [=Fk
satisfying (11.37) holds

top([ p[L, A\p[ ], (stho)) |1 = true

Without loss of generality we can assume that there is such a path p, which
then can be rewritten as p=p';(m);(n) with p'=p[l,k[ and m=p; €
pred*(n). Next, we must investigate two cases depending on the type of node
m.

Case 1. m € N*\N;
If Transp(m) does not hold,

top([ p[1, Mol I (stko)) L1 = top(Im 7, ([ 1" o (stho))) L1 = true

follows immediately by means of Lemma 11.2.2(1a). Thus, we are left with
the case that m satisfies the predicate Transp. According to the choice of
p satisfying (11.37) we directly obtain

~I-DSafe (m) (11.38)
Thus, we have
V1 <i<k. I-DSafe(p;) A Samelncyli, \p| = ﬁTmnsp*(vp’i) (pli, k])
Applying the induction hypothesis (IH) to p[1, A,[=p';(m), we get
top([ " 15, (stko)) 11 = true (11.39)
Combining (11.38) and (11.39) with Lemma 11.2.2(1b) we obtain as desired

top([ p[1, Ap[ I2a (stho)) L1 = top([m [2, (17" 1za (stho))) L1 = true

Case 2. m € N}

If Transp(m) holds, the proof proceeds as in the corresponding situation
of Case 1. Thus, we can assume that Transp(m) does not hold. Together
with n € succ*(m) and t € Range(n), this implies that we are finishing a
recursive procedure call, and that

Var(t) N LocVar(fg(pred*(m))) # 0

Let m=gr ps be the matching call node of m on p’. We first consider the
case
I-DSafe (m)
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By means of Lemma 10.2.6 we get
Samelncy[s, Ap|

According to the choice of p satisfying (11.37), there is an index j with
Ap>j > s and
ﬂTransp*(p’Ap)(pj)

Applying Lemma 11.2.1 we obtain

top([p' 17, (stko)) |2 < StatLevel(fg(pred*(m))) (11.40)

Now
top([ p 14 (stko)) 1 = true

follows immediately from (11.40) and Lemma 11.2.2(2a).
Hence, we are left with the case that I-DSafe (i) does not hold. Without
loss of generality we can assume

top([ p' ]]:a (stko))l2 > StatLevel(fg(pred*(m))).

According to the choice of p satisfying (11.37) and due to Lemma 10.2.6(1)
we therefore have

V1< s<r. I-DSafe(ps) A Samelncy[s, Ap| = ﬁTransp*\(pr) (p[s,r[)
Applying the induction hypothesis (IH) to p” =p[1,r] yields
top([ p"[1,r[ 17, (stko)) |1 = true

Hence, the application of Lemma 11.2.2(2a) completes the proof of the first
implication.

The second implication, “<”,
Vn € N*. N-IMOP(n) = N-Earliest* (n)
is proved by showing the equivalent formula

Vp e IP[s*,n]. top([p[l, A1}, (stko)) |1 = true =

11.41
(V1 <i< M. I-DSafe (p;) ANSamelncy[i, Ap [:ﬁTransp*(Vm) (pli, Ap]) )( )

We prove (11.41) simultaneously for all nodes n € N* by induction on the
length % of path p[1,\,[ for all paths p € IP[s*, n] satisfying
top([ p[1, N[ 12, (stho)) 1 = true (11.42)

If k=0, we obtain p[1, \,[=¢. Hence, we have

top([ p[1, Ap[ 15, (stko)) |1 =top([ €]}, (stko)) |1 = stkol1 = true
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Additionally, we obtain n=s*, and therefore s* € Range(t). Thus, (11.41)
holds trivially.
In order to prove the induction step, let k > 0, and assume that (11.41)
holds for all paths ¢ with ;1 <k, ie.,
(IH) Vq € IP[s*,n]. 0 < Agpa, [ < k)
top([ q[1, N[ 17, (stko)) |1 = true =
(V1 <i<M\g. I-DSafe(q;) N Samelncgli, \[ = ﬁTmnsp*\(fqﬂ (qli, Ng]))

It is sufficient to show that for every path p € IP[s*,n] with Ay [=Fk
satisfying (11.42) holds

V1 < i<\, I-DSafe(p;) N Samelncyli, Ap] = —\Tmnsp*(vm) (plé, Apl)

Thus, we can assume that there is such a path p, which then can be rewritten
as p=p';(m);(n) with p’=p[1,k[, and m=p; € pred*(n). Similar to the
proof of the first implication we must now investigate two cases depending
on the type of node m.

Case 1. me N*\N/

We first assume that Transp (m) does not hold. If m € N7, the induction
step holds trivially, since there isno r with 1 < r < k such that the predicate
Samelnc,[r, \p[ is satisfied. Otherwise, i.e., if m & N, we have

Samelnc,k, Ap|

Thus, for all 1 <r <k with I-DSafe(p,) and Samelncy[r, Ap[ we also have
Samelncy[r, \p]

Together with —Transp (pr) this directly implies for all such r as desired

- Tmnsp* (p,r) (pk)

Hence, we are left with the case that Transp (m) holds. Applying Lemma
11.2.2(1b) we get
—I-DSafe (m)

and
top([ p’ ]]:a(stko))ll = true

Moreover, Transp (m) implies
Samelncyk, Ap|
Hence, we obtain
I-DSafe(r) N Samelncy[r, Ay = I-DSafe(r) A Samelncy[r, k] = 1 <r<k

The induction step now follows from applying the induction hypothesis (TH)
to p'.
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Case 2. m e N}
If Transp(m) holds, we have
Samelnc,k, Ap|
and by means of Lemma 11.2.2(2b) we get
=I-DSafe(m) A top([p"].,(stko))|1 = true

In this case the induction step follows from applying the induction hypothesis
(IH) to p’ as above. Thus, we are left with the case that Transp(m) does
not hold. Since p is an interprocedurally valid path, there is a call node

m=qf ps on p which matches the return node m = py. According to Lemma
10.2.6(1)&(2) we have

Vs<j <k —Samelncy[s, j|
Additionally, Lemma 10.2.6(2) yields
Samelncls, k[
Consequently, for all 1 < j <s with Samelncy[j, Ap[, we have
Samelnc,j, s
Now we first assume
top([ o' 17, (stko))L2 < StatLevel (fy (pred® (m))
Then, by means of Lemma 11.2.1 there is an index u with s <u < k and
~ Transp® .5)(Pu)
In this case the induction step follows for j =wu. Otherwise, i.e., whenever
top([ ' T2, (stko)) L > StatLevel(fy(pred* (m)))
holds, Lemma 11.2.2(2a) yields
—I-DSafe (px,) = top([p" ., (stko)) |1 = true

where p” =p[l,s]. The application of Lemma 10.2.6 and of the induction
hypothesis (IH) to p”[1, s[ delivers now the induction step for the last case.
This finishes the proof of the relevant part of Theorem 11.2.1. |

Combining now Lemma 11.2.3, Lemma 11.2.4, and Theorem 11.2.1 we obtain
the main result of this section: A, is precise for interprocedural earliestness.
This guarantees that the IMFP-solution computed by A., coincides with
the set of all program points being interprocedurally earliest in the sense of
Definition 10.4.2.

Theorem 11.2.2 (A.,-Precision).
Aca is precise for interprocedural earliestness, i.e., Aecq is terminating and
ea-precise.
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11.3 IDFA-Algorithm Ag: Interprocedural Delayability

In this section we present the IDFA-algorithm Ay for computing the set of
interprocedurally delayable program points.> The main result of this section,
the Ag;-Precision Theorem 11.3.2, yields that it is precise for this property:
it terminates with the set of all program points, which are interprocedurally
delayable in the sense of Definition 10.5.1.

11.3.1 Specification

Data Flow Information. The domain of data flow information of Ay is
given by the lattice

(C,M,C, L, T)=ar (B, A, <, false, true)

Intuitively, a data flow information attached to a program point expresses,
whether an insertion of ¢ by the IBCM-transformation can be delayed to
this point. In contrast to the down-safety and the earliestness analysis it is
not necessary to work on a product lattice in order to keep track on the static
level of modified variables. This information is encoded in the down-safety
and earliestness information the delayability analysis relies on.

’

Local Semantic Functional. The local semantic functional [ ], : N* —
(B—B) of Ay is defined by

Vne N* VbeB. [n],0)=ab

where

(b V Insertipopm(n)) A —Comp (n)
b'=qr if ne N*\NZ Vv Var(t) C GlobVar(fg(succ*(n)))
false otherwise

The intuition underlying the definition of the local semantic functional is the
same as in the intraprocedural case. Intuitively, an insertion of the IBCM-
transformation can be delayed to the exit of a node n, if the term ¢ under
consideration is not blocked by n (i.e., =Comp (n)), and if its insertion can
be delayed to the entry of n. This holds, if n is an insertion point of the
IBCM-transformation (i.e., Insert;gear(n)), or if the argument of [[n]]:il is
true (i.e., b=true).

3 The index dl stands for delayability.
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Return Functional. The return functional Ry : N — (B?—B) of Ag
is defined by

Vn € NSV (by,by) € B2 Rai(n)(by,ba)=ar V'

where

b by if Var(t) C GlobVar(fg(pred*(n)))
T (by V Insertipoa(ns)) A —Comp (ne) otherwise

Intuitively, if some of the operands of ¢ are locally declared in the procedure
called (i.e., Var(t) € GlobVar(fg(pred*(n)))), then t cannot be used inside
this procedure as this concerns a different incarnation of ¢. Thus, if ¢ is
delayable across the procedure call, then it is delayable in one big step and not
by moving it stepwise through the called procedure. This, actually, is possible,
if ¢t is not passed as an actual parameter (i.e., ~Comp (n¢)), and if the
insertion of ¢ can be delayed to the entry of the call node under consideration
(i.e., b1 V Insertipom(ns)).* On the other hand, if all variables of ¢ are
global for the called procedure (i.e., Var(t) C GlobVar(fg(pred*(n)))), t can
be delayed across the procedure call, if it can successfully stepwise be delayed
to the end of the procedure called (i.e., ba = true). The correctness of this
definition is a consequence of the down-safety and earliestness information
encoded in the predicate Insertipoy.

Start Information.
Insertipem(s1) € B

Intuitively, this choice of the start information reflects that the process of
moving computations in the direction of the control flow to “later” program
points is initiated at insertion points of the IBCM-transformation.

Interpretation. The interpretation of lattice elements in B is given by the
identity on B, i.e., the function Inty : B— B is given by

Intg=qy Idp

11.3.2 Proving Precision

Like for the down-safety and earliestness analysis, we first introduce two
lemmas, which simplify the proof of the di-Precision Theorem 11.3.1. The
first lemma can be proved straightforward by means of the definitions of
the local semantic functional and the return functional of Ag. The second
lemma follows immediately from the definition of interprocedural delayability
(cf. Definition 10.5.1).

4 We recall that ns denotes the procedure call node in S corresponding to n.
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Lemma 11.3.1.

1. Vne N*\(NXUN}) Vstk € STACK.
a) Comp (n) = top([ n ]}, (stk))= false
b) =Comp (n) = (top([n]}(stk)) = true <
Insertipom(n) V top(stk)=true)
2. Vn € N} Vstk € STACK. top([ n ], (stk)) = true <
Var(t) C GlobVar(fg(succ*(n))) A =Comp (n) A
(top(stk) =true V Insertipom (n))
3. Vn € N Vstk € STACK 5. (top([ n ]y (stk)) = true <
top(stk) = true it Var(t) C GlobVar(fg(pred*(n)))
(top(pop(stk)) = true Vv
Insertipen (ns))A—Comp (ne) otherwise

Lemma 11.3.2. Vn € N*. N-Delayable* (n) <= Insertipcm(n)

V
(VpeIP[s*,n] 31 <i< A, Insertipom(pi) A Samelncp[i, \p[ A

= Comp*(,, 4 (pli; Apl) )

Descending Chain Condition. Obviously, B is finite and hence, the cor-
responding function lattice [B — B] is finite, too. Thus, we have:

Lemma 11.3.3 (Descending Chain Condition).
The function lattice [B— B] satisfies the descending chain condition.

Distributivity. We have:
Lemma 11.3.4 ([ ]]:ﬂ,Rdl-Distributivity).

1. The local semantic functions [[n]]:ﬂ, n € N*, are distributive.
2. The return functions Rq(n), n € N}, are distributive.

Proof. The distributivity of the local semantic functions follows immediately
from the distributivity of the corresponding intraprocedural local semantic
functions (cf. Lemma 4.3.5). Thus, we are only left with proving the distribu-
tivity of the return functions. This requires to show:

Vn e N; VB C B Ra(n)(/\ B)= /\{ Ra(n)(b1,b2) | (b1,b2) € B}
(11.43)

To this end let n € N and B C B2. Two cases must now be investigated in
order to prove (11.43).

Case 1. Var(t) C GlobVar(fg(pred*(n)))
Here we obtained as desired:

Ra(n)(/\ B)
= Ra(n)(/\{ (b1,b2) | (b1,b2) € BY})



232 11. Interprocedural Code Motion

(Def. of A) = Ra(n)(A\{b1](b1,b2) € B}, A{b2| (b1, b2) € B})
(Def. of Ry) = /\{ ba|(b1,b2) € B}
(Def. of Rq1) = /\{ Rai(n)(b1,b2) | (b1,b2) € B}

Case 2. Var(t) € GlobVar(fg(pred*(n)))
In this case we get the following sequence of equations:

Ra(n)(/\ B)
= Ra(n)(/\{ (b1,b2) | (b1,b2) € BY})

(Def. of A) = Ra(n)(A\{b1](b1,b2) € B}, A{b2] (b1, b2) € B})
(Def. of Rar) = (/\{b1](b1,b2) € B} V Insertipon(ns)) A ~Comp (nc)
(Def. of A) = A{(b1V Insertpen(ns)) A ~Comp (nc) | (b1,bs) € B}
(Def. of Rar) = N\{Ra(n)(b1,b2) | (b1,b2) € B}
which completes the proof of Lemma 11.3.4. O

dl-Precision. The remaining step in showing the precision of Ay is to
prove the coincidence of the interprocedural meet over all paths solution of
Ag with interprocedural delayability in the sense of Definition 10.5.1, which
is stated by Theorem 11.3.1. We only prove the first part of this theorem,
which is the relevant one for the definition of the ILCM-transformation. The
second part can actually be proved in the very same fashion. We have:

Theorem 11.3.1 (diI-Precision).
For all nodes n € N* we have:

1. N-Delayable* (n) if and only if Insertipea(n) V
Intdl<N'IMOP(|I ]]El,lnsertIBcM(sl))(n))
2. X-Delayable* (n) if and only if Inta(X-IMOP ([ = msertisem(si)) (7))

Proof. As mentioned above, we will only prove the first part of Theorem
11.3.1. For convenience, we abbreviate IntgoN-IMOP ([ 1= msertison(s:)) and
newstack(Insertigen(s1)) by N-IMOP and stkg throughout the proof.

The first implication, “=",
Vn € N*. N-Delayable* (n) = Insertjgonp(n) V N-IMOP(n)
is according to Lemma 11.3.2 equivalent to

Vn e N*. (Insertjpop(n)V
(Vp € IP[s*,n] 31 < i< \p. Insertipon (pi) A Samelncyli, \p[ A (11.44)
—\C’omp*(ap’i) (p[i, A\p) ) = Insertigem(n) V N-IMOP(n) )
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Clearly, (11.44) is trivial, if n satisfies the predicate Insert;gcns. Thus, in
order to complete the proof of (11.44) it is sufficient to show

Vp eIP[s*,n] (31 <i<\,. Insertipem (pi) N Samelncyli, Ap| A
ﬁComp*(ap’i) (pli, Ap]) ) = top([ p[L, A\p[ 17 (stho)) = true

which we simultaneously prove for all nodes n € N* by induction on the
length % of path p[1,\,[ for all paths p satisfying

(11.45)

p € IP[s*,n] A (31 <i<Ap. Insertipenm(pi) A Samelncpli, Ap[ A

" . 11.46
—Comp*3, , (lis M) (11.46)

Obviously, the case k=0 does not occur. Thus, we can start with considering
a path p[l,\,[ of length k=1. In this case we obtain p[l,A\,[=(p1) and
p1 =s*. By means of (11.46) we obtain

Insertigom (p1) A Samelncp[pr,pi[ A —~Comp*, 1y(p1) (11.47)
Applying Lemma 10.2.1(1), (11.47) is equivalent to
Insertigem(p1) N Samelncy[pr,p1[ A = Comp (p1) (11.48)

Hence, by means of (11.48), Lemma 11.3.1(1b) yields as desired

top([p[1, Ap[ I (stko)) = top([ 1 1y (stho)) = true

In order to prove the induction step, let k > 1, and assume that (11.45) holds
for all paths g with Aja, [ <k, ie.,
(IH) (Vg eIP[s*,n]. 1 < A\gjia,[<Fk)-
(31 <i<k. Insertipom(gi) N Samelncgi, k[ A —\C’omp*(aw) (q[i, k]))
= top([ q[1, A\g[ 15 (stko)) = true)

It is sufficient to show that for every path p € IP[s*,n] with A\ =k
satisfying (11.46) holds

top([ p[L, A\p[ 15 (stko)) = true (11.49)

Without loss of generality we can assume that there is such a path p, which
then can be rewritten as p=p';(m);(n) with p’=p[l,k] and m=p; €
pred*(n). Next we must investigate three cases depending on the type of
node m.

Case 1. m € N*\(N;UN;)
If Insertipen(m) holds, (11.46) implies

—~Comp* (,, ) (m) =—-Comp* (p,k) (p)



234 11. Interprocedural Code Motion

By means of Lemma 10.2.1(1) we therefore have
—Comp (m)

Now, Lemma 11.3.1(1b) yields as desired

top([ p[1, Ap[ I3 (stho)) = top([m ] ([0’ 1 (stko))) = true

If Insertipon(m) does not hold, we obtain by Lemma 10.2.3(1)
RhsLev,* " (k — 1) = RhsLevy* ") (k)

Thus, we have
Samelncy[k — 1, k[ (11.50)
Additionally, (11.46) guarantees
31 <i <k —2. Insertipem (pi) N Samelncyli, k[ A
—.Comp*(ap’i) (pli, k —2[) (11.51)

Combining (11.50) and (11.51), we obtain

31 <i <k —2. Insertipem (pi) A Samelncy[k — 1, k[ A

. , (11.52)
= Comp*{,, i (pli, k — 2)

Hence, the induction hypothesis (IH) can be applied to p’ delivering
top([ p 15, (stho)) = true (11.53)
Now, Lemma 11.3.1(1b) yields

top([ p[1, Ap[ I3 (stho)) = top([m ] g ([0’ 1 (stko))) = true

which completes the proof of Case 1.

Case 2. m € N}
The case Var(t) € GlobVar(fg(succ*(m))) cannot occur because of the fol-
lowing implication:

V1 <i<Ay. Insertipom (pi) = —Samelncp[i, Ap|
Thus, we can assume
Var(t) C GlobVar(fg(succ*(m)))

The induction step can now be proved as in Case 1, using Lemma 10.2.3(2)
and Lemma 11.3.1(2) instead of Lemma 10.2.3(1) and Lemma 11.3.1(1b),
respectively.

Case 3. m € N}
Clearly, we have
—Comp (n) N —Insertipom(m) (11.54)
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We must now distinguish, whether ¢ contains local variables of fg(pred*(m))
or not. If all variables of ¢ are global with respect to fg(pred*(m)), i.e.,
if Var(t) C GlobVar(fg(pred*(m))), the induction step follows as in Case
1 using Lemma 10.2.3(3) and Lemma 11.3.1(3) instead of Lemma 10.2.3(1)
and Lemma 11.3.1(1b), respectively. Thus, we are left with the case Var(t)
GlobVar(fg(pred*(m))). Let pis be the matching return node of py =m on
p, e, prw € NZ, pr € N, and plk', k[ € CIP[succ*(px), pred*(py)]. If
Insertipem (prr) holds, the induction step follows immediately by means of
Lemma 11.3.1(3). Otherwise, i.e., if Insert;pem (prr) does not hold, (11.46)
implies
31 <i<k'. Insertigom(pi) N Samelncy[i, k[ A ﬂCOmp*(ap,i) (pli, k')
(11.55)
Moreover, Lemma 10.2.6(2) yields

RhsLevy™ " (k") = RhsLev, """ (\,) (11.56)

This implies
Samelncyli, k'|

and, therefore, (11.55) is equivalent to

31 <i<k'. Insertipom (pi) A Samelncy[i, kK'[ A ﬁComp*(ap,i)(p[i,k’[)
(11.57)
Abbreviating the path p[l1,k’] by p”, the induction hypothesis (TH) delivers

top([ p" 15 (stko)) = true (11.58)
This implies
top(pop ([ 0" 13 (stko))) = top([ p" |3 (stko)) (11.59)

since intervals of call nodes and return nodes on interprocedural paths are
either disjoint or one is included in the other (cf. Lemma 7.2.1). Combining
(11.58) and (11.59) we get

top(pop([p' Iy (stho))) = true (11.60)
The induction step
top ([ pl1, Ml I5u(stko)) = top(Lm 15 (1P’ Dy (stho))) = true
now follows from (11.54) and (11.60) by means of Lemma 11.3.1(3).
The second implication, “<”,
Vne N*. Insertipom(n) V N-IMOP(n) = N-Delayable* (n)  (11.61)

holds trivially by Lemma 11.3.2, if n satisfies the predicate Insertipeon. In
order to complete the proof of the second implication it is therefore sufficient
to show
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Vp € IP[s*, n].(top([ p[L, A\p[ ] (stho)) = true) =

31 < i < Ap.Insert pon (pi) ASamelney [i, Ap[ A= Comp* (, 1 (pli, Ap[) (11.62)

We prove this formula simultaneously for all nodes n € N* by induction on
the length k of path p[1, A,[ for all paths p satisfying

p € IP[s*,n] A top([p[1, \p[ ] (stko)) = true (11.63)

As in the proof of the first implication the case k=0 does not occur, and
therefore, we can start with considering a path p[1, A\p[ of length k=1. In
this case we obtain p[l,A\,[=(p1) and py=s* € N*\(N} U N;). Hence,
Lemma 11.3.1(1) yields

—Comp (p1) N Insertipom(p1) = top(stko)
such that (11.62) holds trivially for ¢=1.

In order to prove the induction step, let k& > 1, and assume that (11.62) holds
for all paths ¢ with Ay, [ <k, ie.,

(IH) (VqeIP[s*,n]. 1 < Ajua,(<k)
top([ q[1, N[ 15 (stko)) = true =
(31 < i< Ag.Insertipom (gi)NSamelncg[i, Aq [/\—\C’omp*(aw) (q[i, Aq]))

It is sufficient to show that for every path p € IP[s*,n] with A\, =k
satisfying (11.63) holds

31 < i< Ap. Insertipom (pi) N Samelnceyli, A\p[ A ﬁComp*(ap,i) (p[i, A\p])

Thus, we can assume that there is such a path p, which then can be rewritten
as p=p';(m);(n) with p’ =p[l,k[, m=pi € pred*(n), and k+1=\,. Similar
to the proof of the first implication we must now investigate three cases
depending on the type of node m.

Case 1. me N*\(NJUN))
In this case we obtain by Lemma 11.3.1(1)

—Comp (m) (11.64)
and by Lemma 10.2.3(1)
RhsLevy™ ™) (k) = RhsLev," ") () (11.65)
Hence, we have
Samelncy [k, Ap| (11.66)

Moreover, Lemma 10.2.1(1) yields

=Comp (m) <= —Comp*(, 1)(m) (11.67)
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If Insertipear(m) holds, the induction step follows trivially from (11.64),
(11.66), and (11.67) for i=k. Otherwise, i.e., if Insert;gcam(m) does not
hold, Lemma 11.3.1(1b) yields

top([p' 1 (stho)) = true (11.68)
Applying the induction hypothesis (IH) to p’;(m), we get

31 < iy <k. Insertipem (pip,) N Samelncy iy, k[ A

‘ , 11.69
~Comp™S, ;) (Blir k) (1169)
According to (11.64), (11.66), and (11.67), (11.69) is equivalent to
31 < iy <k. Insert ) A Samelney iy, M| A
< nsert ;pom (p ) ) amelncylip, Ap] (11.70)

%3 .
= Comp (p,ip/)(p[zp’, /\p[)
Thus, the induction step follows for i=1i,.

Case 2. m e N}
In this case, Lemma 11.3.1(2) directly yields
Var(t) C GlobVar(fg(succ*(m))) AN —Comp(m)

The induction step can now be proved along the lines of Case 1 using Lemma
10.2.3(2) and Lemma 11.3.1(2) instead of Lemma 10.2.3(1) and Lemma
11.3.1(1b), respectively.

Case 3. me N}
Clearly, in this case we have —Comp (m), and can proceed with the following
case analysis.

Case 3.1. Var(t) C GlobVar(fg(pred*(m)))
In this case, Lemma 10.2.3(3) delivers

RhsLevy® ") (k) = RhsLevy® "™ (\,)
Moreover, Lemma 11.3.1(3) yields

top([ p' 15 (stho)) = true

Applying the induction hypothesis (IH) to p’;(m), the induction step can be
proved as in Case 1.

Case 3.2. Var(t) € GlobVar(fg(pred*(m)))
Let pis be the matching return node of p, =m on p, i.e., pir € N, pr, € N/,
and pk’, k[ € CIP[succ*(pi ), pred* (px)]. Lemma 11.3.1(3) then delivers

= Comp (pi-) (11.71)

and
Insertpem (per) vV top([p" 15, (stko)) = true
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where p”=g4 p[1, k¥'[. Additionally, Lemma 10.2.6(2) and Lemma 10.2.7 yield

RhsLev)® (k") = RhsLev)* (), (11.72)
and
=Comp* {1y (p[K', K]) (11.73)
respectively. In particular, (11.72) implies
Samelncy[k', \p[ (11.74)

Thus, if Insert;pon (prr) holds, the induction step follows immediately for
i=k'. Otherwise, i.e., if Insert;pom (prr) does not hold, we have

top([ p" 15 (stko)) = true
Applying the induction hypothesis (IH) to p”;(px), we obtain
31 < ipr <K' InsertIBCM(pip,,) A Samelncy iy, K'[ A
= Comp* (ap,ip”)(p[ipn, k')

Combining (11.72), (11.74), (11.71), and (11.73), we get that (11.75) is equiv-
alent to

(11.75)

A1 <y <k'. Insertiponm (pi ) N Samelncylipr, Ap[ A

. ) 11.76
~Comp* 3y (Plipys An) (1L76)

Hence, the induction step follows for ¢=1i,. This completes the proof of the
relevant part of Theorem 11.3.1. ]

Applying Lemma 11.3.3, Lemma 11.3.4, and Theorem 11.3.1 we obtain the
main result of this section: Ay is precise for interprocedural delayability.
Consequently, the IMFEFP-solution computed by Ay coincides with the set of
all program points being interprocedurally delayable in the sense of Definition
10.5.1.

Theorem 11.3.2 (Ag-Precision).
Aq is precise for interprocedural delayability, i.e., Ag 1is terminating and
dl-precise.

11.4 IDFA-Algorithm A,,,: Interprocedural Unusability

In this section we present the specification of the IDFA-algorithm A, for
computing the set of interprocedurally unusable program points.® The central
result of this section is the A,,-Precision Theorem 11.4.2. It yields that the
algorithm is precise for this property: it terminates with the set of program
points, which are interprocedurally unusable in the sense of Definition 10.5.3.

5 The index un stands for unusability.
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We recall that the determination of unusable program points requires a
backward analysis of S (cf. Section 8.7 and Section 9.2.1). Therefore, the
roles of call nodes and return nodes are interchanged in the definitions of
the local semantic functions (cf. Section 11.4.1) and the return functions (cf.
Section 11.4.1), and the start information is attached to the end node (cf.
Section 11.4.1).

11.4.1 Specification

Data Flow Information. The domain of data flow information of A,, is
given by the lattice

(C,M,C, L, T)=ar (B, A, <, false, true)

This is the same lattice as for the delayability analysis, however, the inter-
pretation is different. In the context of the unusability analysis, a data flow
information attached to a program point expresses, whether a placement of
t is unusable at this point or not. For the same reason as for the delayability
analysis, it is not necessary to use a product lattice for storing transparency
information explicitly (cf. Section 11.3.1).

’

Local Semantic Functional. The local semantic functional [ ], : N* —
(B—B) of Ay, is defined by
Vne N* VbeB. [n],, (b)=4b

where

I-Latest(n) V (=~Comp(n) Ab)
b'=q if ne N*\N} Vv Var(t) C GlobVar(fg(pred*(n))))
true otherwise

Note that the local semantic functional is the straightforward extension of
its intraprocedural counterpart to the interprocedural setting.

Return Functional. The return functional Ry, : N — (B2 — B) of Aux
is defined by

Vn € NF V(by,ba) € B2 Ruyn(n) (b1, ba)=ar b’
where

b ba it Var(t) C GlobVar(fg(succ*(n)))
~ %\ LLatest(n) vV (~Comp (n) A by) otherwise

Intuitively, if some operands of ¢ are locally declared in the called procedure
(i.e., Var(t) € GlobVar(fg(succ*(n)))), then ¢ cannot be used inside the
called procedure as this concerns a different incarnation of t. Consequently,
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t is unusable in this case immediately before entering the procedure, if it is un-
usable immediately after leaving it (i.e., by = true) and if it does not occur as
a parameter argument (i.e., =Comp (n)), or if the procedure call node is a po-
tential insertion point of the ILCM-transformation (i.e., I-Latest(n) = true).
On the other hand, if all variables of ¢ are global for the procedure called (i.e.,
Var(t) C GlobVar(fg(succ*(n)))), t is unusable before the procedure call, if
this information could be propagated to the entry of the called procedure
(i.e., by =true).

Start Information. The start information is given by the element
true € B

Note that this information is mapped to the end node of the program because
unusability is a backward problem. Intuitively, it expresses that a computa-
tion cannot be used after the termination of the program, and therefore a
computation placed at the end of the program is unusable.

Interpretation. The interpretation of lattice elements in B is given by the
identity on B, i.e., the function Int,, : B— B is defined by

Intyn=qr Ids

11.4.2 Proving Precision

Similar to the other analyses, we first give a technical lemma, which simplifies
the proof of the wun-Precision Theorem 11.4.1. This lemma can easily be
proved by means of the definitions of the local semantic functional and the
return functional of A,,.

Lemma 11.4.1.

1. Vne N*\(NfUN}) Vstk € STACK.
a) I-Latest(n) = top([n]., (stk)) = true
b) —I-Latest(n) = (top([n];, (stk))=true <
—Comp (n) N top(stk)=true)
2. Vn e N} Vstk € STACK >o.
a) I-Latest(n) = top([n]., (stk)) = true
b) —I-Latest(n) = (top([n]., (stk)) =true <= —Comp(n) A
top(stk) = true if Var(t) C GlobVar(fg(succ*(n)))
top(pop(stk)) =true otherwise

3. Vn € N} Vstk € STACK. top([n], (stk)) =true <
{ top(stk) = true if Var(t) C GlobVar(fg(pred*(n)))

true otherwise

Descending Chain Condition. The finiteness of B directly implies the
finiteness of its corresponding function lattice [B— B]. Thus, we have:
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Lemma 11.4.2 (Descending Chain Condition).
The function lattice [B— B] satisfies the descending chain condition.

Distributivity. Along the lines of Lemma 11.3.4 we can prove:
Lemma 11.4.3 (] ]];m,Run-Distributivity Lemma).

1. The local semantic functions [[n]];m, n € N*, are distributive.
2. The return functions Run(n), n € NZ, are distributive.

un-Precision. Finally, we have to prove the coincidence of interprocedural
unusability and the interprocedural meet over all paths solution of A,,. Like
in the previous sections, we only prove that part of the precision theorem,
which is needed for the definition of the ILCM -transformation. We have:

Theorem 11.4.1 (un-Precision Theorem).
For all nodes n € N* we have:

1. N-Unusable* (n) if and only if ~ Intyn(X-IMOP [ 1+ true)(1))
2. X-Unusable* (n) if and only if Inty,(N-IMOP ([ 1+ truc)(1))

Proof.

As mentioned above, we will only prove the second part of Theorem 11.4.1.
In order to simplify the notation, we abbreviate Intu, o N-IMOP ([ |* irue)
and newstack(true) by N-IMOP and stko throughout the proof.

The first implication, “=",
Vn e N*. X-Unusable* (n) = N-IMOP(n)
is proved by showing the even stronger implication
Vp € IP[s*,e*]. p;=n =
(Vi+1<j <Ay Comp™(, i41)(pj) =
Ji+1 <r <j. I-Latest(p,) N Samelncy[i + 1,7[)

e~ —

= top([ pli, A\p] 1., (stko)) = true

which we simultaneously prove for all nodes n € N* by induction on the
length k=4 A, — i of postfix-path p]i, \,] for all paths p satisfying

(11.77)

p € IP[s*,e*] A pi=n A
(Vi+1<j <X, Comp*(,11)(pj) = (11.78)
di+ 1 <r <j. I-Latest(p,) A Samelncpli + 1,7])
If k=MApi,) =0, we obtain pli, \)] =¢, and therefore

—~—

top([ pli, Ap) ]Zn(stko)) =top([e ]]fm(stko)) = top(stko) = true

holds trivially.
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In order to prove the induction step, let k > 0, and assume that (11.77)
holds for all postfix-paths q]i, \g] with Ay, ) <Kk, ie.,

(IH) (VqgeIP[s*e*]. g=n A0 < Agia, <k)
(Vi+1<j <A Comp*(gi11y(qj)=
Ji+1<r <j. I-Latest(g,) N Samelncqli + 1,7[)
= top([ qli, \] 1., (stko)) = true
It is sufficient to show that for every path p € IP[s*,e*] with p,=n and
Aplin,] =k satisfying (11.78) holds

top([ pli, Ap) ]]Zn(stko)) = true

Thus, we can assume that there is such a postfix-path pli, A,], which then
can be rewritten as pli, A\,] = (piy1);p" with p’ =p[i + 2, A,]. Next, we have
to investigate three cases depending on the type of node p;4.

Case 1. pjp1 € N*\(NJUN;)

If p;y1 satisfies the predicate I-Latest, Lemma 11.4.1(1a) yields as desired

top ([ pli, Ap] 1y (stho)) = top ([ pisa 13 ([0 13 (stho))) = true

Thus, we are left with the case that p;;1 does not satisfy the predicate
I-Latest. Together with (11.78) this implies

—Comp (pit+1) (11.79)
Moreover, Lemma 10.2.3(1) yields

Var(t) . _ Var(t) .
RhsLev, """ (i + 1) = RhsLev,""" (i + 2) (11.80)
Hence,
Vi+1 <j< >‘p Comp*(p,i+1)(pj):> (11 81)
i+ 1 <r <j I-Latest(p,) A Samelncy[i + 1, 7| ’
is equivalent to
Vi+2<j <A, Comp™(, 00 (pj) = (11.82)
Ji+2 <r <j. I-Latest(n,) A Samelncpli + 2,r[ V"
Thus, the induction hypothesis (IH) can be applied to p’ yielding
top([ o/ 15, (stko)) = true (11.83)

Now, by means of (11.79) and (11.83), Lemma 11.4.1(1b) delivers

top ([ plis Ap) 1% (stko)) = top ([ pi 1o (L9 15 (stho))) = true

which completes the proof of Case 1.
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Case 2. pjy1 € N}
If p; satisfies the predicate I-Latest, the induction step
top([ pli Ap) I, (stko)) = top([pis1 1y, ([P’ 15, (5tho))) = true

is an immediate consequence of Lemma 11.4.1(2a). Thus, we are left with the
case that p;11 does not satisfy the predicate I-Latest. Similar to Case 1 this
implies

—Comp (pit+1) (11.84)

We must now distinguish, whether ¢ contains local variables of fg(succ*(piy1))
or not, and proceed with the following case analysis.

Case 2.1. Var(t) C GlobVar(fg(succ*(pit+1)))
In this case, Lemma 10.2.3(2) yields

RhsLev) (i + 1) = RhsLev)* " (i + 2) (11.85)
As in Case 1, this allows to apply the induction hypothesis to p’ yielding
top([ ' 12, (stho)) = true (11.86)

The induction step

—~—

top ([ pli, Ap] 1y (stho)) = top ([ pisa 13 ([0 13, (stho))) = true

follows now directly from (11.84) and (11.86) by means of Lemma 11.4.1(2b).

Case 2.2. Var(t) € GlobVar(fg(succ*(pi+1)))
Clearly, the premise of this case implies

Var(t) N LocVar(fg(succ*(piy1))) # 0 (11.87)

Let p;; be the matching return node of p;41 on p,i.e., piy1 € NX, pi € NX,
and pli + 1,i'[ € CIP[succ*(pi+1), pred* (pir)]. By means of (11.87), Lemma
10.2.7 yields

Vi e{i+2,...,i'}. 2Comp*, ;1) (pjr) N —~Samelncyli+1,5'[  (11.88)
Moreover, Lemma 10.2.6(2) delivers
RhsLevy™ ") (i + 1) = RhsLev) ™ (i’ + 1) (11.89)
Hence,

Vit 1< <A Comp® 00 () =

11.
i+ 1 <r <j I-Latest(p,) N Samelncy[i + 1,r| (11.90)
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is equivalent to

Vil +1 <5 < Ap. Comp™(, ;i41y(pj) =3 +1 <1 <.
I-Latest (p;) A Samelncpli’ + 1,7]

(11.91)
Abbreviating the path pJi’, A,] by p”, the induction hypothesis (IH) delivers
top([p" 1, (stko)) = true (11.92)

This implies
top (pop (L7 T (5t50)) = top([ 5" I (570)) (11.93

since intervals of call nodes and return nodes on interprocedural paths are
either disjoint or one is included in the other (cf. Lemma 7.2.1). From (11.92)
and (11.93) we get

top(pop([ ' 1%, (stko))) = true (11.94)

The induction step

—~—

top ([ pli, Ap] 1y (stho)) = top ([ pisa 15 ([0 15 (stho))) = true

is now an immediate consequence of (11.84), (11.94), and Lemma 11.4.1(2b).

Case 3. piy1 € N;
If Var(t) € GlobVar(fg(pred*(p;+1))), the induction step

top(L pli M) L (stho)) = top ([ piss V(19 1y (sth0))) = true
holds trivially by means of Lemma 11.4.1(3). Thus, we are left with the case
Var(t) C GlobVar(fg(pred*(pi+1))) (11.95)
In particular, p;y; € N implies
~Comp (pi+1) (11.96)
Additionally, Lemma 10.2.3(3) yields

Var(t) /- Var(t) /-
RhsLev, W(i41)= RhsLev, O (i +2) (11.97)
Hence,
Vi+1<j <N, Comp™ 40y (ps) = (11.98)
Ji+1 <r <j. I-Latest(p,) A Samelncp[i + 1,r| '
is equivalent to
Vi+2<j <N, Comp™(, 10 (pj) = (11.99)

Ji+ 2 <r <j. I-Latest(p,) A Samelncyli + 2, r|
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Thus, the induction hypothesis (IH) can be applied to p’, which delivers
top([p' 1%, (stho)) = true (11.100)
Now, by means of (11.100), Lemma 11.4.1(3) yields as desired

top ([ plis M) 1, (5tho)) = top ([ piss 1y (17 1, (5tho))) = true

which proves the induction step in this case.

The second implication, “<”,
Vn e N*. N-IMOP(n) = X-Unusable* (n)

is proved by showing the even stronger implication

(Vp € IP[s*,e*]. pi=n). (top([ pli, \p] 1, (stho)) = true)
= (Vi+1<j <N, Comp*(i41)(pj) = (11.101)

i+ 1 <r <j I-Latest(p,) A Samelncy[i +1,r[)

which we simultaneously prove for all nodes n € N* by induction on the
length k=4 A, — i of postfix-path p]i, \,] for all paths p satisfying

p € IP[s",e*] A pi=n A top([[pm] 15, (stko)) = true (11.102)

The induction base for k=X\,j; x,) =0 holds trivially.
In order to prove the induction step, let k > 0, and assume that (11.101)
holds for all postfix-paths qli, \,] with Ag; )<k, ie.,

(IH) (VqgeIP[s*e*]. g=n A0 < Agia, <k).

(top([ qlis Ag] Lo (stho)) = true) =
(Vi+1<j <A Comp*(gi11y(q5)=
Ji+1<r <j. I-Latest(g,) N Samelncg[i+1,r[)

It is sufficient to show that for every path p € IP[s*,e*] with p;=n, and
Aplin,] =k satisfying (11.102) holds

Vi+1<j<A. Comp*(p,i+1)(Pj) =

i+ 1 <r <j. I-Latest(p,) A Samelncp[i +1,r| (11.103)

Thus, we can assume that there is such a postfix-path p|i, Ap]. This path can
then be rewritten as pli, Ap] = (pi+1);p" with p’=p[i + 2, )], and an index
j with i +1 < j < A, and Comp*(p7i+1)(pj). Similar to the proof of the
first implication we must now investigate three cases depending on the type
of node p;41.
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Case 1. pi1 € N*\(NSUN))
If p;+1 satisfies the predicate I-Latest, the induction step follows trivially for
r=1i+ 1. If p;11 does not satisfy the predicate I-Latest, Lemma 11.4.1(1b)
yields

—~Comp (pix1) A top([p' 15, (stho)) = true (11.104)

Applying the induction hypothesis (IH) to p’, we obtain
Vi+2<j<A. C’omp*(p7i+2)(pj) =
Ji+2 <r <j. I-Latest(p,) A Samelncyli + 2, r|

(11.105)
In particular, this implies that

rp=ag Min({r]i+2 <r <j A I-Latest(p,) A Samelncyli + 2,r[})
is well-defined. Moreover, Lemma 10.2.3(1) yields
RhsLev;/m'(H) (i+1)= RhsLev;/aT'(H) (i+2) (11.106)
Combining (11.104) and (11.106), we obtain that (11.105) is equivalent to

Vi+1l<j<A. Comp*(p7i+1)<pj) =

i+ 1 <r <j. I-Latest(p,) A Samelncyi + 1,r| (11.107)

Hence, the induction step follows for r=r,.

Case 2. p;+1 € N}
Similar to Case 1, whenever p;;1 satisfies the predicate I-Latest(p;+1), the
induction step follows trivially for r=i + 1. Thus, we are left with the
case that p;+1 does not satisfy the predicate I-Latest. By means of Lemma
11.4.1(2b) we directly get

—Comp (pit+1) (11.108)

We must now distinguish, whether ¢ contains local variables of fg(succ*(pit1))
or not, which leads to the investigation of the following two cases.

Case 2.1. Var(t) C GlobVar(fg(succ*(pit+1)))
In this case Lemma 11.4.1(2b) yields

top([p' 1%, (stho)) = true (11.109)

Hence, the induction hypothesis can be applied to p’. Moreover, Lemma
10.2.3(2) implies

RhsLev) (i + 1) = RhsLev)* (i + 2) (11.110)

The induction step follows now as in Case 1.
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Case 2.2. Var(t) € GlobVar(fg(succ*(pi+1)))
In this case we have

Var(t) N LocVar(fg(succ*(piy1))) # 0

Let p;s be the matching return node of p;+1 on p, i.e., pi1 € NX, py € NJ,
and pli + 1,7 € CIP[succ*(pit+1), pred*(pi/)]. As a consequence of

—~—

top([pli, M) 1., (stko)) = top([ pira I, ([ I, (stho))) = true
we obtain by means of Lemma 11.4.1(2b)
top([p" 1%, (sthko)) = true (11.111)
where p”=g4 pli’, Ap]. The induction hypothesis (IH), therefore, yields

=3¢ +1 <r <j. I-Latest(p,) N\ Samelnc,[i’ + 1,7] '
Similar to Case 1, this implies that
rpr=af Min({r|i' + 1 <r <j A I-Latest(p,) A Samelnc,[i' + 1,r[})
is well-defined. Additionally (11.108) and Lemma 10.2.7 yield
= Comp* ;4 1) (pli + 1,1']) (11.113)
Moreover, Lemma 10.2.6(2) yields
Var(IT) (. Var(IT) (.
RhsLev, UD (G +1)= RhsLev, UD (i 1) (11.114)
Thus, (11.112) is equivalent to

Vi+1<j<\. Comp*(p7i+1)(pj) =

37 +1<r < j. LLatest(p,) A Samelncyli+1,r] 11115
and therefore, the induction step follows for r =7y, in this case.
Case 3. p;+1 € N}
Clearly, we have
~Comp (pi+1) (11.116)

If Var(t) € GlobVar(fg(pred*(pi+1))), we have
Vi+1<j <Ay mSamelnc,li + 1, j]
Together with (11.116) this implies

= Comp* (ap,iJrl) (pli +1,Ap])
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Hence, the induction step holds trivially in this case. We are therefore left
with the case
Var(t) C GlobVar(fg(pred*(pi+1)))

By means of Lemma 11.4.1(3) we get
top([ 9 17, (stko)) = true (11.117)

Thus, the induction hypothesis can be applied to p’. Moreover, Lemma
10.2.3(3) yields

RhsLevy™ ") (i + 1) = RhsLev)* (i + 2) (11.118)

Hence, the induction step follows as in Case 1. This completes the proof of
the second implication, and finishes the proof of the relevant part of Theorem
11.4.1. O

Combining Lemma 11.4.2, Lemma 11.4.3, and Theorem 11.4.1, we get the
central result of this section: A,, is precise for interprocedural unusability.
This guarantees that the IMFP-solution computed by A, coincides with
the set of program points, which are interprocedurally unusable in the sense
of Definition 10.5.3.

Theorem 11.4.2 (A,,-Precision).
Aun 18 precise for interprocedural unusability, i.e., Ay, is terminating and
un-precise.



12. Perspectives

In this chapter we reconsider the anomalies observable for interprocedural
code motion from a different point of view giving additional insight into
their causes and the differences to the intraprocedural setting. We show that
anomalies of this kind are not specific for the interprocedural setting, but have
analogues in other programming paradigms and application scenarios. After-
wards, we discuss a variety of pragmatic aspects related to our framework,
and, finally, give directions to future work concerning both the framework
and the application side.

12.1 Reconsidering Code Motion Anomalies

In Chapter 10 we demonstrated that there are essential differences between
the intraprocedural and interprocedural setting regarding code motion. Most
importantly, in the interprocedural setting (1) computationally optimal re-
sults are in general impossible, and (2) safety is in general not equivalent to
the disjunction of up-safety and down-safety. The loss of the decomposabil-
ity of safety, i.e., the failure of the intraprocedural decomposition theorem
for safety (cf. Lemma 3.2.1), turned out to be the source of several placing
anomalies showing up when adapting intraprocedural code motion strategies
to the interprocedural setting. Extensions of intraprocedurally computation-
ally optimal strategies can dramatically degenerate a program, even if there
is a computationally optimal canonic result (cf. Figure 10.18).

Other paradigms and application scenarios. Because of the practical impact
of the failure of the decomposition theorem for safety on interprocedural code
motion, one should note that this failure is not specific for the interproce-
dural setting. It has analogues in other programming paradigms and appli-
cation scenarios causing similar anomalies when extending intraprocedural
code motion strategies accordingly. In [KSV3], this has been demonstrated
considering code motion in a setting with ezxplicitly parallel programs and
shared memory. For the same program setting, but a different application,
the elimination of partially dead assignments, this has been demonstrated in
[Kn2, Kn3]. In [KRST7], the failure of the decomposition theorem has been
proved for the intraprocedural setting considering semantic code motion in-

J. Knoop: Optimal Interprocedural Program Optimization, LNCS 1428, pp. 251-270, 1998.
O Springer-Verlag Berlin Heidelberg 1998
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stead of syntactic one as in this monograph. The point of syntactic code mo-
tion is to treat all term patterns independently and to regard each assignment
as destructive for the value of every term pattern containing the modified
variable. The algorithms for busy and lazy code motion are syntactic code
motion algorithms. In contrast, semantic code motion aims at eliminating
computations, which are semantically partially redundant, and is thus more
powerful than syntactic code motion (cf. [BA, RWZ, St3, SKR1, SKR2]). In
this scenario, however, where safety is based on a semantic notion of term
equivalence, it cannot equivalently be decomposed into the corresponding no-
tions of up-safety and down-safety. As a consequence, an essential difference
between “motion-based” and “placement-based” approaches for the elimi-
nation of semantically partially redundant computations shows up: specific
partially redundant computations are out of the scope of any motion-based
approach, and can only be eliminated by placement-based approaches. Intu-
itively, a placement-based approach is free to place a computation at any safe
program point. In contrast, a motion-based approach is limited to program
points, where the computation can “safely” be moved to, i.e., where in ad-
dition all nodes in between the old and the new location are down-safe. As
for interprocedural syntactic code motion, also for semantic code placement
computationally optimal results are in general impossible. In fact, it is the
validity of the decomposition theorem for safety applying to syntactic code
motion in the intraprocedural setting, which implies that motion-based and
placement-based approaches are of the same power for this scenario.

Interprocedural code motion. We now return to the interprocedural setting,
and focus again on interprocedural code motion. As demonstrated in Chap-
ters 10 and 11, the placing anomalies exhibited by interprocedural exten-
sions of intraprocedural placing strategies are not caused by the data flow
analyses involved, but by the optimizing transformation itself. In the follow-
ing, we reconsider these anomalies from a different point of view in order to
give additional insight into the differences between the intraprocedural and
interprocedural setting. To this end we consider the effect of the as-early-
as-possible placing strategy underlying busy code motion for the example of
Figure 10.18. Recall that the program of this example is free of any partially
redundant computation, and hence, computationally optimal. As illustrated
in Figure 10.19, it is dramatically degenerated by an application of the as-
early-as-possible placing strategy.

In order to reveal the difference to the intraprocedural setting, we extract
the essence of this example and investigate it in a comparable intraprocedural
situation established by means of procedure inlining, where we concentrate
on the procedures w3 and my first. The left program fragment of Figure
12.1 shows procedure 74 after inlining 73 together with the set of (entry)
down-safe and (entry) earliest nodes. The right program fragment shows the
corresponding program resulting from busy code motion. As in Figure 10.19
an insertion has been moved into the loop to node 14, but the computation
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originally located in the loop could be removed from it by moving it to node
20. Hence, the programs are in the cernel of the relation “computationally
better”. In the example of Figure 10.18, the comparable transformation of
moving the computation from node 12 to node 20 is prevented by the second
call of procedure w3 located in 73, which results in the placing anomaly of
Figure 10.19. This call, however, is not taken into account in the modelling
of Figure 12.1.

Thus, for the sake of a “fair” comparison of the interprocedural and in-
traprocedural setting, we have to consider the situation after inlining w3 for
both of its calls, where the inlined procedure body is “shared” by the two
former calls. The right program fragment of Figure 12.2 then shows the result
of busy code motion. Obviously, the defect of the interprocedural situation
does not realize. Intuitively, this is because the computation-free execution
path from node 6 to node 9 across node 15 is “visible” for program exe-
cutions reaching node 24, and prevents moving a + b into the loop to node
23. This reveals the essential difference to the interprocedural situation of
Figure 10.18. Though the corresponding computation-free path is present as
well, it is “invisible” at the call site of w3 in m4: program executions entering
procedure w3 at the call site at node 22 cannot be completed by program
continuations reaching node 9 because the call/return-behaviour of procedure
calls would be violated. The validity condition imposed on interprocedural
program paths excludes these paths.

Intuitively, this can be considered the dilemma of customization of in-
terprocedural DFA for program optimizations, where, like for code motion,
the correctness and profitability of a modification at a specific program point
(considering code motion, replacing an original computation by its corre-
sponding temporary) relies on a “global” modification of the program text,
i.e., on a modification involving several program points (considering code
motion, inserting initializations of the temporay). Interprocedural DFA com-
putes information along valid paths only, and thus, provides for every pro-
gram point including call sites the “most precise” information possible. Cus-
tomization can thus be considered the central goal of interprocedural DFA.
The problems arise on the transformation side, where customization of in-
formation concerning call sites gets in conflict with transformations, where
the global modifications required for separately justifying the “local” im-
provements (considering code motion, those temporary initializations, which
justify correctness at a particular use site) do not behave “compositionally”.
Considering code motion, this means inserting or removing computations
from procedures, which are called at several call sites. This is the source of
potential conflicts. They become effective, if as for instance in the example of
Figure 10.19, from the point of view of some call site a computation must be
inserted in (removed from) the callee, which, however, is prevented by a dif-
ferent call site because safety and profitability would be affected. In essence,
it is this kind of conflict causing the anomalies of interprocedural busy code



254 12. Perspectives

D D Saf e
. Earli est ® »

T4 afterinlining of 4 After the BCM-transformation

Fig. 12.1. Intraproc. situation of the “right” part of Fig. 10.18

motion. Optimizations, which do not require “global” modifications in the
sense above, are in fact not affected by this dilemma. A prominent example
is constant propagation (cf. [Kel, Kil, Ki2, RL1, RL2, WZ1, WZ2]). It does
not rely on inserting new statements, but on modifying existing ones only.
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Hence, its power depends directly on the precision of the DFA information,
and thus its customization.

s Ty Ty

4

D D- Saf e %

. Earli est T, and T, after'‘shared’’ inlining of T4 After the BCM-transformation

Fig. 12.2. Intraprocedural situation of Figure 10.18

Summary. Considering interprocedural code motion there is no general way
of getting rid of these problems as computational optimality is in general
impossible. In the following, we therefore sketch three orthogonal approaches
centered around optimality and generality aiming at computational and life-
time optimality for specific program classes and applicability to all programs
without exhibiting anomalies, respectively.

1. Abstract interpretation of control. Intuitively, the first approach is, in ad-
dition to abstractly interpret the semantics of a program, to also abstractly
interpret its control flow. An extreme, however, not general approach falling
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into this group is to consider the interprocedural control flow graph of a pro-
gram as an intraprocedural flow graph, i.e., computing data flow information
according to all paths, not just interprocedurally valid ones as suggested by
the example of Figure 12.2. This, however, is limited to data flow proper-
ties, which must be satisfied along all program executions reaching a specific
program point as e.g. availability. Properties, which are justified if they are
valid along some program execution as e.g. partial availability, are not safely
approximated. Thus, problems simultaneously involving existentially and uni-
versally quantified properties, cannot safely be approximated, and hence not
handled at all.

II. Keeping Optimality. The second approach, which we followed in this
monograph, is characterized by retaining optimality for specific program
classes at the price of losing generality. Canonicity of the IBCM -transfor-
mation is the guarantor of the computational and lifetime optimality of
the interprocedural versions of busy and lazy code motion, respectively. As
demonstrated, generality is lost: in the absence of canonicity, the result can
dramatically be degenerated. It is an important matter of future work to
characterize further program classes having a computationally and lifetime
optimal counterpart together with an algorithm constructing them. Partic-
ularly promising is here the class of programs having a computationally op-
timal canonic counterpart. The IBCM- and ILCM -transformation provide a
good starting-point in order to enhance them accordingly.

1II. Keeping Generality. Basically, the third approach is characterized by re-
taining generality at the price of losing optimality. In essence, this can be
achieved by heuristically limiting the motion of computations across proce-
dure boundaries in order to avoid anomalies. The algorithm of Morel and
Renvoise of [MR2] is a prominent example following this approach. Another
example is the algorithm of [KM2] dealing with the elimination of partially
redundant and partially dead assignments in High Performance Fortran pro-
grams. Unfortunately, heuristics are often overly restrictive unnecessarily
reducing the transformational power of an algorithm. In the following we
demonstrate this by illustrating the limitations of the heuristics of the algo-
rithm of [MR2] imposed for avoiding (1) motion anomalies, and (2) unnec-
essary motions of computations, which, as a side-effect, avoids unnecessarily
long lifetimes of temporaries.!

(1) Awvoiding Motion Anomalies. Intuitively, the constraint introduced
by Morel and Renvoise for avoiding motion anomalies prevents hoisting of a
computation across a procedure call, if this requires an insertion inside the
callee. In the example of Figure 10.18, the algorithm of [MR2] leaves the pro-
gram thus invariant. However, this constraint is in general overly restrictive
as illustrated by the program of Figure 12.3. For this example, the algorithm

! Morel and Renvoise did not introduce the second part of this heuristics as a means
for limiting lifetimes. This is indeed rather a side-effect of avoiding unnecessary
motions they were aiming at.
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of [MR2] generates the program of Figure 12.4, failing to eliminate the par-
tially redundant computation at node 22 inside the loop. The point here is
that because of the motion contraint moving a + b across the call sites of
g is prevented because this would require an insertion inside the callee 7s.
The constraint is too restrictive in that it does not take into account that in
this example all call sites require an insertion inside the callee. For compari-
son, interprocedural busy code motion generates the computationally optimal
canonic result of Figure 12.5.

. L
T otabxy,z m, L

! 6| as=.. 13 B .o

Z‘t:allr[z‘ 3‘ ‘ 4‘cal|n4‘

Fig. 12.3. The limitations of the motion-heuristic of Morel and Renvoise

(2) Limiting the Lifetimes of Temporaries. In order to avoid unnecessary
motions of computations, which, as a side-effect avoids unnecessarily long life-
times of variables, Morel and Renvoise introduced a profitability constraint
on moving computations into their pioneering intraprocedural code motion
algorithm (cf. [MR1]): computations are moved to earlier computation points
only if they are partially redundant. Intuitively, this means that computations
are only moved if at least one program path profits from the move. This avoids
some, though not all unnecessary motions of computations, without affecting
the computational optimality of the algorithm. As demonstrated by the ex-
ample of Figure 12.6 this does not carry over to the interprocedural setting.
Here, the algorithm of [MR2] generates the sub-optimal result of Figure 12.7
because limiting the motion of computations to partially redundant ones pre-
vents hoisting of the computation at node 8 to node 7. As a consequence, the
insertions in 7y and 74 cannot be moved into procedure m3. The motion
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Fig. 12.5. Computationally optimal result of the IBCM-transformation



12.1 Reconsidering Code Motion Anomalies 259

process is blocked. In contrast, interprocedural lazy code motion generates
the computationally and lifetime optimal canonic result of Figure 12.8.

. s
T, iabxyz T, Ty

. R 6 [ar. R 2 [ po

Z‘Ca““z‘ 3‘ ‘ 4‘calln4‘ 7‘03“113‘ 11‘ ‘ 15‘ ‘ 2

Fig. 12.7. The effect of Morel and Renvoise’s algorithm
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Fig. 12.8. Computationally & lifetime opt. result of the IL CM-transformation

12.2 Pragmatics

12.2.1 Static Procedure Nesting and Complexity of IDFA

The framework we presented captures programs with statically nested pro-
cedures, which is important concerning its applicability to “real world” pro-
grams. It should be noted, however, that programs without statically nested
procedures can often more efficiently be analyzed. We illustrate this by means
of the down-safety and the earliestness analysis of the IBCM -transformation
of Chapter 10. In a program containing statically nested procedures the local
variables of a procedure are global variables of its static successors. This intro-
duces the phenomenon of variables being “relatively global”. It enforces the
down-safety and the earliestness analysis besides keeping track on the vari-
ables which are modified by an assignment, also to keep track on the static
level of their declaration. Considering the down-safety analysis, we therefore
used the lattice

(C,M,C, L, T)=ar (B x N, Min, <, (false,0), (true, ) )

as the domain of relevant DFA-information. Intuitively, the second compo-
nent of a data flow information stores the static level of the “most globally”
declared variable, which has been modified in the current procedure call.

In a program without statically nested procedures, the situation is much
simpler. A variable is either “truly” global, if it is an external variable or if
it is declared in the main procedure of the program, or it is “truly” local,
if it is declared in one of its procedures. Hence, the down-safety and the
earliestness analyses must only distinguish between modifications of global
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and local variables. Regarding the down-safety analysis, this can be achieved
by considering the simpler lattice

(C,N,C, L, T)=ar (B%, A, <, (false, false), (true, true) )

as the domain of relevant data flow information. We remark that the choice
of this lattice relies on the same intuition as above: the second bit of a DFA
information attached to a program point indicates whether a global variable
of the term under consideration has been modified. Following [KRS4], the
local semantic functional for down-safety simplifies to

[ ]];S : N*— (B*—B?%) defined by
Vn € N*V (b1, by) € B2 [n ], (b1, ba)=as (b, by)

with ,
by=ar Comp (n) V (Transp(n) A by)

b { ba A NoGlobalChanges(n) if n € N*\N}
2=df

true otherwise

where the predicate NoGlobalChanges : N* — B is the analogue of the func-
tion ModLev of Section 10.2.1. It is defined by:

Vn € N*. NoGlobalChanges(n)=gs Var phsvar(n)(t) S LocVar(II\{m1})
Similarly, the definition of the return functional R4s simplifies to
Ras : N — (B* x B> = B?%) defined by
Vn € NV ((b1,b2), (bs,bs)) € B*x B2 Ras(n)((b1,b2), (b3,b4) )=ar (bs,bs)
with

b b3 if Var(t) C GlobVar(II)
STA Y\ Comp(n) V (by A by) otherwise

be=qr b2 A by

The start information, finally, is given by the element
(false, true) € B x B

Analogously, also the earliestness analysis can be based on a less complex
lattice:

(C,M,C, L, T)=ar (B%,(V, N),(>,<), (true, false), (false, true) )
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The local abstract semantics is then given by the functional
[ ]];a : N* — (B%—B?) defined by
Ve N* VY (b, by) € B2 [n],, (b1, ba)=as (b, by)

with ,
by=ar = Transp (n) V (—I-DSafe (n) A by)

b ba A NoGlobalChanges(n) if n € N*\Ng
279 true otherwise

Correspondingly, the return functional of the earliestness analysis simplifies
to
Rea : Nf — (B? x B> — B?) defined by

Vn e NV ((b1,bs), (b3, b)) € B? x B2 Rea(n)((by,ba), (bs,bs) )=ar (bs, bg)
with

bee bs A —I-DSafe(n) if Var(t) C GlobVar(II)
57d\ —by V (~I-DSafe(ns) A by) otherwise

b6:df by A by

The start information is then given by the element

(s1 € Range(t), true) € Bx B

In the remainder of this section we investigate the impact of static procedure
nesting on the computational complexity of the IBCM -transformation. More
generally, this leads us to the complexity of so-called bit-vector problems, of
which the IBCM-transformation is a typical representative. Bit-vector prob-
lems are characterized by expressing the relevant data flow information in
terms of a finite number of predicates. Though the number of the predicates
depends on the problem, it is independent of the size of the program being
analysed. It thus only adds a constant factor to the complexity estimation. In
practice, the number of mutually dependent predicates hardly exceeds two.
Thus, the factor is even small. As demonstrated in [KS2], the only blow-
up in size for programs without statically nested procedures stems from the
fact that bit-vector algorithms usually work on members of linearily growing
classes like the set of program variables or the set of program terms. This,
however, adds even in the intraprocedural setting a multiplicative factor to
the worst-case time complexity because the determination of the properties
of the different members proceeds independently, as long as the program
being analysed does not satisfy specific structural properties. In a program
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without statically nested procedures a single member of such a class can be
checked in linear time (cf. [KS2]). The proof of this result is as usual based on
the assumption that the argument program is “constant branching”, i.e., the
number of successors of a node in the flow graph system is bounded by a con-
stant. This proof can straightforward be adapted to programs with statically
nested procedures, which adds a quadratic factor to the complexity as stated
by Theorem 12.2.1. We remark that this theorem relies on the assumption
of constant branching. It can be dropped, however, using a refined argument
on edges (cf. [KS2]).

Theorem 12.2.1. The worst-case time complexity of solving a bit-vector
problem for a single member of the class of interest is O(d? * n), where d
and n denote the level of the statically most deeply nested procedure and the
number of nodes of a flow graph system, respectively.

For realistic programs it is reasonable to consider d a constant. Under this
assumption, Theorem 12.2.1 yields that interprocedural bit-vector problems
can be solved within the same worst-case time complexity as their intraproce-
dural counterparts. However, a performance comparison in practice must also
take the constant factor imposed by the nesting level into account. In essence,
the worst-case time complexity is determined by the complexity of comput-
ing the semantic functions for procedures. This complexity itself depends
mainly on the maximal length of chains in the function lattice representing
the domain of the abstract procedure semantics. Denoting by b the number
of mutually dependent predicates under consideration, and by n the level of
the statically most deeply nested procedure, the maximal chain length in the
function lattice can be estimated by

2P« b
for programs without statically nested procedures and by
d® * (d x b)

for programs with statically nested procedures (cf. [KS2]). Recalling that in
practice d can be regarded a constant, this does not affect the worst-case
time complexity, but nonetheless it can significantly influence the perfor-
mance of an implementation. Transforming a program containing statically
nested procedures into a program without statically nested procedures before
analyzing it can thus often be profitable. Suitable transformations together
with general side-conditions of their applicability and effectivity are described
in [La2, Ol1]. As a side-effect of these transformations, the resulting programs
satisfy the sfmr-property; a fact, which is particularly important in the pres-
ence of formal procedure calls.
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12.2.2 Aliasing: Call by Name and Call by Reference

As indicated in Chapter 6, the HO-DFA of our framework can also be used
for computing (correct (i.e., safe) approximations of) the sets of may-aliases
and must-aliases of a name or reference parameter of a procedure (cf.
[Ban, Co, CpK2, We]).2 Alternatively, alias-analyses can also be formulated as
IDFA-problems. A straightforward specification utilizes the power set lattice
PS of variable identifiers occurring in a program as the domain of relevant
DFA-information. Except for call nodes and return nodes the local semantics
of the statements of an interprocedural flow graph is given by the identity on
PS. The semantics of call nodes and return nodes is concerned with establish-
ing and releasing the alias relation between the arguments of a call statement
and the parameters of the called procedure. Defining the meet operation in
PS as the set union operator and the set intersection operator, respectively,
results in IDFA-algorithms for may-aliases and must-aliases. In contrast to
the control flow free? computation of aliases by means of the HO-DFA, the
IDFA-algorithms realize a control flow dependent computation of aliases (cf.
[CpK1]). The practical impact of this conceptual difference concerning pre-
cision and complexity remains to be investigated.

In general, IDFA-applications are sensible to alias-information, and must
be tailored to use this information properly. Considering the IBCM- and
ILCM -transformation two effects of aliasing must be taken into account.
First, a program term is modified if an alias of one of its operands is modified.
This requires may-alias information. Second, a program term is computed if it
is computed by any of its alias-representations. This requires must-alias infor-
mation. Actually, the IBCM- and ILCM -transformation can straightforward
be adapted to uniformly capture both effects. For the IBCM -transformation
this is demonstrated in [KRS4]. It is worth noting, however, that this is a
step from a purely syntactically based code motion algorithm towards a se-
mantically based code motion algorithm, since lexically different program
terms are considered equivalent, if corresponding operands are aliases of each
other.* A similar extension to semantically based code motion for commu-
nication placement in distributed languages has been proposed by Agrawal,
Saltz, and Das by semantically interpreting the assignment of the parameter
transfer (cf. [ASD]).

2 We recall that call by name and call by reference coincide as long as there are
no complex data structures.

3 Intuitively, “control flow free” means that a statement can be followed by any
other statement of a procedure. In contrast, “control flow dependent” means that
the intraprocedural flow of control is respected.

4 Intuitively, “syntactically” means that only lexically identical program terms are
considered equivalent (cf. [BC1, Dh1, Dh2, Dh3, DRZ, DS1, DS2, KRS1, KRS2,
MRI1, So, St1, St2]). In contrast, “semantically” based code motion algorithms
consider also lexically different program terms equivalent, if they are semantically
equivalent (cf. [BA, Cl, KRS7, RL1, RL2, RWZ, St3, SKR1, SKR2]).



12.3 Future Work 265

12.3 Future Work

12.3.1 The Framework Side

The framework has been developed for the family of Algol-like program-
ming languages. Thus, it is settled in the imperative programming paradigm,
but it is not limited to it. For example, the HO-DFA dealing with formal
procedure calls yields a natural interface to other programming paradigms,
in particular, to the functional and the object-oriented one. Its similarity to
constraint-based methods for closure and safety or type analysis of functional
and object-oriented languages is obvious (cf. [Agl, Ag2, Ay, Bon, OPS, Pall,
Pal2, PC, PS1, PS2, PS3, PS4]), though the details are different. Current ap-
proaches to these problems concentrate mainly on correctness and efficiency,
whereas precision in the style of Theorem 6.4.1 is not considered systemati-
cally. It is worth investigating to which extent the methods used in proving
the correctness and precision of our HO-DFA carry over to the problem of
closure and safety analysis of functional and object-oriented languages. This
also holds for considering formal procedure calls as higher order branch state-
ments during IDFA. As mentioned earlier, formal procedure calls are thereby
automatically treated in a most recent fashion. This directly suggests to ap-
ply this technique to LISP and its derivates, to which in contrast to Algol-like
programming languages the dynamic scope rules apply. As demonstrated in
[SF1, SF2] also extensions to the logical programming paradigm are possible.

Besides this link to other programming paradigms indicated by the HO-
DFA, it is also worth-wile to adapt the abstract interpretation based approach
centred around a coincidence theorem underlying our framework to both the
object-oriented and the parallel programming paradigm, and to develop vari-
ants tailored for conceptually quite different object-oriented languages like
Smalltalk, C++, and Oberon, and parallel languages like Parallel-C, High
Performance Fortran, or to CCS- and CSP-like languages. First results con-
cerning the analysis of explicitly parallel programs with interleaving seman-
tics and shared memory can be found in [KSV1, KSV2|. There it has been
shown how to construct for unidirectional bit-vector problems precise analy-
sis algorithms, which can easily be implemented, and are as efficient as their
counterparts for sequential programs. This is highly relevant in practice be-
cause of the broad scope of applications of bit-vector problems ranging from
simple analyses like liveness, availability, very busyness, reaching definitions,
and definition-use chains (cf. [He]) to more sophisticated and powerful pro-
gram optimizations like code motion (cf. [DS2, DRZ, KRS1, KRS2]), partial
dead code elimination (cf. [KRS3]), assignment motion (cf. [KRS4]), and
strength reduction (cf. [KRS5]). All these techniques require only unidirec-
tional bit-vector analyses, and can now be made available for parallel pro-
grams, too. In [Kn2, Kn3] and [KSV3] this has been demonstrated for partial
dead code elimination and partial redundancy elimination, respectively. On
the object-oriented side we adapted in a first step the abstract interpretation
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based approach to a Smalltalk- and an Oberon-like language. This extension
offers a conceptually new approach for type analysis, which is often more pow-
erful than related previous techniques (cf. [Agl, Ag2, OPS, PC, PS3, PS4]),
and additionally, it opens the object-oriented setting for classical optimiza-
tions (cf. [KG, KS4]). Central for both the parallel and the object-oriented
extension was to extend the framework of abstract interpretation accordingly,
and to prove specific coincidence theorems.

In addition, there are also several worth-wile starting-points for refin-
ing and enhancing the framework for the imperative programming paradigm
itself. An important and straightforward to realize point is to replace the
algorithm for computing the IMFP-solution consisting in the version pre-
sented here of a preprocess for computing the abstract semantics of proce-
dures and a main process for computing the IMFP-solution based on the
results of the preprocess by a new computation procedure, which interleaves
both steps, and computes the semantics of procedure call nodes by-need only.
Though this does not improve the worst-case time complexity of computing
the IMFP-solution, it can in practice be expected to yield a dramatic perfor-
mance gain. Similar in spirit it would be to derive a variant of the framework
for “demand-driven” data flow analysis in the fashion of [DGS1, DGS2]. The
point of this approach is to answer so-called data flow queries. Intuitively,
this means answering, whether a given data flow information can be assured
at a specific program point. In practice, data flow queries can quite efficiently
be answered as only small fractions of the program have to be considered.

In addition to these pragmatically motivated modifications, the following
topics are of major importance to further enhance the framework:

1. Extending the framework to functions, i.e., to procedures returning the
result of a computation.

2. Enhancing the framework by means of refined alias and higher order data
flow analyses.

3. Identifying new practically relevant classes of programs, for which the
sfmr-property can efficiently be checked.

4. Developing new criteria guaranteeing the sfmr-property of a program,
which can efficiently be verified.

5. Extending the framework to capture programs lacking the sfmr-property.

The first four points can be dealt with in a rather straightforward manner,
the last one, however, requires additional care because formal procedure calls
can no longer be treated as nondeterministic higher order branch statements
without additional precautions. The current treatment of ordinary and for-
mal procedure calls in the framework suggests the following approach. Op-
erationally, to enhance the control flow by a stack component which allows
a bookkeeping of the static environment in which a formal procedure call is
invoked during the analysis; denotationally, to superpose the computation
of the semantics of ordinary and formal procedure calls by a process analo-
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gously to the one for computing the semantics of procedure calls (cf. Defini-
tion 8.3.2). The practicality of this approach remains to be investigated. In
particular, introducing a kind of a control flow stack suggests that it would
be limited to programs with a reqular formal call tree because otherwise the
control flow stack can grow arbitrarily. This limitation, however, would have
a direct analogue in the field of program verification: a correct and relatively
complete Hoare-system for an Algol-like programming language £ exists if
and only if every program of £ has a regular formal call tree (cf. [Ol1]).

12.3.2 The Application Side

In this section we sketch a variety of further practically relevant applica-
tions, which can be made available for imperative programming languages
by means of our stack-based framework. This ranges from bit-vector based
optimizations (cf. [He]) over constant propagation (cf. [Kel, Kil, Ki2, RL1,
RL2, WZ1, WZ2]), strength reduction (cf. [ACK, CcK, CP, Dh4, DD, JD1,
JD2, Pal, Pa2, PK]), and semantically based code motion (cf. [BA, Cl, RWZ])
to the automatic parallelization of sequential programs with procedures (cf.
[BC2, Le, LY, Wo, Z(]).

Following the presentation of Section 11, the framework can easily be
used for solving the classical bit-vector problems like computing available
(up-safe) expressions, very busy (down-safe) expressions, live variables, and
reaching definitions. In [KRS4] this is demonstrated for a set-up with value
and reference parameters. We recall that bit-vector analyses are practically
most important because of the broad scope of powerful program optimiza-
tions relying on analyses of this type. All these analyses can now be adapted
to the interprocedural setting. For example, along the lines of [KRS3] the
algorithm for interprocedural lazy code motion could be enhanced to an al-
gorithm for interprocedural lazy strength reduction, which would be unique
to uniformly combine code motion and strength reduction interprocedurally.
Similarly, this holds for the algorithms of partial dead code elimination and
assignment motion of [KRS5] and [KRS6], which only require unidirectional
bit-vector analyses, too. They can thus be generalized to the interprocedu-
ral setting in the same fashion. In [KM2] this has been demonstrated for
a similar application, called distribution assignment placement (cf. [KM1]),
in the context of data parallel languages: avoiding unnecessary distribution
assignments in High Performance Fortran programs. In essence, this applica-
tion combines partial dead code elimination and partially redundant assign-
ment elimination. Usually, the combination of optimizations is the source of
intricate interdependencies (cf. [Cl, ClCo, WS2]), which holds for distribu-
tion assignment placement as well. The interdependencies and second-order
effects of its two component transformations introduce intricate problems
into optimality considerations (cf. [GKLRS, KM1, KM2]) making distribu-
tion assignment placement from both a theoretical and practical point of view
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particularly interesting. In [Rii], the impact of interacting code motion trans-
formations on the transformational power and the algorithmic complexity of
an application has been investigated in detail for a related (intraprocedural)
application scenario. It is an important matter of future work to investigate
how the techniques and results developed in [Rii] can be adapted and applied
to the application scenario of [KM1] and its interprocedural extension of
[KM2]. Likewise this also holds for the stronger notion of lifetime optimality
introduced in [Ril], which in contrast to the lifetime notion considered here
takes the lifetimes of temporaries simultaneously into account, requiring that
the cumulated lifetimes of temporaries are minimized. In [Rii] an algorithm is
presented achieving this notion of lifetime optimality for intraprocedural code
motion. It is based on busy and lazy code motion, and thus, it is promising
to investigate its extensibility to the interprocedural setting.

Going on, intraprocedural reaching definition analysis is another example
of a practically relevant application, which can interprocedurally be enhanced
in the same fashion allowing the construction of interprocedural definition-
use chains (cf. [HS]). They are important for an (interprocedural) dependence
analysis of a program (cf. [FO, FOW, RS]), which is a common prerequisite of
the automatic parallelization of sequential programs. In addition, definition-
use chains are also useful for a simple form of (interprocedural) constant
propagation.

A different, much more powerful approach to interprocedural constant
propagation (cf. [CC2, CCpKT, JM, RHS, SRH1, SRH2]) can be based on
the decidable class of finite constants introduced in [SK1, SK2]. Finite con-
stants are optimal for acyclic programs. The decision procedure for finite
constants generalizes and improves in this respect on all previous techniques
for (intraprocedural) constant progagation. Basis of the interprocedural ex-
tension of this algorithm is the fact that finite constants have a purely op-
erational characterization in the sense of the meet over all paths approach,
and a purely denotational characterization in the sense of the maximal fixed
point approach yielding a computation procedure, whose coincidence is a
consequence of the coincidence theorem.

Analogously to the interprocedural extension of finite constants, also the
semantically based algorithms for code motion and strength reduction of
[SKR1, SKR2, KS3, KRS7| can interprocedurally be extended. One should
note, however, that in contrast to the bit-vector based interprocedural ver-
sions of lazy code motion and lazy strength reduction, which have the same
worst-case time complexity as their intraprocedural counterparts, this does
not hold for the semantically based algorithms. In practice, the additional
computational effort must carefully be balanced with the enlarged transfor-
mational power of the algorithms.

In addition to the applications sketched above, which are based on our
work, there is a large variety of further applications reported in the liter-
ature, both intraprocedurally and interprocedurally. Muchnick provides an
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up-to-date survey (cf. [Mu]). The stack-based framework can serve as a uni-
form platform in order to (re-)formulate and to compare algorithms which
are designed for related applications. Moreover, because of the large spec-
trum of language features supported by the stack-based framework this may
often allow to enhance these algorithms accordingly, improving thereby their
transformational power.

12.3.3 Generators for IDFA and Optimization

In this section we consider a practically important recent trend in opti-
mization: the construction of tools for the automatic generation of data
flow analyses and optimizations out of concise specifications. In contrast
to the construction of algorithms needed by other compiler phases like the
lexical and syntactical analysis or the code generation phase, for which
a support by powerful generators is state-of-the-art for years, optimizers
are usually still hand-coded. Of course, this is an expensive and error-
prone process. Early approaches to improve on this situation concentrated
on peephole optimizations, which are particularly simple as they do not
require global program analyses (cf. [DF, Kes]). They have been comple-
mented by approaches which address the generation of global analyses, but
do not support the construction of (complex) program transformations (cf.
[AGL, AM, CDG, HMCR, KH, YH]). More recently, systems have been intro-
duced supporting both the construction of global analyses and of optimiza-
tions based thereof (cf. [AS1, AB2, TH, VF, WS1, WS3]). However, the appli-
cation range is different. The systems of [A1, A2, TH, VF| concentrate on
“classical” intraprocedural optimizations, whereas the system of [WS1, WS3]
is particularly well-suited for local transformations based on data dependency
information. This is particularly important for the automatic parallelization
of sequential programs.

The stack-based framework we presented here is quite appropriate for
serving as a common basis for constructing an interprocedural generator
for data flow analyses and optimizations. A prototype, the DFA&OPT-
METAFrame tool kit [KKKS, KRS4], has been implemented as a part of
the METAFrame-system [SMCB], whose computational cernel is the fixed-
point analysis machine of [Kl, SCKKM]. The current prototype, which re-
cently has been complemented by a control-flow analysis generator allowing
the automatic generation of flow graphs and flow graph systems from the
abstract syntax tree of the underlying program [BKK], supports data flow
analysis and optimization of intraprocedural and interprocedural programs
along the lines of the framework here, and of parallel programs along the
lines of [KSV1, KSV2]. It applies particularly well to optimizations based
on bitvector analyses like code motion, assignment motion, partial dead code
elimination, strength reduction, and (via definition-use chains) also constant
propagation and constant folding. Both interprocedural and parallel DFA-
problems can be specified in terms of the local semantic functions giving
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abstract semantics to statements, the direction of the data flow, and the
kind of fixpoint desired corresponding to the cookbook presentation of the
framework here. Alternatively, intraprocedural data flow analyses can also
be specified in terms of modal logic formulas as proposed in [St1, St2]. First
practical experiences show that the generated DFA-algorithms are as effi-
cient as their hand-coded counterparts. A high level programming language
allows us to combine the results of different analyses for specifying program
optimizations. It is the connecting link for combining program analysis and
optimization. The generator has successfully been tested on a large sample
of program optimizations mentioned above. For interprocedural data flow
analysis the current version of the generator supports programs composed
of procedures with global variables. An extension to local variables, value,
reference, and procedure parameters in order to support the full scope of the
framework presented in this monograph is in progress.
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